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Preface 


This book is for the brave. It opens a gate at the frontier of science to 
new ground that hitherto has been left unexplored. Whether you are 
dealing with the elastic limit of solids or with the energy that an 
electrochemical cell can store, measuring the energy that keeps the 
living cell alive, seeking a new perspective on the hardening and 
quenching of metals, inquiring into the origin of turbulence in fluid 
flow, or even exploring the capacity of muscle cells to provide the 
burst of energy required to break some athletic record, this book will 
help you. Your understanding of the natural sciences will never be the 
same. 

Surely, some general physical law must be at work here for these 
bold and diverse claims to be true. In fact, they are all consequences of 
the first and the second laws of thermodynamics. It is the combined 
implications of these two laws that are considered in this book and that 
lead to some new and general conclusions. 

In short, the first law implies that at finite temperature the internal 
energy that a system can store per unit volume should be finite. The 
second law imposes that the heat that the system absorbs cannot 
exceed its entropy variation times the absolute temperature. Add that 
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there is no physical limit to the time rate at which work can be 
dissipated into heat. Then, the first and the second laws together will 
produce a general inequality that relates the time rate of internal energy 
to that of entropy in any process in which the system does not receive 
work from the surroundings. 

Because internal energy and entropy are state functions, that 
inequality defines a range of states that are admissible for the system, 
granted some general accessibility hypotheses. Under broad assump- 
tions, which are met by most natural systems, this leads to the 
conclusion that the maximum amount of energy that a system can store 
and supply is attained at the boundary of that range. In most cases, the 
knowledge of just one state of the boundary suffices to determine the 
entire admissible range of the system and the maximum amount of 
energy that it can store. This has a series of important implications, 
which this book examines in detail. 

A firm understanding of the basic concepts of classical thermo- 
dynamics is an essential prerequisite to the analysis presented. The 
needed background is provided in Chapter 1, while Appendices B, C, 
and D cover more advanced topics, such as the difference between 
ideal and real systems, the thermodynamics of chemically reacting 
mixtures, and the effect of pressure on liquid solutions. This should 
make the book reasonably self-contained and accessible to readers 
from all branches of the natural sciences, regardless of their back- 
ground in thermodynamics. 

The concepts that form the foundation of the present approach are 
covered in Chapters 2 through 5. Chapters 6 through 11 deal with 
applications to such diverse fields as continuum mechanics, electro- 
chemistry, biophysics and fluid dynamics. The analysis developed in 
this part of the book shows how the present theory can provide new 
insights into the particular disciplines or problems to which it is 
applied. It also affords answers to numerous unsolved problems and 
opens the way to new, unexpected applications. 

The last chapter is devoted to the concept of intrinsic heat. Its aim is 
to provide the reader with a firm understanding of the concept of 
entropy, still within the framework of the phenomenological, 
macroscopic approach on which classical thermodynamics is based. 

I am indebted to the many authors of books and papers whose 
works taught me the wide range of concepts that are needed to write 
such a book. These authors are all cited in the references. It is 
unavoidable, though, that the help I received in a less direct—and 
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sometime unexpected—way from many other people remains in the 
background. My sincere gratitude goes to all of them as well. 

My heartfelt thanks go to all those people who devoted their time to 
read and comment on the manuscript at various stages of its 
preparation. I am particularly grateful to Dr. Giorgio Carta for reading 
the final draft of this book. His untiring attention to detail and his 
comments helped me to eliminate several ambiguities and errors from 
the material presented here. Mr. W. Ponder corrected my English and 
was generous in comments that helped me to greatly improve my 
writing in a way that, sometimes, went well beyond the mere linguistic 
editing. Of course, the book may still contain lapses and errors. But 
those are entirely my responsibility. 


A. PAGLIETTI 
March 2014 
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The Basic Thermodynamic Setup 


This chapter reviews the few basic concepts upon which the whole 
edifice of thermodynamics is founded. They are presented in their most 
elementary form, which is adequate for systems whose properties, 
conditions, and processes are the same at every point of the system. 
This is the realm of spatially uniform systems and processes, also 
referred to as homogeneous systems and homogeneous processes. It is 
governed by classical thermodynamics. The vast majority of thermo- 
dynamic applications can be treated within this framework, either 
rigorously or to a satisfactory degree of accuracy. The present chapter 
also introduces the main notations and the basic formulae of classical 
thermodynamics. Thus it provides the minimum background that is 
needed for this book. 

In this chapter as well as in most of the book, “body” and “system” 
are treated as synonyms. Even so, there is a slight difference in the 
meanings of these words. As discussed in more detail in Chapter 2, 
“system” puts the emphasis on the theoretical model that we associate 
with the portion of matter under consideration, while “body” refers 
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prevalently to the real-world entity. Most often, this distinction need 
not be made or is implicit from the context, and the two words can be 
interchanged freely. 


1.1. Temperature 


Thermodynamics cannot be conceived without temperature. It is a 
primitive quantity that measures the degree of “hotness” of a body or 
its parts. Temperature joins mass, length, and time in the physical 
description of the properties of any substance. Although temperature 
can also be introduced as a quantity derived from other physical 
observables, there is not much practical advantage in doing so. The 
notion of temperature helps to express the property of hotness or 
coldness of a body in quantitative terms. 

Thermometers are used to measure temperature and can be made in 
several different ways by exploiting one or more of the many properties 
of the body that are sensitive to its degree of hotness. To be definite, 
we may refer to a gas thermometer, which is made of a mass of a gas 
that is sealed within a vessel with diathermal walls. When the vessel is 
placed in thermal contact with an otherwise isolated body, the pressure 
of the gas will change over time until it reaches a final, constant value. 
In this condition, the body is said to be in thermal equilibrium with the 
gas in the vessel. The change in the pressure of the gas depends on the 
temperature of the body in equilibrium with it. 

It is a matter of experimental evidence that if the same equilibrium 
pressure is measured when the thermometer is in thermal equilibrium 
with any two bodies separately, then the two bodies are in thermal 
equilibrium with each other. What is meant is that no change in the 
properties of the two bodies is produced if they are placed in thermal 
contact with each other through a rigid, diathermal wall. This result 
expresses the so-called zeroth law of thermodynamics, which states 
that if two bodies are in thermal equilibrium with a third body (e.g., a 
thermometer), then they are also in thermal equilibrium with each 
other. It legitimates taking the reading from a thermometer (in the case 
of a gas thermometer, the equilibrium pressure of the gas within the 
vessel) as a measure of the temperature of the body. 

Of course, in order to define a temperature scale, one also must 
choose an appropriate unit of temperature and assign a value of 
temperature to a given reference state. The reference state is usually 
taken as the triple point of pure water (the point at which vapour, 
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liquid, and solid water coexist in equilibrium), because this is a unique 
condition that can be achieved easily in practice. The triple point of 
pure water coincides approximately with the state of melting ice at 
normal atmospheric pressure. To fix the size of the unit of temperature, a 
second reference state is needed. This is usually the boiling point of 
water at normal atmospheric pressure. The so-called absolute 
temperature scale is then obtained by assuming the temperature of 
boiling water to be 100 units above that of the triple point of water and 
by assigning the value of 273.16 to the latter. When measured in this 
scale, the temperature is called absolute, and its unit is the Kelvin (K). 

The absolute temperature scale owes its name to the fact that it can 
also be established as a consequence of some basic considerations on 
the maximum efficiency of thermal engines, without making any 
reference to a particular gas or any other substance. Hence, the 
attribute “absolute” is attached to that scale. The details of such a 
procedure are standard and will not be repeated here. However, it must 
be stressed that the procedure leads to the conclusion that no 
temperature can exist below 0 K. For this reason, the temperature of 0 
K is referred to as the absolute zero temperature. 

Of course, an unlimited number of different temperature scales can 
be defined by similar procedures to the one described above. Each 
scale assigns a different temperature value to the reference points that 
are used. In fact, many different temperature scales have been 
proposed in the past, and a few of them are still in use today. They are 
denoted collectively as empirical temperature scales in order to 
distinguish them from the absolute scale defined above. 

Although empirical temperatures are used extensively in practice, 
the absolute temperature scale is typically used in _ theoretical 
thermodynamics. The main reason is that it makes for simpler 
formulae when dealing with the second law of thermodynamics and its 
consequences. For this reason, we shall henceforth refer to it. 


1.2 Heat 


The notion of heat is based on the following experiment. Two 
otherwise isolated bodies that possess two different temperatures are 
put in thermal contact with each other through a rigid, diathermal wall 
or an equivalent device. The temperature of the hotter body will then 
decrease and that of the colder body will increase until a condition of 
thermal equilibrium is reached, in which the two bodies are at the same 
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temperature. The process does not involve any exchange of work, since 
the diathermal wall is rigid, and the two bodies are isolated from the 
surrounding world. Due to their initial temperature difference, however, 
the two bodies exchange something that makes their temperatures 
change. That something is called heat. It is measured by instruments 
called calorimeters. 

This is the most basic definition of heat, and it is referred to as the 
calorimetric definition of heat. It does not depend on the concept of 
energy or on the atomic structure of the material. The calorimetric unit 
of measure of heat is the calorie (cal). It represents the amount of heat 
required to increase by | K the temperature of | g of water from a 
given initial temperature. For the so-called 15 deg calorie, the initial 
temperature of the water is 287.66 K (14.5 °C). 

The calorie is seldom used today. Instead, heat is often measured by 
energy. This is made possible due to the well-known equivalence of 
heat and energy, established by the celebrated experiments conducted 
by Joule in the mid-1800s. According to this equivalence, | cal is 
equivalent to 4.1860 J, if the initial temperature of water is assumed to 
be 287.66 K (14.5 °C). Accordingly, the quantity # = 4.1860 J/cal is 
referred to as the mechanical equivalent of heat. Slightly different 
values of ¥ are sometimes used. 

Strictly speaking, the energetic definition of heat is not always 
viable. Heat only becomes equivalent to energy after it is absorbed by 
the body and turned into internal energy. However, there are situations 
in which one must deal with heat before it is absorbed by a body as 
internal energy. For example, consider the case in which heat is 
flowing through a heat-conducting bar that joins two heat reservoirs 
that are at different temperatures. When a steady-state situation is 
reached, the temperature of the points of the bar and all of the bar’s 
state variables remain constant. Thus the bar elements do not absorb 
any heat, while heat flows through the bar. A flowing amount of heat 
cannot be confused with its equivalent in energy, simply because Joule’s 
experimental result about the equivalence between heat and energy 
does not apply to flowing amounts of heat, i.e. before thermal 
equilibrium is reached [50]. In the considered instance, the heat keeps 
flowing through the bar without releasing energy to it, because each 
cross-section of the bar is at a different temperature, which prevents 
the flowing heat from stopping. 

In thermal equilibrium conditions both the calorimetric and the 
energetic definitions of heat are equally acceptable. For this reason, 
distinguishing between the two definitions of heat is unnecessary in 
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classical thermodynamics; which explains why heat and thermal 
energy are widely considered as one and the same thing. The situation 
is bound to be different outside of thermodynamic equilibrium. 
However, the distinction between heat and thermal energy can be 
ignored in the rest of this book, because the analysis to be presented in 
what follows refers to thermal equilibrium conditions. 

Before we close this section, a few words about notation are in 
order. We follow the almost universal convention to denote the heat 
absorbed or lost by the system by the letter QO. Also, we assume that O 
is greater than zero when representing a quantity of heat that flows into 
the body from its surroundings. Therefore, a negative value of QO 
represents the amount of heat that leaves the body. In general, O may 
vary with time; to emphasize this, we write O = Q(t), where ¢ denotes 
time. The time derivative of any quantity is denoted by a superimposed 
dot or by the notation d-d¢. Thus, the quantity O (i.e., dQ /dt) 
indicates the time rate at which heat is absorbed (Q > 0) or rejected 
(QO <0). The notation dQ indicates an infinitesimal amount of heat 
that the body absorbs (dQ > 0) or loses (dO < 0). If this takes place in 
the infinitesimal time interval dt, then dO =Q dt. 


1.3 External Work 


The work performed by a force acting upon a point of a body is 
defined as the product of the force times the component of the 
displacement of the point in the direction of the force. The kind of 
work that is considered in thermodynamics is external work. This is the 
work done by the forces that the surrounding world exerts upon the 
body under consideration. 

Energy measures the capacity to perform work. It is therefore 
measured in work units. A body can store energy. It also can exchange 
energy with the surroundings by doing work in many different ways 
and by heat transfer. Energy exchange via heat transfer stands apart 
from the other energy exchanges, because it is subjected to restrictions 
imposed by the second law of thermodynamics. 

A general definition of non-thermal energy transfer can be introduced 
by means of the notion of generalized force and generalized displacement. 
A generalized force is any external entity (e.g., mechanical, electrical, 
magnetic, and chemical entities) that acts upon a system and produces 
changes in its state. These changes are measured by appropriate 
generalized displacements, conjugated with the considered generalized 
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force. They are defined such that their scalar product with the 
conjugated force measures the non-thermal energy (generalized work) 
that the system exchanges with the surroundings as the force is applied 
or removed. This definition includes, as a particular case, the notion of 
work as a scalar product of force and displacement that is used in 
classical mechanics. The concepts of generalized force and generalized 
displacement, however, help to describe the exchange of non-thermal 
energy by a system in a more general framework. 

Of course, different systems have different generalized forces and 
generalized displacements associated with them. In gases, the most 
frequently considered systems in classical thermodynamics, the 
generalized forces and the conjugate displacement reduce to pressure 
(p) and volume (V). No matter how generalized forces and 
generalized displacements are defined, their scalar product must have 
the physical dimensions of energy and is therefore measured in work 
units. 

Symbolically, all generalized forces acting on a system can be 
denoted collectively by F. In general, F is a vector of appropriate 
dimensions. Likewise, a vector § of the same geometrical dimensions 
as F denotes the generalized displacements conjugated to F. In homo- 
geneous systems, the variable € is the same at every point of the 
system. This eliminates any ambiguity about the value of § at the 
points at which the generalized forces are applied. If W denotes work, 
then the scalar product defined as 


dW=F-d& (1.3.1) 


represents the generalized work done by the generalized forces F as 
the system undergoes the infinitesimal, generalized displacement 
specified by dé. 

The notation introduced in the above equation does not make clear 
whether a positive value for W indicates the work done by the system 
or on the system. For this reason, we specify the notation further by 
indicating the work done on the system as W;,. This is assumed to be 
positive when it represents the amount of non-thermal energy that the 
body receives from its surroundings. Accordingly, a negative value of 
W;,, indicates the transfer of non-thermal energy from the body to its 
surroundings. The subscript “in” appended to W reminds us that W;,, is 
an input of energy into the body. Likewise, the notation W,,, indicates 
the work done by the forces that the body exerts upon its surroundings. 
Here, W, is positive when these forces do work on the surroundings, 
which means that the body is losing energy. A negative value for Wou 
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indicates that the body is receiving non-thermal energy from the 
surroundings. 

Of course, if a body exerts a force upon the surroundings, the 
surroundings exert the opposite force upon the body. Both forces are 
applied to the same point, so the displacement of their common point 
of application is the same. From the above convention concerning the 
signs of Wi, and Wu, it follows that these two quantities are always 
opposite to each other: 


Win =- Wout . (1.3.2) 


Generally, the quantity W, whether it is Wi, or Wou, will vary over 
time during a process. Therefore, it makes sense to speak of their time 
derivatives, W,,=dW,,(t)/dt and W,,,=dW.,,(t)/dt, at any time of a 
process or of the infinitesimal amounts of work, dWin = W,, dt and 
dWou = W,,, dt, exchanged by the body in an infinitesimal time interval 
dt. From the present conventions, it follows that positive values of W,, 
and dW;, denote inputs of non-thermal energy into the body, while 
positive values of W,,, and dW. indicate losses of energy from the 
body. 


1.4 The First Law 


In order to formulate the first law of thermodynamics, the notion of 
state must be introduced. Broadly speaking, we say that a system is in 
a given physicochemical state when all of its variable properties 
assume given values. Usually, the most important variable properties 
of a system can be expressed in terms of the system’s state variables. 
The state of the system is defined as a set of values for its state 
variables. A more detailed definition of state will be given in the next 
chapter. 

A process is an ordered sequence of states. A body is said to 
undergo a cyclic process, or a cycle, if its state at the end of the 
sequence is the same as it was at the beginning. It is a well-established, 
experimental fact that no system or body is capable of absorbing or 
producing a net amount of energy while operating in a cycle. This is 
referred to as the first law of thermodynamics. 

There are several ways to express the first law of thermodynamics. 
They range from the statement that the energy of an isolated body 
cannot change to the impossibility of producing energy from nothing 
(inexistence of a perpetual motion machine of the first kind). However, 
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a mathematical formulation of this law is needed both for the theory 
and the applications. To determine it, we turn our attention to any 
restricted portion of matter that is separated from its surroundings by a 
definite boundary. The boundary may either be fixed or variable over 
time. In any case, it is assumed to be impervious to matter, so that the 
system cannot exchange matter with its surroundings. A system with 
this property is referred to as a closed system. 

Consider a closed system undergoing a cyclic process. Let A denote 
the initial state of the system, and assume that the cycle takes the 
system to another state B and then back to the initial state A. In 
general, the two branches of the cycle, namely the process from A to B 
and the process from B to A, will pass through different states and 
need not share any other common state (Fig. 1.4.1). During any 
infinitesimal part of this cycle, the system will absorb heat, dQ, and 
non-thermal energy, dW;,. However, since the cycle brings the system 
back to its initial state, the first law of thermodynamics requires that no 
net energy be absorbed or produced by the system as a result of the 
cycle. This is expressed mathematically by the following relation: 


f 40+ fam, =0, (1.4.1) 


where the circle over the integration symbol indicates that the 
integration is performed along the whole cycle. The above equation 
can also be written as 


f(do+dW,,)=0, (1.4.2) 


where we dropped the symbol ¥ with the understanding that Q is 
measured in energy units. 


Pp” 


Fig. 1.4.1. A cycle passing through states A and B and the decomposition of the 
cycle into two branches (?’ from A to B and ?” from B to A) 
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Equation (1.4.2) applies to any cycle between states A and B. Let 
P’ be any process from A to B and #” be another process from B to 
A. The sequence ?’, ?” forms a cycle (Fig. 1.4.1). Therefore, we 
obtain 


[ (do+aw,) +] °(dO+aM,)=0, (1.4.3) 
Pe Pp” 
by applying eq. (1.4.2) to this cycle. This equation can also be written 
as 


[. (do+aW,,) =| (dO +a%,.), (1.4.4) 
Pp’ Pp” 
B 
Gace 

Since ?’ and #” are any two processes from state A to state B and 
from state B to state A, eq. (1.4.4) means that the quantity AU, defined 
by 


because ike =—| 


AU = [,o+am,), (1.4.5) 


has the same value no matter the process joining state A to state B 
(although, of course, the value of AU may be different for different A 
and B). This is equivalent to saying that, for every system, there must 
be a state function, U, with the following property: as the system 
passes from any state A to any other state B, the increase in U is given 
by 


AU =U,-U,=O+W,, (1.4.6) 


irrespective of the process from A to B. In eq. (1.4.6), the quantities O 
and W,, are the amounts of thermal and non-thermal energy, 
respectively, that the system absorbs in the process. Their actual values 
depend on the process, but, according to eq. (1.4.6), the sum of O and 
W,, does not. 

The function U introduced above is known as the internal energy of 
the system. Actually, eq. (1.4.6) only defines the variation in the 
system’s internal energy from its initial value U,. This is acceptable, 
because the variation in U, rather than the actual value of U, is what 
matters in thermodynamics. The above arguments show that the first 
law of thermodynamics requires that every system possess an internal 
energy function. This function generally differs for each system. 
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Clearly, eq. (1.4.6) is also a sufficient condition to ensure that no 
net energy is absorbed or produced by the system during a cyclic 
process. Thus, eq. (1.4.6) is equivalent to the first law of 
thermodynamics and therefore can be considered as a mathematical 
formulation of that law. 

Equation (1.4.6) is usually referred to as the energy balance 
equation, because it expresses a balance between the energy that a 
system absorbs and the corresponding variation of its internal energy. 
The same equation can also be expressed in a number of equivalent 
forms. For instance, by applying eq. (1.4.6) to an infinitesimal time 
interval, dt, of any given process, we obtain 


dU =dO+dW,,, (1.4.7) 


which expresses the energy balance equation in differential form. This 
equation confirms that the sum of dQ and dW, is an exact differential, 
although neither dQ nor dW;, are generally such when considered 
separately. After dividing both sides of eq. (1.4.7) by dt, the same 
equation can also be written in time-rate form: 


U=O+W,,. (1.4.8) 


Of course, all of the above equations can be expressed in terms of 
W., rather than W;,, simply by substituting —W,,, for Win, according to 
eq. (1.3.2). 


External energy 

In the above derivation, the energy that the system possesses due to 
its motion or its position relative to the surrounding world is ignored. 
The energy due to the system’s motion is its kinetic energy. The 
potential energy is the energy that the system possesses if any field of 
forces (e.g., gravitational, electric, magnetic) acts on it. Both energies 
are sometimes referred to collectively as external energy to distinguish 
them from internal energy, U, which is stored in the mass of the system 
and is not related to the system’s position or its motion in space. A 
general energy balance should include both internal and external energy. 
In general, therefore, eq. (1.4.6) should be expressed as 


AU +AU° =Q+W,,, (1.4.9) 


where U* denotes the external energy of the system. 
However, for most of the processes addressed in this book, the 
changes in the external energy of the system can either be neglected or 
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treated separately. Often, they are due to a non-dissipative process. In 
that case, the so-called mechanical energy conservation theorem of 
classical mechanics ensures that the change in external energy, AU, is 
equal to an appropriate part of the total external work W;,. Under these 
conditions, the energy balance can still be written in the form of eq. 
(1.4.6), provided that the quantity W;, that appears in that equation is 
understood to be the net work done on the system in addition to the 
work that produces AU*. With this proviso, we ignore the external 
energy contribution to the energy balance unless otherwise indicated. 
Accordingly, we refer to eq. (1.4.6) as the mathematical expression of 
the first law of thermodynamics. 


1.5. Reversible and Quasi-Static Processes 


We defined a process as an ordered sequence of states. The process is 
reversible if the following two conditions are met: 


(1) The process can be performed according to a given sequence of 
states (direct process) and according to the inverse sequence 
(inverse process). 


(2) During the inverse process, both the system and the surroundings 
recover, in the inverse sequence, the same physical conditions that 
they had in the direct process. 


A system is said to be in an equilibrium state if all time rates of its 
state variables as well any state variable that represents a time rate are 
equal to zero. An ordered sequence of equilibrium states is called an 
equilibrium process or, equivalently, a quasi-static process. It should 
be clear that a system can never perform an equilibrium process in a 
finite time interval, apart from the trivial process that maintains the 
system fixed at a given equilibrium state. 

From the above definition of reversibility, it follows that a 
reversible process of any real system must be an equilibrium process. 
Otherwise, in the inverse process, the non-vanishing time rates of its 
state variables would assume values opposite to those they assumed in 
the direct process, making it impossible to meet condition (2). The 
notion of reversible process involves both the system and _ its 
surroundings. It plays a central role in thermodynamics. However, it is 
of little or no relevance to theories, like classical mechanics, where the 
change in the world that surrounds the system is not considered. 
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Because a reversible process must be quasi-static, it cannot be 
executed in a finite interval of time. Therefore, reversible processes are 
not real processes; rather, they are mere theoretical abstractions that 
can never be realized in practice no matter how useful they may be for 
theoretical considerations. 

It should also be observed that an equilibrium process need not be 
reversible either. Consider a bar of heat-conducting material in a 
steady-state condition at a non-uniform temperature with its ends kept 
in contact with two heat reservoirs at different temperatures. The bar is 
in an equilibrium state, because the time rates of all of its state 
variables vanish in steady-state conditions. Therefore, the process of the 
bar is quasi-static. It is also trivially invertible since the state of the bar 
remains constant (Appendix A). It is not reversible, though, because it 
does not meet the reversibility condition (2) above. This is due to the 
flow of heat through the bar, which produces changes in the surroundings 
even if the state of the bar remains unchanged. 

The preceding example shows that there are equilibrium states that 
cannot belong to any reversible process. In the example, this was due 
to the presence of a non-vanishing, stationary, temperature gradient. 
More generally, a given equilibrium state of a system cannot belong to a 
reversible process if the system’s surroundings cannot be prevented from 
undergoing changes in their states while the system is kept at the 
equilibrium state. This important point has to be considered appropriately 
in continuum thermodynamics, where a general macroscopic approach 
to non-homogeneous systems is sought. The same point, however, can 
be ignored in classical thermodynamics, because the latter is concerned 
with homogeneous systems undergoing homogeneous processes. In 
that case, the lack of spatial gradients in the state variables of the 
system makes any equilibrium state of the system compatible with the 
equilibrium of its surroundings. In other words, every equilibrium state 
of a system in spatially uniform conditions, i.e., every equilibrium 
homogeneous state of the system, can belong to a reversible process. 


1.6 The Second Law 


The second law of thermodynamics is closely related to the way in 
which spontaneous heat transfer takes place in nature. When two 
bodies at different temperatures are placed in thermal contact, heat 
spontaneously flows from the hotter body to the colder body. 
Moreover, any process that brings the heat back to the hotter body 
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invariably requires the expenditure of some non-thermal energy. The 
first law of thermodynamics does not impose any privileged direction 
to the flow of heat. It only is concerned with the balance of the energy 
that enters or leaves the system, quite apart from the kind of energy 
that is considered and from where it comes or to where it goes. In 
particular, the first law of thermodynamics holds true irrespective of 
the temperature of the body that absorbs or supplies energy. This 
means, for instance, that the first law does not exclude that a cold body 
may become colder simply as a result of being put in thermal contact 
with a hotter body and that the hotter body may become still hotter as a 
result. 

Surely, some other fundamental physical principle must be at work 
here to prevent such an unphysical occurrence. This principle is the 
second law of thermodynamics. In the words of Clausius: 


No process is possible whose sole result is the transfer of heat from 
a colder to a hotter body. 


An alternative way to state the same law is the so-called Kelvin- 
Planck postulate: 


It is impossible to extract heat from a heat reservoir at uniform 
temperature and transform it entirely into work by means of an 
engine that operates in a cycle. 


A hypothetical engine capable of operating in defiance of this postulate 
is usually referred to as a perpetual motion machine of the second kind. 
If it existed, such machine would be as useful as a perpetual motion 
machine of the first kind (Section 1.4), since it could transform the 
almost unlimited thermal energy that is freely available at ambient 
temperature from the surrounding world into useful work. For proof 
that the Clausius postulate and the Kelvin-Planck postulate are 
equivalent, see, e.g., [17, Sect. 1.10] and [74, Sect. 7.7]. 

To express the above postulates mathematically, let dO denote the 
amount of heat that the system exchanges with its surroundings in any 
infinitesimal part of any given process. Moreover, let T be the absolute 
temperature of the part of the system’s surface through which the heat 
dQ is exchanged. In the absence of thermal equilibrium, T will differ 
from the temperature of other points of the system. However, T will 
coincide with the system’s temperature if the latter is uniform. 
Whether or not the temperature of the system is uniform, it can be 
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shown that a condition that is both necessary and sufficient to satisfy 
the above postulates is that the following relation: 


dQ 
f = <0 (1.6.1) 


should be met by every system undergoing a cyclic process (see, e.g., 
Sects 1.11-1.14 of [17]). It is shown, moreover, that the condition: 


dQ _ 
p 0 (1.6.2) 


is both necessary and sufficient for a cycle to be reversible. Note that 
the temperature of the system may vary during the cycle. However, for 
the cycle to be reversible, T must be uniform throughout the system 
(recall that every state of a reversible process must be an equilibrium, 
homogeneous state and, hence, a uniform-temperature state). A more 
general condition for the reversibility of any process, whether a cycle 
or not, is given later in this section. 

Although every process can be part of a cycle, the expression of the 
second law of thermodynamics in the form (1.6.1) is impractical for 
use with non-cyclic processes. An alternative expression that applies to 
every infinitesimal part of any process can be obtained introducing a 
new state function of the system, called entropy. The main steps of the 
procedure are described below. 

To begin, let us confine our attention to reversible cycles. In this 
case, eq. (1.6.2) holds true. It follows that there must exist a function S 
of the state variables of the system with the property that 


B 
AS =S,-5,={ — (1.6.3) 
A 


where A and B are any two states belonging to the cycle. In classical 
thermodynamics, function S is referred to as the entropy of the system. 
The proof of eq. (1.6.3) is analogous to that leading to eq. (1.4.5) from 
eq. (1.4.2), and it is not repeated here. However, since eq. (1.6.2) only 
applies to reversible cycles, an important difference is that now A and 
B must be two states that can be joined by a reversible process, i.e., 
two equilibrium, homogeneous states. This contrasts with the case of 
internal energy, where A and B can be any two states of the system. 
Because the entropy thus introduced is defined for equilibrium, 
homogeneous states, it can be applied to determine the entropy 
changes in any process, whether reversible or not, provided that the 
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process takes place between such states. This definition of entropy is 
perfectly adequate to classical thermodynamics. The same definition 
must be generalized appropriately if we want to make it applicable to 
non-equilibrium and/or spatially non-uniform states. However, much 
of the analysis of this book is based on classical thermodynamics; 
therefore, the entropy definition given above is adequate for the 
present purpose. 

Equation (1.6.3) applies, in particular, when states A and B are the 
initial and the final states, respectively, of an infinitesimal part of any 
reversible cycle passing through them. In that case, it reduces to 


dO=Tds. (1.6.4) 


Since any infinitesimal part of a reversible process can always be a part 
of a reversible cycle, it follows that eq. (1.6.4) is a general condition 
for the reversibility of any process. On the other hand, if the process 
between two equilibrium states is performed irreversibly, from 
relations (1.6.1) and (1.6.3) it is not difficult to infer that 


* do 
[ 7 SAS. (1.6.5) 


In particular, if states A and B are in the same infinitesimal 
neighbourhood, then relation (1.6.5) yields 


do <TdS, (1.6.6) 


which applies instead of eq. (1.6.4) when the process is irreversible. 

From eqs (1.6.4) and (1.6.6), it is concluded that any process that 
takes place between any two equilibrium, homogeneous states that 
belong to the same infinitesimal neighbourhood must always satisfy 
the following relation: 


do <TdS, (1.6.7) 


which is usually referred to as the entropy inequality. In this relation, 
the equality sign applies when the process is reversible. 

Conversely, in the restricted range of the states that can be joined 
by a reversible process, the entropy inequality is both a necessary and 
sufficient condition for relation (1.6.1) to be fulfilled. Therefore, 
inequality (1.6.7) represents a mathematical expression of the second 
law of thermodynamics in a form that applies directly to any infinitesimal 
part of any process. It applies whether or not the process is reversible, 
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provided that the starting and the ending states of the considered part 
of the process are two equilibrium, homogeneous states; i.e., two states 
that, at least in principle, can be joined reversibly. 


1.7. The Third Law and the Calorimetric 
Measurement of Entropy 


As was the case with the first law and internal energy, eq. (1.6.3) 
defines an entropy increase AS rather than the entropy S itself. There is 
an important difference between the two cases, though. Equation 
(1.4.5) can be used to calculate AU in any process, while eq. (1.6.3) 
can only give the correct value of AS when applied to a reversible 
process. This may pose some problems in the practical determination 
of AS, since it may not be easy or feasible to make the system follow a 
reversible process joining any two given states, because the process 
must be quasi-static (Section 1.5). The problem is solved by the third 
law of thermodynamics. The third law can be expressed in a number of 
different ways, but the following is the most suitable for the present 
purposes: 


In equilibrium conditions, the entropy of a system approaches to 
zero as the system’s temperature approaches to absolute zero, 
irrespective of the value of the remaining state variables. 


This law has several important consequences. In particular, it 
enables us to determine the value of the entropy at any equilibrium 
state of the system. To illustrate this, let § collectively denote the state 
variables of the system other than 7. Therefore, any state of the system 
will be defined by the pair{§, 7}, so that we can write: 


S=S(§,T). (1.7.1) 


Let us then take state {€, 0 K} as A and state {§, 7} as B. From eq. 
(1.6.3) we obtain 


T 
S(é,T) -| = (1.7.2) 


because S(&, 0) = 0 for every value of §, according to the third law. 
Here, the integral refers to a reversible process joining the two end 
states, as this is the condition under which eq. (1.6.3) applies. In the 
considered case, the two end states share the same values of §, which 
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means that the process that joins them can be a reversible heating 
process at constant € from 7=0 K to T. In practice, such a process is 
always feasible with any degree of accuracy, provided that the system 
is heated slowly enough to keep its temperature uniform during the 
process. 

Alternatively, a reversible cooling process from 7 to 0 K could be 
used. This changes the sign of the integral on the right-hand side of eq. 
(1.7.2), which is then rewritten as 


OK 
S(§T) --{ de (1.7.3) 


r (6ST 


The quantity dQ relevant to a heating/cooling process can be 
calculated from the values of the specific heat capacity (specific heat) 
of the system for constant values of the variables §. We denote this 
specific heat as cg: 

1 dQ 


Cg = G(T) =— — 


; 1.7.4 
M dT ( ) 


&= const 


where MM is the mass of the system. For €=const, we have that dQ = dU, 
as evident from eqs (1.3.1) and (1.4.7). Accordingly, we can also 
€XpTess Cz as 


(1.7.5) 


€= const 


From eq. (1.7.4) the amount of heat absorbed in any infinitesimal 
interval of the considered heating/cooling process can be expressed as: 


dO=M «, aT. (1.7.6) 


In ideal gases, the variables § reduce to just one variable. This can be 
the pressure of the gas, p, or the volume of the gas, V. In this case, the 
specific heat at constant § usually is denoted as c, or c,, respectively. 
However, not all of the heat absorbed by the system in a heating 
process can be expressed in the form of eq. (1.7.6). At certain 
temperatures, the system may undergo phase changes, such as solid-to- 
liquid transitions, liquid-to-gas transitions, or allotropic transitions 
between different solid phases. In a phase change, the system absorbs a 
definite amount of heat, say QO,, at a constant temperature 7,. The heat 
absorbed depends on the system and the phase transition under 
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consideration. Their overall contribution to the integral in the right- 
hand side of eq. (1.7.2) can be expressed as: 


“ O; 
St (1.7.7 
DF 


where n is the total number of phase transitions that the system under- 
goes in the heating process from 0 K to 7. The index ¢ in the above 
formula runs from | to ” and it refers to the phase transition that occurs 
at temperature 7,. From eqs (1.7.6) and (1.7.7), it follows that, in the 
presence of phase transitions, eq. (1.7.2) becomes: 


. ce . OQ, 
S&T)=M| 4d7T+> 0 =. (1.7.8) 
OK T t=l1 T, 


This equation determines the absolute entropy, S, of the system at any 
equilibrium state{§, 7}. If the reference is to a cooling process rather 
than a heating process, the equation is similar, but the right-hand side 
of the equation obtained from eq. (1.7.3) has the opposite sign. 

This method of calculating entropy is referred to as the calorimetric 
method. It is the only method that is fully consistent with the 
macroscopic approach at the basis of classical thermodynamics. The 
statistical method is another method frequently used to calculate the 
entropy of a system. It is based on statistical mechanics and quantum 
theory. Although it generally gives entropy values that are surprisingly 
close to those obtained by the calorimetric method, there are some 
exceptions. In the case of a discrepancy, both methods should be 
considered in order to determine why they fail to give the same answer 
and to determine which of the two answers should be taken as the 
correct one in the theory under consideration. 

The practical value of the calorimetric method stems from the fact 
that specific heat data for almost all known materials are available in 
the literature. Often, these data refer to the specific heat at constant 
pressure (typically, 1 atm) and for a discrete set of temperatures. From 
well-established theoretical or semi-empirical formulae, these values can 
be extrapolated to other states of interest. In particular, the extrapolation 
procedure eliminates the difficulty of determining the ratio dO/T when 
the temperature is near absolute zero, thereby making the calorimetric 
determination of absolute entropy feasible in practice. 

It should be noted that the third law of thermodynamics provides a 
guarantee that any two states of a system that are homogeneous and at 
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equilibrium, say state {€), 7;} and state {€, 7}, always can be joined 
by at least one reversible process. Conceptually, this process can be 
constructed as follows. First, a reversible cooling process at constant § 
brings the system from state {&), 7\} to state {§), 0 K}. This cooling 
process is followed by an isothermal process at 0K, in which § 
changes from &€, to &, leading the system to state {€, 0 K}. Such 
isothermal process at 0 K is reversible because the third law requires 
that dS = 0 in any process at 7 = 0 K and because dQ = 0. The last 
condition follows from relation (1.6.7) and from the fact that dQ cannot 
be less than zero, since no heat can be extracted from a body at 
T= 0K. Finally, a reversible heating process from state {&, 0 K} to 
state {§, 7} completes the reversible process between state {&, 7} 
and state {§>, 7>}. 


1.8 Upper Bound to the Heat Absorption Rate 


Following directly from the second law of thermodynamics, there is a 
limit to the maximum time rate at which any real system can absorb 
heat. To show this let us divide both sides of relation (1.6.7) by dt to 
obtain: 


O<TS. (1.8.1) 


That is, the heat input rate, O, can never exceed the entropy rate, S, 
multiplied by the absolute temperature at which the heat is being 
absorbed by the system. Therefore, the product T'S sets an upper 
bound to the maximum time rate at which heat can be absorbed by the 
system from the surroundings. 

Consider then the set of all isothermal processes that join any two 
given states of the system at a given temperature 7. Time integration of 
relation (1.8.1) along any such process yields 


OR PRS: (1.8.2) 


where Q represents the amount of heat absorbed during the process, 
and AS is the entropy difference between the final and the initial state 
of the system. Of course, Q will be different for different processes. 
The quantity TAS, however, is the same for all processes in the 
considered set, because it depends only on the initial and final states of 
the system. The quantity TAS represents, therefore, the upper bound to 
the maximum amount of heat that the system can absorb in any 
isothermal process that joins the two given states. 
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A similar restriction holds true when non-isothermal processes are 
considered. In that case, however, the system temperature changes 
during the process and the above upper bound to the maximum 
absorbable heat should then be referred to each infinitesimal part of the 
process. No limit whatsoever is imposed by inequality (1.8.1) or, 
equivalently, by inequality (1.6.7), on the negative values of QO. 
Therefore, the time rate at which a system can give off heat is not 
limited a priori by any physical law. 

The above discussion provides an additional physical reason that 
helps explain why entropy—or some other equivalent quantity—is 
indispensable to thermodynamics. To wit, nature sets no limit on the 
rate at which a system can turn non-thermal energy into heat (1.e., to 
the negative values of Q) as long as, of course, energy is available for 
that purpose. The same is not true for the heat absorption rate. The rate 
at which a system absorbs heat—which thus becomes part and parcel 
of the system’s internal energy—cannot exceed the upper limit 7S. 
This interpretation of the second law in the form (1.6.7) is, in all 
respects, equivalent to and as fundamental as the condition that no heat 
can flow spontaneously from cold to hot or that it is impossible to 
build a perpetual motion machine of the second kind. 

As far as the second law is concerned, the actual value of the above 
upper limit is immaterial. In fact, each system has its own limit, which 
is completely defined by its entropy function once the process is 
specified. As discussed in more detail in Chapter 11, this interpretation 
of the second law gives the entropy a clear physical meaning that is 
entirely within the scope of macroscopic thermodynamics. It also 
explains why no thermodynamic system can be physically realistic if 
the notion of entropy is ignored. 

Admittedly, to set a bound to QO through the time derivative of an 
abstract function, such as S, times the absolute temperature, may not be 
the most direct way to proceed. However, the path of science is not 
always straightforward, and historical reasons exert a strong bias. In 
the present case, the formal analogy of eq. (1.6.2) with eq. (1.4.2) was 
undoubtedly crucial to the birth of entropy. That came at a price, 
however, because entropy was defined for equilibrium states only and 
appeared in the theory without a definite physical connotation. Its 
introduction was as formal as the mathematical analogy between eqs 
(1.6.2) and (1.4.2) from which it originated. This gave rise to all sorts 
of conjectures and interpretations about the meaning of entropy, most 
of which are still alive and well today, much to the bewilderment of the 
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unaware student. A more direct approach to the upper bound of the 
heat absorption rate is presented in Chapter 11. 

The asymmetry in the capacity of a system to absorb and supply 
heat stands at the very root of the irreversibility of natural phenomena. 
For a process to be reversible, the amount of heat absorbed at each time 
of the process must be opposite to the corresponding amount of heat 
absorbed in the inverse process. Thus, if Q, and Q, are the time rates 
of the heat absorbed by the system at corresponding points of the direct 
process and the inverse process, respectively, then the reversibility of 
the process requires that 


O, =-Qp. (1.8.3) 


Of course, reversibility also implies that an analogous condition should 
be met by all of the other time rates involved in the process. Thus, the 
following equation concerning the entropy rate should apply to a 
reversible process: 


S,=-Sp. (1.8.4) 
From inequality (1.8.1), it follows that 
Oy <TSy (1.8.5) 
and 


QO, <TS, (1.8.6) 


should be met in the direct process and the inverse process, respectively. 
Therefore, if in the direct process we have that 


O% =F Sis (1.8.7) 
that is 
-Op >-TSp, (1.8.9) 
then, from relations (1.8.4), (1.8.6) and (1.8.9) we can conclude that 
S05 S7S 20; (1.8.10) 


This shows that the reversibility condition (1.8.3) cannot be met if 
inequality (1.8.7) holds true in the direct process. Hence, any process 
that satisfies inequality (1.8.7) or, more generally, any process in 
which 
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O<TS (1.8.11) 


cannot be reversible. 

By the same arguments, it can be shown that conditions (1.8.3) and 
(1.8.4) are compatible with the second law (1.8.1) only if the latter is 
met as an equation: 


O=TS. (1.8.12) 


It must be concluded that eq. (1.8.12) is a necessary and sufficient 
condition for the reversibility of a process, in agreement with what is 
stated in Section 1.6. 


1.9 Dissipation 


Let A= {§ 7} and B={€ + d&, 7+ dT} be any two states of the 
system that belong to the same infinitesimal neighbourhood in state 
space. Any process from A to B will produce the following changes in 
U and S: 


dU = U(E+ d&, 7+ dT) — UE, T) (1.9.1) 
and 
dS = S(§ + d&, 7 +d7) — S(§, T). (1.9.2) 
Conversely, any process from B to A will produce the changes 
dU'= U(§, T) — U(E + d&, T+ dT)=—dU (1.9.3) 
and 
dS'= S(&, T) — S(§ + d&, T+ dT) =- dS. (1.9.4) 


Every process, whether from A to B or from B to A, must comply 
with the first and second laws. If the process from A to B takes place 
reversibly, we have that 


dO=TdS. (1.9.5) 


From the second law (1.6.7), it then follows that the system absorbs 
(supplies, if dS <0) the maximum (minimum) amount of heat possible 
if the process is performed reversibly. 

On the other hand, from the first law (1.4.7), we obtain 


dW, =dU— dO. (1.9.6) 
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From this equation and from eq. (1.9.5) we can conclude that, if 
dS > 0, the amount of work absorbed by the system in the process from 
A to B reaches its minimum value when the process takes place 
reversibly. Conversely, if in going from A to B we have that dS <0, 
then the system supplies the largest amount of work to the 
surroundings when the process is performed reversibly. 

If the inverse process (i.e., the process from B to A) is not performed 
reversibly, the amount of heat that the system absorbs in the same 
process is 


do’< Tds'=- Td. (1.9.7) 


Therefore, from this and from eq. (1.4.7) we calculate that the corre- 
sponding amount of work absorbed by the system is 


dW'y = dU' — dQ! > — dU+T dS =— dWig, (1.9.8) 


as immediately follows from eqs (1.9.3), (1.9.4), and (1.9.6). In view 
of this and considering eq. (1.3.2), the work produced by the system if 
the process from A to B takes place irreversibly is given by 


dW 'yut =— dW'n < dW. (1.9.9) 


However, if the process is performed reversibly, then 


dW out = Ain « (1.9.10) 
In this case, dO'=— dQ = — Td. 
The quantity dD defined by: 


dD 


dW,, dW’ = dU-TdS + dU’—dO’ 


(1.9.11) 
dU —T dS —dU —dO’=T ds’—dQ’ 


is the work lost to perform the infinitesimal cycle that goes from A to 
B reversibly and then from B back to A irreversibly. If the entire cycle 
were performed reversibly, then eq. (1.9.10) would apply, and no work 
would be lost (dD = 0). It can then be concluded that the quantity dD 
represents the work dissipated in the irreversible part of the cycle, i.e., 
from B to A. 

Since the role of A and B can be interchanged, we can remove the 
prime signs from the last equation (1.9.11) and conclude that the 
amount of non-thermal energy dissipated in any process that joins any 
two states in the same infinitesimal neighbourhood is given by 
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dD = T dS — dQ. (1.9.12) 
Of course 
dD = 0, (1.9.13) 
as immediately follows from relations (1.9.12) and (1.6.7). The 
equality sign in relation (1.9.13) holds true if the process is performed 
reversibly. 


The quantity D entering eq. (1.9.11) is referred to as dissipation. 
We also can rewrite relation (1.9.12) as 


D=TS-O20. (1.9.14) 


This can be integrated along a finite process to yield 


D=(|Dat={(TS-O)at>0, (1.9.15) 


which enables us to calculate the dissipation that is produced by any 
finite process that joins any two states of the system. For reversible 
processes, D =0. In any irreversible process, D> 0. For this reason, 
these processes are also called dissipative. 


1.10 Heat Absorbed at Constant Pressure and 
Constant Volume 


When dealing with compressible fluids or chemical reactions, some 
mechanical work supplied to or by the system is usually done by the 
external pressure, p, against the change of volume of the system 
(volume work). Any infinitesimal work input, dW;,, can accordingly be 
written as follows: 


dW,, = dWe - pd, (1.10.1) 


where W;, denotes the work input in excess of volume work. The 
negative sign in the front of pdV on the right-hand side of this 
equation stems from the fact that p is assumed to be positive when 
representing compression. Thus, a negative value of dV is required for 
p to make a positive contribution to dW;n. 
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By means of eqs (1.10.1) and (1.4.7), the heat that the system 
absorbs in each infinitesimal part of a process can be expressed as: 


dQ =dU — dW, + pdV. (1.10.2) 

It is often convenient to introduce a function H, called enthalpy, which 
is defined as 

H=U+tpV. (1.10.3) 


Enthalpy is clearly a state function of the system since U is a state 
function and p and V are state variables. In terms of H, eq. (1.10.2) can 
be written as 


dO = dH —dW,.- Vap. (1.10.4) 


Constant pressure processes 


Many processes occur at constant pressure, in particular at 
atmospheric pressure. For constant pressure processes, eq. (1.10.4) 
reduces to 


dQ= dH|,-dW,- (1.10.5) 


Here, the subscript p attached to dH emphasizes that the latter quantity 
is intended to be calculated by keeping p constant. There are many 
situations in which dW;, #0. However, the case in which dW;,= 0 is 
the most common condition at which a spontaneous chemical reaction 
usually occurs. When dW, = 0, eq. (1.10.5) reduces to 


dQ= dH|,,. (1.10.6) 
For a finite process, this integrates to 


O= AH 


Fe (1.10.7) 
where Q is the heat absorbed in the process. 

When applicable, eq. (1.10.7) provides a way to measure the change 
in the system’s enthalpy (AH) from the heat that the system absorbs. A 
negative value of AH means that a negative value of heat was 
absorbed, indicating that the system supplied heat to the surroundings. 
Thus, a reaction that produces a decrease in the enthalpy of the 
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reacting material must be exothermic, meaning that it must release heat 
to the surroundings (Q < 0). 

Since H is a state function, AH is independent of the process that 
joins the initial state to the final state of the system. From eq. (1.10.7), 
it follows that every constant-pressure process between any two given 
states makes the system absorb the same amount of heat if W=0 in 
the process, i.e., if no work other than —pdV is done on the system. If 
the process is performed reversibly, then dQ is given by eq. (1.9.5). 
Then, from eq. (1.10.7), we infer that the following relation 


dH|,=Tds|_, (1.10.8) 


must apply to every reversible, constant-pressure process in which 
dW; is zero. If, in addition to being isobaric, the process is also 
isothermal, eq. (1.10.8) integrates to yield 


AH || = T AS| (1.10.9) 


p,T° 
Processes at p=0 


When the process occurs at zero pressure, pV=0. By differentiating 
eq. (1.10.3), it then follows that 


dH) = dU) 3. (1.10.10) 


Constant volume processes 


If the process takes place at a constant volume and dW,,=0, we 
obtain the following from eq. (1.10.3): 


dH =dU+ Vdp. (1.10.11) 
In view of eq. (1.10.4), this means that 


O=AUl,, (1.10.12) 


since W,,=0. In this case, O depends only on the end states of the 
process, because U is a state function. This is also obvious from eq. 
(1.4.6), because no work is performed by the process. 
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1.11 Isothermal Thermodynamics 


Many processes of practical interest take place at constant temperature. 
In biology, isothermal processes are the rule rather than the exception. 
They also are quite common in many branches of chemistry and 
engineering. It is useful, therefore, to record here some of the main 
consequences of the laws of thermodynamics when it comes to constant 
temperature processes. 

From the first two laws, eqs (1.4.7) and (1.6.7), respectively, it 
generally follows that 


dU-TdS<dWin . (1.11.1) 


The equality sign in this relation applies to reversible processes only. 
For isothermal processes, the same relation can be written as 


d(U-TS)p SdWr . (1.11.2) 


Since both U and S are state functions and T is a state variable, the 
difference, U— TS, is a state function and is usually referred to as 
Helmholtz free energy. We denote it by ¥: 


Y=U-TS. (1.11.3) 
In terms of Y% inequality (1.11.2) is read as: 

AY] <dWe (1.11.4) 
For a finite process, it is rewritten as 

AY| + < Win - (1.11.5) 


This means that more work must be done on a system if the isothermal 
process takes place irreversibly rather than reversibly. 

In view of eq. (1.3.2), the same relation also means that, for 
isothermal processes, 


dWou<-d¥] rp, (1.11.6) 
and hence 
Wou<S-AY|r. (1.11.7) 


That is, the maximum work that a system can produce in an isothermal 
process equals the corresponding loss in its Helmholtz free energy. 
Such an amount of work can be produced only in a reversible process. 


28 | THERMODYNAMIC LIMIT TO EXISTENCE 


When all external forces vanish, or when p is the only agent that 
does work but the process takes place at a constant volume, then dWou 
vanishes. In this case, we infer the following from relation (1.11.4) 


d¥|> <0. (1.11.8) 


This condition must be met at any time during the process. This means, 
in particular, that in isothermal conditions a state of equilibrium of a 
system that it is free of external forces (which implies that Wou:= 0, no 
matter the process) must be a state of a minimum free energy, % In the 
absence of external forces the system cannot move from that state, 
according to relation (1.11.8). 


Isothermal constant pressure processes 


More generally, for any isothermal process that occurs at constant 
pressure we infer from eqs (1.11.1), (1.10.1), and (1.10.3) that: 


dG|, ,=d(H-TS),.7< dW. (1.11.9) 


Here G is the so-called Gibbs free energy function (also referred to as 
the free enthalpy function), defined by any of the following equalities: 


G=H-TS=U+pV-TS= ¥+pV. (1.11.10) 
For reversible processes, relation (1.11.9) gives 


dG| = dW. (1.11.11) 


For a finite process and in terms of the work done by the system, we 
obtain 


=-AWe 


pT out ? 


AG| (1.11.12) 
thanks to eq. (1.3.2). Equation (1.11.12) is used extensively in chemistry 
to measure the change in the Gibbs free energy that occurs as a result 
of a chemical reaction. This involves making the reaction occur 
reversibly in a galvanic cell and measuring the electric energy output, 
Wout - 


Isothermal processes at constant pressure and volume 


If an isothermal process takes place both at constant p and at 
constant V, then from eqs (1.11.10), (1.10.1) and (1.10.3) we obtain 


dG=d¥ (1.11.13) 
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Hence, 

AG=AY (1.11.14) 
For the same process, we also obtain 

dH = du. (1.11.15) 
Therefore, 

AH = AU. (1.11.16) 


Isothermal processes at constant pressure when W. = 0 
When p is the only agency that does work on the system, then the 
quantity W,- must vanish identically, as follows from eq. (1.10.1). In 


this case, from relation (1.11.9) we infer that 


dG|,,7 $0. (1.11.17) 


For a finite process, 


AG| pr <0. (1.11.18) 


Again, the equality sign in the above relations is only applicable when 
the process takes place reversibly. 

Relation (1.11.17) implies that, at constant pressure and under 
isothermal conditions, the equilibrium state of any system must be a 
state of minimum Gibbs free energy if no external forces other than p 
act on the system. In particular, if p=0, then G= ¥ In this case, 
condition (1.11.17) coincides with condition (1.11.8). However, if W,, 
does not identically vanish, then condition (1.11.17) is no longer 
applicable. In that case, the state of equilibrium is controlled by the 
more general relation (1.11.9). 

When dealing with systems in which chemical reactions take place, 
the difference, a, between the Gibbs free energy of the reactants and 
that of the products in a balanced chemical equation is called chemical 
affinity. This quantity is taken as a measure of the tendency of a 
chemical reaction to occur spontaneously when the reacting material is 
at constant p and T. If a happens to be negative, the reaction will tend 
to proceed in the reverse direction, 1.e., from products to reactants, as 
inferred from the fact that the process must meet relations (1.11.17) 
and (1.11.18), see, e.g., [17, Sect. 3.4] or [23, Sect. 9b]. The reaction 
Gibbs free energy is more widely used than a for the same purposes. It 
is usually denoted as A,G and is defined as the difference between the 
Gibbs free energy of the reaction products and that of the reactants 
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(Appendix C.4.) Clearly, A,G =—a. Thus, the more negative A,G is, 
the greater the tendency of a reaction to occur. Note that A,G is 
nothing more than a different way to call AG | p.r in the case of a 
chemical reaction. 


1.12 A Note on the Prerequisite of Homogeneity 


To some extent, all real systems are non-homogeneous. Living systems 
are not an exception. Be they plants, animals, or even single cells, all 
living systems are an assemblage of different organs with different 
properties and functions at different points. Inanimate systems can also 
be highly non-homogeneous. Even when they are made of one single 
material, their state may differ from point to point, which effectively 
makes them non-homogeneous. 

Classical thermodynamics refers to homogeneous systems in 
homogeneous states. Does that mean that its validity is confined to 
ideal systems and ideal engines? No, any real system can be treated as 
homogeneous either by looking at it on an appropriately large scale or 
by breaking it into appropriately small parts. The main point here is that 
the laws of thermodynamics discussed in the previous sections apply to 
any homogeneous system, irrespective of its size and complexity. By 
looking at a real system on a large enough scale, we can blur out much 
of its inhomogeneities. Likewise, by breaking the real system into 
appropriately small parts, we can regard it as consisting of 
homogeneous elements and apply classical thermodynamics to those 
elements. 

On the other hand, there is no need to include in the model every 
detail of the real body, nor would this be possible due to the unlimited 
number of details that even the simplest, real-world system exhibits. 
Invariably, we are interested in just a limited number of its properties. 
Thus, we construct an idealized system to model those properties and 
ignore all other details. The considered properties may be the same 
throughout the system, which makes it homogeneous even if the real- 
world object it represents is not. 

However, when modelling a spatially non-uniform system as a 
homogeneous system or when breaking it into homogeneous parts, we 
may implicitly neglect the presence of non-local effects. In fact, the 
state of an element of a system may be affected by the state of the 
neighbouring elements, which, in mathematical terms, means that 
some spatial derivatives of the state variables of the element may be 
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state variables themselves. This possibility should not be overlooked 
when a non-homogeneous system is modelled as an assemblage of 
homogeneous elements. For instance, take the case of a non-uniform 
temperature system made of a material whose response depends on the 
temperature gradient. Even if each of its infinitesimal elements can be 
considered as having a well-defined temperature, the temperature 
gradient at the element should nevertheless be included among its state 
variables. 

Finally, the mathematical expressions of the laws of thermodynamics 
(though by no means their physical meanings) may be different from 
the expressions given here if they refer to non-homogeneous systems. 
In particular, when dealing with non-uniform temperature systems, the 
classical expressions of the first law and the second law must be 
generalized to account for the fact that the system is not in thermal 
equilibrium (see [48] and [49]). It turns out that the discrepancy 
between the classical and the non-equilibrium expressions can only be 
significant in the presence of large temperature gradients, which is 
unlikely in most practical applications. The issue, however, is crucial 
for a better understanding of non-equilibrium thermodynamics. 


The Admissible Range of Inanimate 
and Living Systems 


A system is an idealized model to describe a definite portion of matter 
or body, whether inanimate or living. A bar of metal, a living cell, and 
any combination of inanimate and living materials are just some of the 
infinite instances of the real-world bodies that we may want to model. 
The system represents the behaviour of the body when external actions 
are acting upon it. It focuses on the properties of the real-world object 
that we choose to describe and provides a means of predicting and 
controlling their evolution in time. 

Throughout this book, we shall consistently consider systems that 
refer to a finite portion of matter. Accordingly, the word “system” will 
be treated as synonymous with “finite system”. Infinite systems are 
often introduced to indicate large reservoirs of heat or of other forms of 
energy. Their thermodynamics, however, falls outside the scope of this 
book. 
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In this chapter, we consider why living systems behave so differently 
from inanimate systems and why such a difference is physically 
plausible. In doing so, we must distinguish between two kinds of state 
variables: physical and subjective. Both kinds of variables are 
controlled by physics; however, subjective variables are related to so 
many subtle changes in the microscopic structure of the system that a 
complete physical model of them would be hopelessly complicated. 

The analysis presented in this book is concerned mainly with the 
limits that the laws of thermodynamics impose on the maximum 
amount of energy that a system can store or release. These limits are 
independent of the way in which the system uses its energy or how it 
reacts to external actions. Thus, although a living system may respond 
quite differently to an external input depending on its subjective varia- 
bles, the same variables do not influence the physical limits we are 
looking for. In other words, when it comes to the maximum amount of 
energy that a system can store or release, it makes no difference 
whether the system is inanimate or living. This simple fact discloses a 
hitherto little-explored opening of physics into the field of biology. 


2.1 State Variables and Constitutive Equations 


The most basic step in defining a system is to choose the set of 
variables that specify its state. As mentioned in the previous chapter, 
these are the state variables of the system, a set of variables that 
suffice to determine all variable properties of the system at any of its 
points. The state variables provide all of the information that we need 
to know about the assigned system. This is, of course, quite different 
from all of the possible information about the real-world object that is 
modelled by the system. The mere fact that a variable describes a 
property of the system does not, in itself, qualify it as a state variable. 
Position and time, for instance, can hardly be taken as state variables 
for a system that can be in the same state at different times and in 
different places. 

Generally speaking, the state variables of a system form a finite set 
of physical quantities of various dimensions and different mathematical 
nature, such as scalars, vectors, and tensors of various orders. When 
their explicit identification is not required, we denote them simply as e? 
(i= 1, 2, ..., n). Otherwise, a specific symbol is introduced for each 
variable. In general, the state variables assume different values at diffe- 
rent times and at different points of the system. That is, gs & (t, X), 
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where ¢ is time and _X indicates the position vector of the points of the 
system. When the dependence on X can be excluded (ie., in 
homogeneous systems), we have es € (0). In general, we find it 
convenient to single out temperature, 7, from the other state variables 
of the system. The other variables are collectively referred to as §. 
Therefore, by following a notation already used in the previous 
chapter, the state of the system is specified as {§, 7}. 

The choice of the state variables of a system is, to some extent, a 
question of convenience. Once these variables are chosen, all variable 
properties of the system are expressed as appropriate functions of them, 
usually referred to as state functions. Different systems are characterized 
by different state functions. By borrowing terminology used in the 
mechanics of continuous media, we shall also refer to such functions as 
the constitutive functions (or constitutive equations) of the system. 

The constitutive equations of a system may or may not depend on 
time. If they do, we speak of a system in evolution or in formation. 
However, it should be observed that this kind of time dependence is a 
relative concept, since it depends on the time scale we use to observe 
the system. Over a large enough time scale, every system will probably 
exhibit time-dependent, constitutive equations. Aging, phase changes, 
and the transformation of inert matter into a living organism are just a 
few examples of situations that involve time-dependent constitutive 
equations. However, when considered over an appropriately short time 
span (which, depending on the system, may run from a fraction of a 
second to eons), any system can be considered as possessing time- 
independent constitutive features. 

Some properties of the system have a constant value, independent 
of the state variables. In general, the constitutive equations themselves 
will involve constant factors. All of these constants will be referred to 
as constitutive constants or simply system constants. 


2.2 Limits to the Capacity for Storing Energy 


Energy conservation implies that every system should somehow 
accommodate the energy it receives. How this is done can dramatically 
affect the system, especially if the energy input cannot be stored as 
internal energy. In that case, the system must move to a place of higher 
potential energy, accelerate to acquire kinetic energy, or even break 
into pieces or change its state of aggregation. For instance, a rigid body 
cannot deform to accommodate the energy it receives from an impact 
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with another body. If the impact does not break it, the rigid body must 
drastically change its state of rest or motion. The fate of an ice cube 
provides another common instance. If the energy that the ice cube 
receives from the surroundings exceeds the energy that the ice can 
accommodate while remaining in the solid state, the ice cube liquefies 
and eventually disappears altogether. 

Many systems can absorb energy from their surroundings without 
appreciable change in their position, state of motion, or state of aggre- 
gation. They do so by storing the external energy input as internal 
energy, which they then release under the right circumstances. This 
enables the system to keep their constitutive identity in spite of all the 
interactions with the surrounding world. This capacity is an essential 
prerequisite for a system’s existence. 

There is a limit, however, to the internal energy that, at a finite 
temperature, a system can store and release per unit volume. This limit 
is a direct consequence of the first law of thermodynamics. If a finite 
volume system contained an infinite amount of internal energy per unit 
volume, any finite part of that system could act as an unlimited source 
of energy. Likewise, if the system could store an infinite amount of 
energy per unit volume, any finite part of it could act as an unlimited 
sink of energy. Both occurrences would contradict the energy conserva- 
tion principle, i.e., the first law of thermodynamics. It must be concluded 
that there is a limit to the maximum amount of internal energy that, at a 
finite temperature, a system can store and release per unit volume and 
that, moreover, this limit is finite. 

The physical evidence of this conclusion is so obvious that the same 
conclusion could also be introduced as a very reasonable hypothesis, 
without even mentioning its connection with the first law of thermody- 
namics. If that standpoint is adopted, the analysis of the present book 
should be considered as referring to the systems that can only store a 
finite amount of internal energy per unit volume at a finite temperature. 
Appeal to the first law, however, helps us to point out that such 
systems are actually quite general. 

Energy exchanges between a system and its surroundings occur 
frequently in the real world. A large enough limit to the internal energy 
that the system can store and release allows the system to withstand 
large external disturbances without breaking or changing its state of rest 
or motion at the slightest input of energy. Also, a large enough limit to 
the internal energy that the system can store helps the system to 
withstand large external actions when appropriate. Living systems are 
like inanimate systems in this respect. Their capacity to survive relates 
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directly to their capacity to store internal energy and to spend it when 
needed. Contrary to what applies to inanimate systems, however, a 
living system can, to some extent, control how and when the energy 
exchange occurs. 

Of course, the limit to the internal energy that a system can store 
per unit volume is generally different at different temperatures. The 
value of this limit depends on the system’s constitutive equations and 
represents one of the most basic—though seldom considered— 
properties of the system. 


2.3. Subjective Variables: The Hallmark of Life 


In defiance of the universal law of gravitation, whispering “psst, psst” 
at your cat may be all you need to take her/him upstairs. The same 
trick will not work with the stones in your lawn, however. Yet gravity 
applies to cats and stones equally, as you would readily see if you were 
to throw both of them out the window. Foolish though these arguments 
may appear, they contain all the ingredients that are needed to 
distinguish between living (or biological) systems and inanimate (or 
physical) systems. Doing this appropriately is of utmost importance for 
applying thermodynamics to living systems. 

No matter how complex an inanimate system is, all of its state 
variables are physical quantities. They will be referred to as physical 
state variables. Their evolution can, at least in principle, be predicted 
from the laws of physics. So much so that one would feel compelled to 
challenge the validity of the constitutive equations of the systems—or 
even the laws of physics themselves—should the system not behave as 
predicted. 

Living systems are different. There should be little question as to 
whether their state can be described by a large enough set of physical 
variables. In the case of a living system, however, some of these 
variables can only be defined in a scale that is too small compared to 
the scale of the system itself. The number of variables needed to make 
the response of a living system fully predictable from the laws of 
physics would, moreover, be prohibitively large. 

When dealing with living systems, a better approach is to distinguish 
between physical variables and subjective variables. In doing so, we 
give up the possibility of predicting every aspect of the behaviour of 
these systems from physics alone. At the macroscopic scale that we use 
to describe the behaviour of a living system, subjective variables make 
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the system’s response dependent on the qualitative properties of the 
system itself, on the qualitative properties of its surroundings and/or on 
the system’s choice of how to react on each particular occasion. 
Subjective variables relate to the system’s state of hunger, fear, alertness, 
previous exposure to certain kinds of phenomena or situations, and 
training. Together with the physical variables, subjective variables 
complete the description of the state of a living system and are therefore 
essential for predicting how it will respond to external actions. 

Consequently, there are many more external actions that influence 
the response of a living system than those that are of significance to 
inanimate systems. In a living system, these actions include the informa- 
tion that the system receives about certain qualitative properties of the 
surrounding world, such as its lightness and colour, whether it is 
comfortable or hostile, how it smells, and so forth. Such properties do 
not influence the behaviour of inanimate systems unless the system has 
been designed specifically to sense them. And, if this is the case, these 
properties must be represented by quantities that are physically measu- 
rable, while a qualitative appraisal of them may be enough for a living 
system to change its response drastically. For instance, the white and 
black stripes of a zebra crossing on the road may condition the response 
of a pedestrian (or even that of a dog), although the same stripes do not 
exert any measurable physical force on the pedestrian (or dog). 

The subjective variables of a living system, and hence its state, are 
not controlled by the system’s physical variables—at least not 
completely. This fundamental difference between inanimate and living 
systems makes it impossible to predict the response of a living system 
on the basis of physics only. However, no matter how whimsical a 
living system might be, all of its energy exchanges with the surrounding 
world must comply with the laws of thermodynamics. In particular, the 
thermodynamic limits that we are going to consider in this book 
concerning the maximum amount of free energy that the system can 
store or supply are independent of the subjective variables. As a 
consequence, these limits apply to any system, whether inanimate or 
living. 


2.4 Primary State Variables 
In the absence of specific constraints, the physical state variables of a 


system generally may assume any value that is compatible with their 
definition. For some of these variables, however, this is not true—not 
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even in principle. The second law of thermodynamics may require that 
the values of certain state variables fall within a certain definite range. 
It will be shown in the next chapter that the state variables whose range 
of variation may be restricted by thermodynamics are those that enter 
the constitutive equations of the internal energy and entropy of the 
system. These physical variables will be referred to as primary state 
variables and will be further discussed in the next chapter. 

Because we shall be concerned almost exclusively with the primary 
state variables of the system, we shall refer to them simply as state 
variables. Any departure from this usage will be mentioned explicitly, 
should any risk of ambiguity arise. 


2.5 Admissible Range 


The way in which a body responds to external actions is regulated by the 
laws of physics and by the constitutive properties of the body itself. 
The constitutive properties are specified by appropriate constitutive 
equations and are different for different bodies. In principle, they must 
be determined experimentally. Consider, then, any real-world object with 
given constitutive properties. It is a matter of experimental evidence that 
the states that the object can attain must fall within a definite range. 
Beyond that range, the object ceases to respond according to the 
considered constitutive properties. In other words, it ceases to exist as 
an object with those properties. 

The existence of such a range is a fundamental fact concerning any 
real-world system. For instance, if we strain an elastic metal spring 
beyond a certain limit, the spring will cease to respond elastically and it 
will deform plastically or it will break. Even more drastic changes, if 
possible, may take place in a living organism. Increasing one or more 
of its state variables further and further may kill the organism, cause it 
to metamorphose into a different organism, or even split it into two or 
more separate living organisms, to quote just a few of the possibilities. 
Therefore, beyond certain values of the state variables, the system that 
models the body ceases to represent it realistically. When this happens, a 
new system with different properties must be introduced to describe the 
real object under consideration. The determination of the range in which 
a physical system can behave according to a given set of constitutive 
properties is the main concern of the chapters that follow. 

Many processes taking place in this world are isothermal or nearly 
so. The set of all of the states that a system can cover through every 
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possible process at a constant temperature will be referred to as the 
admissible range of the system at that temperature. This is the set of all 
the states that, at the considered temperature, are compatible with the 
system’s constitutive equations and the laws of physics. In the next 
chapter, this range will be determined under rather broad hypotheses 
from the laws of thermodynamics. 

No change in a system’s constitutive equations can be produced by 
a process that does not cross the boundary of the admissible range. 
This is almost a truism. Since any change in the properties of the 
system transforms the system into a new system with different 
constitutive equations, we have that as soon as a constitutive change has 
occurred the state of the system will pertain to the admissible range of 
a new system. This means that any constitutive change must necessarily 
take place at the frontier of the original range, because that is the only 
part of the original range that the original system has in common with 
the new system. 

The boundary to the admissible range of a system is referred to as 
the limit surface of the system (see Section 3.3 for a detailed definition). 
The limit surface need not be one single surface. Depending on the 
system, it may consist of separate surfaces, which may or may not be 
bounded in certain directions. 


2.6 Admissible Actions and Processes 


Each physical state variable of the system has an associated action (or 
generalized force) that does work as that variable changes. These 
actions are collectively referred to as admissible actions. Any action 
not included in this set will either have no effect on the system or 
activate variables other than the ones that define the state of the 
considered system. 

Every action applied to the body produces changes in the state of 
the body itself by driving it along an appropriate process. All processes 
that a system can undergo under all possible combinations of admissible 
actions, in every possible time sequences, constitute the set of the 
admissible processes of the system. 

If we confine our attention to isothermal processes, the set of all 
states that the system can cover through all admissible isothermal 
processes coincides with the admissible range of the system, as defined 
in the previous section. 
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2.7 Incidental Restraints and Activity Range 


The constitutive properties of a system may impose limitations on the 
number of state variables that can be assigned independently. For 
instance, incompressibility is a constitutive property imposing that the 
deformation of the body should occur at constant volume. This reduces 
the number of variables that are needed to specify the deformation of 
the system. The free state variables of a system are defined as the state 
variables that specify the system’s state and are independent of each 
other. 

Whether expressed in terms of free state variables or not, the 
admissible range of a system is subjected to the restrictions that come 
from the laws of physics. However, apart from any physical law, the 
range of states that the system can actually access may also be reduced 
by the presence of incidental restraints. The latter are limitations to the 
system’s behaviour that are not imposed by any physical law or by the 
system’s constitutive equations. An incidental restraint can impede 
access to some states that would otherwise be available to the system. 
Also, it may force an otherwise reversible process to proceed one way 
only by imposing on the system a kind of pawl-and-ratchet constraint. 

We can distinguish between different types of incidental restraints. 
Many of them are equivalent to the application of an external device 
that restricts the values that one or more state variables (or their 
increments) can assume. Other incidental restraints may be more subtle 
in nature. For instance, consider the effect of a microscopic crack in a 
section of an otherwise homogeneous steel wire. Suppose that the wire 
is acted upon by two tensile forces applied to the ends of the wire. As 
the forces exceed a certain value, the crack will almost instantly grow, 
and the wire will break. This prevents the wire from reaching the 
maximum bearing capacity compatible with the material of which it is 
made. Being microscopic, one single crack does not affect the 
constitutive equations of the wire significantly. In particular, the crack 
hardly affects the load/displacement response of the wire before 
rupture occurs. This crack, however, restricts the maximum elongation 
of the wire by causing rupture before the wire’s maximum elongation, 
compatible with the laws of physics and the constitutive properties of 
the material, is reached. 

Another example of an incidental restraint is provided by a body 
constrained to glide on a board of finite dimensions. As long as it 
moves within the board, the body exhibits the same response to 
external forces, irrespective of its position. This state of affairs ends 
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abruptly as the body crosses the border of the board. The displacements 
that are compatible with the constitutive equations of the gliding body 
and the physical laws may well be unlimited, yet a board of finite 
dimensions restricts the body’s displacements to finite values 
depending on the board size. 

An incidental restraint does not modify the system’s constitutive 
equations and thus is not a part of the system. If the incidental restraint 
is removed, the system will gain full access to all states that are 
compatible with its constitutive equations and the laws of physics. For 
instance, a fly is represented by the same physical system whether it is 
free to move in space or confined within a room. The walls of the room 
set a restraint to the coordinates of the fly, but they do not affect the 
fly’s constitutive properties. The admissible range for the fly’s position 
is much larger than the space within the room. It depends, among other 
things, on the energy that the fly can expend. Such a range is 
determined, at least in principle, by the laws of physics and by the 
constitutive equations of the fly. It has nothing to do, however, with 
the room in which the fly is confined. 

To distinguish between the admissible range of a system and the 
range of states that the system can actually access, we shall refer to the 
latter range as the activity range of the system. In the presence of 
incidental restraints, the activity range is only a part of the system’s 
admissible range. If no incidental restraint acts on the system, the 
activity range coincides with the admissible range. 

Of course, by removing the incidental restraints, we can expand the 
activity range of the system up to its admissible range. However, we 
cannot remove the restrictions that come from physical principles, nor 
can we eliminate a constitutive restraint without changing the system. 
Thus, the admissible range will be the largest of all possible activity 
ranges that a system of given constitutive equations can ever exhibit. 


Thermodynamic Limit to the 
Existence of a System 


As discussed at length in the previous chapter, every real system has its 
own range of states in which it is physically admissible. The system 
cannot exist outside of that range, not even in principle. Once the 
constitutive equations of a system are given, the laws of thermodynamics 
dictate what the admissible range should be. In this chapter, we show 
how. 

The arguments presented here are quite general. They apply to 
inanimate and living systems alike, and they lead to the determination 
of the surface that bounds the region of the admissible states of the 
system in the space of its primary state variables. This region is the 
system’s admissible range that was introduced in Section 2.5. Beyond 
that range, the system ceases to be physically admissible, and its 
constitutive equations must change if the boundary of that range is 
crossed. As a result, the system becomes a different system with a new 
admissible range. 
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Knowledge of the admissible range of a system is essential for 
determining the maximum amount of energy that the system can store 
compatibly with its constitutive equations. The greater this amount, the 
better the capacity of the system to withstand the energy demands that 
are imposed on it by an ever-changing environment. For living systems, 
this capacity may well relate to their fitness for survival. 


3.1. Loading, Unloading, and Neutral Processes 


If not otherwise stated, we henceforth confine our attention to uniform 
temperature systems undergoing isothermal processes. All processes 
considered in this chapter are assumed to be driven by admissible 
actions, as defined in Section 2.6. Processes that are driven by non- 
admissible actions are responsible for the formation of a new system. 
They are discussed at length in Chapter 5. 

The following three special classes of isothermal processes have a 
fundamental role in the analysis that follows. 


Loading processes 


An isothermal processes in which W,,>0 at any time of the 
process is a loading process. 


In this kind of process, the system consistently absorbs non-thermal 
energy from its surroundings. 


Unloading processes. 


An isothermal processes in which W,,<0 at any time of the 
process is an unloading process. 


In this kind of process, the system consistently supplies non-thermal 
energy to its surroundings. 


Neutral processes 
An isothermal processes in which W,.= 0 at any time of the 
process is a neutral process. 


In this kind of process, the system does not exchange any non-thermal 
energy with its surroundings. 
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3.2 Exhaustion States, Saturation States, and Limit 
Surface 


As observed in Sect. 2.2, the maximum amount of internal energy that 
a finite system can store at any given temperature is finite. It follows, 
in particular, that the amount of energy that any finite system can 
absorb or release while operating isothermally must be finite. There 
must then be states in which the system becomes incapable of 
absorbing any more energy from the surroundings as well as states in 
which the system has no energy to supply. These simple observations 
justify the definitions of exhaustion and saturation states given below. 
Again, isothermal conditions are assumed. 


Exhaustion states 


A state of the system from which no unloading process can 
start without violating the system’s constitutive equations is 
an exhaustion state. 


If the constitutive equations of the system are smooth enough, then in 
an exhaustion state the system’s free energy should be at a minimum or 
at least have the lowest value with respect to all of its neighbouring 
states. This conclusion is an immediate consequence of relation 
(1.11.4). 

Once a system reaches an exhaustion state, it has no more free 
energy to spend while operating isothermally. This means that the 
system can only leave an exhaustion state through a loading process or 
a neutral process. However, if the system leaves an exhaustion state 
through a neutral process, then its free energy cannot increase. In this 
case, the process can only be a sequence of exhaustion states. 

An exhaustion state has different meanings in different systems. In 
an elastic body, for instance, the exhaustion state is the unstrained 
state, also referred to as the stress-free state. This is the state in which 
all elastic energy of the body vanishes. The body cannot move from 
that state to a different state unless some external energy is supplied to 
deform it. 

The free energy mentioned above is the internal free energy of the 
system. When considering the relationship between exhaustion state and 
free energy, it is important to distinguish between internal energy and 
external energy. The expressions of internal energy and entropy of 
many systems of practical interest often include terms that represent an 
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external contribution to the system’s free energy to all effects. As such 
these contributions do not affect the free energy that can be stored 
within the system and, therefore, they must be ignored when the 
thermodynamic limit to the system’s internal energy is sought. This 
question is of utmost importance to the analysis presented in this book. 
It is dealt with in detail in Section 3.11 to Section 3.14. 


Saturation states 


A state of the system from which no loading process can start 
without violating the system’s constitutive equations is a 
saturation state. 


A system can leave a saturation state either through an unloading 
process or a neutral process. However, once in a saturation state, the 
system cannot absorb any more non-thermal energy from _ the 
surroundings because no loading process can start from that state. At 
any given temperature, most natural systems possess just one 
exhaustion state. However, the same systems can usually store energy 
in a number of different ways. This endows them with a set of different 
saturation states at that temperature. 

The difference between the free energy in any given state and the 
free energy in the exhaustion state is a measure of the maximum 
amount of energy that the system can supply isothermally to its 
surroundings as work and/or heat through a process that starts from the 
considered state. In a space in which the distance between two states is 
measured by the difference between their free energies, the saturation 
states are the farthest states from the exhaustion state. In that space, the 
locus of all saturation states represents the boundary of the admissible 
range, i.e., the limit surface of the system. This justifies the following 
definition: 


Limit surface 


At any given temperature, the locus of the saturation states of 
a system in the space of its state variables is the limit surface 
of the system at the considered temperature. 


Because no loading process can start from a saturation state, the 
system’s free energy must reach an upper limit in that state. This is an 
immediate consequence of relation (1.11.4) and of the fact that every 
process leaving a saturation state must do so through a process at the 
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beginning of which dW,, <0. The same applies to every point of the 
limit surface, since that surface is made of saturation states. Thus, in 
the state space, the points of the limit surface represent limits to the 
free energy that a system can store isothermally. 


3.3. Accessibility Hypotheses 


To gain some insight into the thermodynamics of the admissible range, 
we need to know whether any two given states in that range can be 
linked by a process, and, if so, which type of process. To keep the 
analysis simple and general, we focus on systems that possess a unique 
exhaustion state. Most real-world systems, both inanimate and living, 
can be modelled as systems possessing this property. 

Systems with multiple exhaustion states may be of practical interest. 
Typically, systems that have bumps and wells in their free energy 
function possess multiple exhaustion states. If a system has multiple 
exhaustion states, all of these states must either have the same internal 
energy or be devoid of any unloading process that links them. 
Otherwise, the system could unload from an exhaustion state at a 
higher energy to another exhaustion state at a lower energy, which 
would make the higher energy exhaustion state contradict the very 
definition of an exhaustion state. Although much of the analysis of this 
book could be generalized to cover a system with multiple exhaustion 
states, we make no such attempt. 

By referring to the admissible range of systems that possess just one 
single exhaustion state, we introduce the following hypotheses: 


(i) From any state in the admissible range of the system, there is 
at least one unloading process (i.e., a process where Wy < 0) 
that leads to the exhaustion state and belongs to the admissible 
range. The possibility that W,=0 at the end of the process 
(i.e., at the exhaustion state) is not excluded. 


(ii) Any state in the admissible range of the system can be reached 
by at least one loading process (i.e., a process where Win > 0) 
that starts from the exhaustion state and belongs to the 
admissible range. Again, the possibility that Wi,=0 at the 
beginning of the process (i.e., at the exhaustion state) is not 
excluded. 


48 | THERMODYNAMIC LIMIT TO EXISTENCE 


(iii) Let A and B denote any two states of the admissible range of 
the system at an infinitesimal distance from each other (i.e., 
two points that belong to the same infinitesimal neighbourhood 
in the state space). These states can always be linked by either 
a neutral or a loading (unloading) process. Moreover, if a 
neutral process links A to B, then there is at least one neutral 
process that links B to A; if a loading (unloading) process 
links A to B, there is at least one unloading (loading) process 
that links B to A. 


All of the processes considered in the above hypotheses are understood 
to be isothermal, since the admissible range is defined under 
isothermal conditions. 

Hypothesis (7) must hold for the system to be capable of recovering 
the exhaustion state through its own means (i.e., without absorbing non- 
thermal energy from its surroundings). The same hypothesis excludes 
that, in the absence of external forces, the system could reach equilibrium 
at a state other than the exhaustion state. This is an immediate 
consequence of the virtual work principle of classical mechanics and of 
the fact that the hypothesis in question assumes that from every state 
other than the exhaustion state there is at least one unloading process to 
the exhaustion state. In some applications, an appropriate convexity 
hypothesis concerning the free energy function is usually introduced or 
understood in order to exclude that the system could reach equilibrium 
at a state other than the exhaustion state when no external force acts 
upon the body. Hypothesis (7), however, is more general than that. 

Hypothesis (i7) makes the system capable of moving from any state 
in the admissible range and returning to that state, provided that it is 
allowed to absorb or lose non-thermal energy, as appropriate. 

Hypothesis (ii7) rules out systems that are so dissipative that they 
cannot perform a process—not even an infinitesimal one—without 
absorbing energy from their surroundings. Such systems always 
dissipate energy, irrespective of the kind of process they undergo. A 
rigid body, sliding with friction over a horizontal plane, is the simplest 
instance of such a system. Although systems of this kind are a physical 
reality, they do not fall within the present theory. 

The hypotheses introduced above are general and reasonable 
enough to cover most real-world systems of practical interest. The 
processes to which they refer may well be irreversible, as is the case 
with real-world processes. 
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3.4 Equipotential Property of the Limit Surface 


In Section 3.2, we defined the limit surface as the locus of the saturation 
states of the system. We observed that to leave a saturation state a 
system cannot absorb non-thermal energy from the surroundings. We 
consider here the particular case of a limit surface made of just one 
single continuous surface. In the more general, but still practically 
important, case of a limit surface made of two or more separate surfaces, 
the arguments presented below apply to each separate continuous part 
of that surface. In every case, the functions U and S are assumed to be 
regular enough for the present arguments to apply. 

Under these assumptions, let A and B be any two points on the limit 
surface of a system at an infinitesimal distance from each other. The state 
variables corresponding to these points are defined by values that differ 
by infinitesimal quantities at most. From accessibility Hypothesis (ii7) of 
the previous section, we can exclude that there is any unloading process 
from A to B, since this would be equivalent to admitting the existence 
of a loading process from B to A. The latter process would not be 
admissible, since B is on the limit surface, which means that no loading 
process can start from it. From the same accessibility hypothesis, it then 
follows that states A and B can be joined by at least two neutral 
processes, one from A to B and the other from B to A. In these 
processes, U= O , as follows immediately from the first law of 
thermodynamics and from the fact that W,,=0 in a neutral process. Of 
course, the same processes must also comply with the second law. This 
requires that both processes should satisfy the following equation: 


URS: (3.4.1) 


Otherwise, one of them would violate inequality (1.8.1) and thus the 
second law. Equation (3.4.1) means that in going from A to B, the 
following relation must hold true: 


d(U—TS)=0. (3.4.2) 
In view of definition (1.11.3), this means that 


d¥=0. (3.4.3) 


That is, 
Y= const. (3.4.4) 


It can therefore be concluded that the boundary of the admissible range 
must be equipotential for % 
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If the limit surface is composed of separate parts, then the above 
arguments imply that each part must be equipotential for % In that 
case, however, the value of ¥ may be different in each part. 

Obviously, the same conclusions do not generally apply to the 
boundary of the activity range if the latter does not coincide with the 
boundary of the admissible range (see Section 2.7). In that case, it 
cannot be excluded that two points at the boundary of the activity 
range can be joined by a loading process, which makes the above 
arguments leading to equations (3.4.3) and (3.4.4) inapplicable. In 
other words, the boundary to the activity range of a system need not be 
equipotential for % 


3.5 Isothermal Production of Non-Thermal Energy 


The maximum amount of non-thermal energy that an inanimate system 
can supply in an isothermal process has long been recognized as a 
property of the system. Classical thermodynamics relates this property 
to the so-called Helmholtz free energy of the system and teaches us 
how to compute it. The same property appears to be of paramount 
importance also for living systems because of its obvious bearing upon 
their fitness to survive in an energy-demanding environment. 

The maximum amount of non-thermal energy that a system can 
supply while undergoing an isothermal process from any state A to 
another state B can be calculated from eq. (1.11.7), which can be 
rewritten more explicitly as: 


W, 


out 


AB SAM. (3.5.1) 


T=const 


The quantity on the left-hand side of this relation is the non-thermal 
energy that the system supplies to the surroundings in the process. It is 
a process-dependent quantity. The quantities ¥% and ¥, on the other 
side of the relation are the values of ¥ in state A and state B, 
respectively. These values, and thus their difference %— ps, are the 
same irrespective of the process that joins A to B, because Yis a state 
function. By setting 


Aap Y= Y, — Ys, (3.5.2) 


relation (3.5.1) can be written as: 


W, 


out 


YS Ae, (3.5.3) 


T=const 
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Classical thermodynamic arguments concerning the free energy of a 
system apply to living systems, because free energy represents the 
capacity of a system for doing work. It is immaterial how, when, and if 
the system exploits that capacity. Therefore, it makes no difference 
whether the system that has that capacity is a living or an inanimate 
system. 


3.6 Determination of the Admissible Range 


We now apply the second law to determine the admissible range and 
limit surface of any given system, once the system’s constitutive equa- 
tions are known. 

To begin, let us consider any unloading process starting from any 
state, other than the exhaustion state, belonging to the system’s 
admissible range. The existence of such a process is granted by the 
accessibility hypotheses introduced in Section 3.3. In an unloading 
process, W., must consistently be less than zero. It follows that, at any 
time during this process, the system supplies non-thermal energy to its 
surroundings. Of course, the process must meet the first and second 
laws of thermodynamics. Since W,, < 0, we infer from eq. (1.4.8) that 


US0s (3.6.1) 
From this and from inequality (1.8.1), it follows that 


Urs (3.6.2) 


during any unloading process. 

Inequality (3.6.2) does not generally apply to a loading process. In 
such a process W,,> 0, which from eq. (1.4.8) means that U >Q.. This 
cannot lead to any definite conclusion about whether U should be 
greater than, equal to, or less than 7S . The same inequality (3.6.2) 
need not apply to neutral processes either. In that case, from similar 
arguments as those leading to inequality (3.6.2), we can only infer that 
the weaker inequality U < 7S should apply to any neutral process, 
the equality sign holding true if the process is reversible. 

Result (3.6.2) has profound implications for the system. Recall that, 
according to hypothesis (7) of Section 3.3, from any state in the 
admissible range, there is always at least one unloading process that 
belongs to that range and that leads to the exhaustion state. Therefore, 
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at any time during such a process, the following equation must hold 
according to relations (3.6.2) and (1.11.3): 


=U = T'S <0. (3.6.3) 


It follows that the free energy of the system must decrease as the 
system unloads isothermally from any state in the admissible range. 
For systems that possess a unique exhaustion state, this means that % 
and hence the difference U—TS, reaches its lowest value at the 
exhaustion state. 

No loading process can start from a point at the boundary of the 
admissible range, because that boundary is the locus of the saturation 
states. However, there is always an unloading process starting from 
any point of the said boundary due to the accessibility hypothesis (2). It 
follows that the difference U-— T'S, i.e. the system’s free energy, ¥% 
must reach its largest value at a point on that boundary. This value is 
denoted as Whax. That is, 


Pax = max (U-TS), (3.6.4) 


where Ynax 1S a characteristic constant of the system. 

If the boundary of the admissible range is one single continuous 
surface, then hax is also the value of ¥ at every point on that surface, 
because the latter is equipotential for ¥% as shown in Section 3.4. In 
this case, the following relation determines the admissible range of the 
system: 


UT Se ee. (3.6.5) 


This inequality is valid for every state in the admissible range of the 
system. It applies in the equality form only to the points of the 
boundary of that range. 

Result (3.6.5) involves the values of U and S rather than their time 
rates, U and S, respectively. The time rates are different for different 
processes; U and S are independent of the process, because they are 
state functions, namely U= U(é, T) and S=S(§, T). For constant 7, 
relation (3.6.5) defines a region in the space of the § variables. This is 
the space of the primary state variables of the system, because the only 
state variables that are involved in the above arguments are those 
entering the expressions of U and S. The region defined by relation 
(3.6.5) is composed of all states that the system can access through an 
isothermal process complying with the system’s constitutive equations 
and the laws of thermodynamics. Therefore, it is the system’s admissible 
range. Its boundary is expressed by 
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U-TS= Prax (3.6.6) 


and is the system’s limit surface. 
In terms of the Helmholtz free energy, the admissible range and 
admissible surface of the system can be expressed as 


Ys (3.6.7) 


and 
W= Wx, (3.6.8) 


respectively. These relations are the immediate consequence of eqs 
(3.6.4)-(3.6.6) and definition (1.11.3). 

Quite often in practice, functions U and S are continuous. In this 
case, the entire surface (3.6.6) is fully determined by the constitutive 
equations for U and S once a point of that surface is known, because 
Wax 1S determined by eq. (3.6.6) once the values of U and S at that 
point are calculated. Accordingly, if functions U and S are given and 
continuous, the experimental determination of the entire limit surface 
reduces to the determination of just one point of that surface. 

On the other hand, if U and S are piecewise continuous functions, 
then a relation like eq. (3.6.5) applies separately to each sub-domain 
where U and S are continuous. In this case, a different value of Prax 
will generally apply to each sub-domain, which will produce a different 
limit surface for different sub-domains, according to eq. (3.6.6). 

The role of the second law of thermodynamics in the derivation of 
the results of this section should not be downplayed. This law imposes 
that every unloading process should satisfy the entropy inequality 
(1.6.7) and thus inequality (3.6.2). This implies that the difference 
U-—TS, 1.e., the system’s free energy, must attain its greatest value at 
the boundary of the admissible domain—a conclusion that cannot be 
reached in this generality without making an appeal to the second law. 
In particular, the assumption that a finite system can only store a finite 
amount of energy under isothermal conditions is not enough to justify 
the existence of the limit surface. 

We touch here on a very important but seldom exploited point con- 
cerning the role of the second law of thermodynamics. Its traditional 
role in physics is to control the maximum amount of heat that a system 
can absorb in a process, quite apart from the domain of states that are 
accessible to the system. The above arguments show that the same law 
also restricts the states that a system of given constitutive equations 
can attain, granted some general accessibility conditions. 
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3.7. Formally Simpler Expressions of Admissible 
Range and Limit Surface 


Without introducing any further restriction, we can express inequality 
(3.6.5) in an even more practical form. The internal energy of a system 
is defined to within an arbitrary additive constant that depends on the 
reference value of internal energy. By choosing the reference value 
appropriately, we can make the difference U— 7S, and thus % assume 
any given value at a given state. The reference value of U does not 
affect the admissible range and limit surface of the system, because, in 
view of eq. (3.6.4), a change in the reference value of U is equivalent 
to adding a same constant to both sides of relation (3.6.5). 

We often assume that the reference value of U is chosen so that 
Wax = 0. With this choice, relation (3.6.5) reduces to 


UETS, 67:1) 


which represents a formally simpler expression of the admissible 
range. Accordingly, the limit surface is expressed as 


U=TS. (3.7.2) 


Notice, however, that the function U that appears into relations (3.7.1) 
and (3.7.2) is not the same as the function U that appears in the more 
general relation (3.6.5). The two functions differ by a constant. This is 
not a problem, because the change in (U— 7S), not its actual value, is 
what matters in the definition of the admissible range. This is easily 
shown by rewriting relation (3.6.5) as 


U-TS<max(U-TS), (3.7.3) 


thanks to eq. (3.6.4). As observed, a change in the reference value of U 
adds the same constant to both sides of relation (3.7.3), which is invariant 
under such a change. The admissible range that the same relation defines 
is therefore left unchanged. 

Relations (3.7.1) and (3.7.2) can also be expressed in terms of the 
system’s Helmholtz free energy (1.11.3). In that case, they become 


<0 (3.7.4) 


and 


Y= 0, (3.7.5) 
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respectively. These relations provide further alternative expressions of 
the admissible range and the admissible surface of the system. Again, 
the expression of Y here is different from the expression of Yin eqs 
(3.6.7) and (3.6.8) due to the different values of the internal energy 
constant. 

To put it differently, relations (3.7.4) and (3.7.5), as well as 
relations (3.7.1) and (3.7.2) from which they are derived, are valid 
provided that U- 7S and thus ¥ vanish at the boundary of the 
admissible range. To meet this condition, the arbitrary constant in the 
general expression of U, and thus of ¥ is to be chosen appropriately. 
With this choice, ¥ becomes negative throughout the admissible range 
and attains its most negative value at the exhaustion state. (Remember 
that the free energy of the system cannot increase during unloading.) 


3.8 Crossing the Limit Surface 


No process can bring a system outside of the limit surface without 
producing changes in the system’s constitutive equations. The reason is 
the following. The free energy defines a scalar field in the space of 
the state variables of the system. The limit surface is a level surface of 
that field, because it is equipotential for ¥% As a consequence, at the 
points of the limit surface, the vector grad Y is normal to that surface 
and oriented in the direction of the increase of ¥% From relation (3.6.7) 
it then follows that the admissible range of the system lies on the side 
of the limit surface opposite to the direction of grad % Under these 
conditions, the crossing of the limit surface would cause the system to 
store more free energy than the maximum amount of free energy that it 
can store. This is impossible, as it would violate relation (3.6.7) and, 
therefore, would not be compatible with the system’s constitutive 
equations for U and S. To go beyond the limit surface, therefore, the 
system must change these constitutive equations and thus its own 
admissible range. 

A consequence of this is that, once the limit surface is crossed, the 
system cannot come back by itself (i.e., through an unloading process) 
to the state it had before crossing the limit surface. No change in the 
system’s constitutive equations can be brought about by a process that 
occurs within the admissible range (see Sect. 2.5). Therefore, to come 
back to the original state, and hence recover its original constitutive 
equations, the system must of necessity cross its new limit surface, 
which cannot be done through an unloading process. 
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In other words, a process that brings a system outside of its limit 
surface produces constitutive changes in the system that cannot be 
reversed by an unloading process (W,, < 0). To reverse these changes, a 
process where W,, > 0 is needed. This means that some external agency 
must spend non-thermal energy on the system, granted that a process 
that reverses the above constitutive changes is feasible. In want of such an 
external agency, the crossing of the limit surface produces permanent— 
and usually major—changes in the system. 


3.9 Non-Interacting Homogeneous Parts of 
Non-Homogeneous Systems 


The hypothesis that the system should be homogenous is essential to 
the analysis of the previous sections. No concept of classical 
thermodynamics applies rigorously unless referred to a homogeneous 
system. This point was already considered in Section 1.12, where we 
discussed how a non-homogeneous system can, for certain purposes, 
be modelled as a homogeneous system. 

In order to better illustrate the role of this hypothesis as far as the 
thermodynamic limit is concerned, consider the example of the lead- 
acid battery, commonly found in automobiles. The battery is obviously 
a non-homogeneous system. It is made of a number of different parts. 
The most external part is the casing. As any other elastic body, the 
casing can store internal energy in the form of strain energy. The 
maximum amount of strain energy that an elastic material can store is 
considered in detail in Chapter 6. Of course, that energy is of little 
interest if we are concerned with the electric energy that the battery can 
supply. That energy is stored by an assembly of different components 
inside the casing. The main components are the electrolyte (a dilute 
sulphuric acid solution) and two sets of electrodes or plates (actually, a 
set of lead plates and a set of lead-oxide plates, packed together via 
appropriate separators). Together, all these components result in a 
highly non-homogeneous system that possesses different properties at 
different points. 

We can disregard much of the above details, however, if we are 
only concerned with the electric energy that the battery can store. In 
that case, the system’s temperature and the amount of ions available to 
the battery’s electrodes are the main state variables of the system. They 
suffice to build a simple but effective thermodynamic model of the 
battery, the details of which are presented in Chapters 7 and 8. This 
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model is a homogeneous system, because its state variables are not 
space-dependent. 

Of course, it does not make sense to treat the electric energy stored 
in the battery as equivalent to the strain energy stored by its casing. 
The two energies do not interact. In the next section, we introduce the 
notion of thermodynamically orthogonal sets of state variables, which 
can coexist independently in the same physical system without inter- 
acting with each other. 


3.10 Thermodynamically Orthogonal State Variables 


In some cases, the set § of all state variables of the system can be 
subdivided into two or more subsets, say €, €8, ..., § , that decompose 
the internal energy and entropy of the system into the following sums 
of functions: 


U =U’, T)= U8, €, 7) + U8, €,7)+...4 U(E,T) (3.10.1) 
and 
S=S(& T)= SE, E,7)+ S88, E,7)+...+ S(E,T). (3.10.2) 


In the above equations, each subset &' only appears in the 
corresponding functions U' and S' (I=A, B, ...), while both the subset 
€ and the variable 7 may enter some or all of the above functions U' 
and S'. 

It will be assumed that the subsets of variables §*, €°, ..., & are 
separate and do not include temperature. In some cases, subset § may 
be empty. Moreover, it is not excluded that one of the two functions in 
some of the pairs of functions {U'=U'(E', €,7), S'=S'(E, &,7)} 
may be independent of §' or may vanish identically. For instance, both 
the pair of functions {U'=U'(é&, €,7), S'=S'(T)} and the pair 
{Uu'=uU'(e, €, 7), S'=0} fall within the scope of the decomposition 
described by eqs (3.10.1)-(3.10.2). 

The variables €' of each subset of variables are assumed to be 
independent of those of the other subsets of variables and of their time 
rates. Also, decomposition (3.10.1)-(3.10.2) is understood to be 
maximal. In other words, functions U'(€', €, T), S'(€', €, T) cannot be 
decomposed further into sums of separate sub-subsets of the variables 
€' according to formulae similar to (3.10.1) and (3.10.2). 
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The subsets €, €®, ..., € possessing the above mentioned properties 
will be referred to as thermodynamically orthogonal. 

In the rest of this section, we focus on isothermal processes at 
constant values of €. From eqs (3.10.1) and (3.10.2), it can be verified 
immediately that, for constant § and 7, both the internal energy and the 
entropy of the system are the sum of independent contributions, 
namely U*, U®, ... and S*, S®, .... Each contribution comes from an 
independent set of variables €, €®, ..., respectively. Under the same 
conditions, the es U (€, 7) and 5 (Eg, T ) are constants. 

Now, let W“, W®, ... be the (non-thermal) power associated with 
the time rates of the enables €“, &®, ..., respectively. That is, 


wi=x!.¢, (I= A, B, ...), (3.10.3) 


where vector X! represents the conjugate force to the variables é! ; 
and the dot product denotes an appropriate scalar product between xe 
and er. By introducing eqs (3.10.3) and (3.10.1) into the first law 
(1.4.8), we obtain 


U*+UF +..= 04+ WAtW es... (3.10.4) 


The term corresponding to the time rate of the variables € is missing 
from this expression, since the process takes place at constant § . 

Starting from any state of the system, the time rates of the pair U : 
and W' are independent of those of pairs U? and W? (1#J), because 
the variables €' are independent of €’. Under these conditions, eq. 
(3.10.4) implies that 


O= 0% + OF +..., (3.10.5) 
where 
Q' = u'- w! (GS Al Bins): (3.10.6) 


This means that, in addition to the global energy balance equation 
(1.4.8), the following partial energy balance equations should also 


apply: 
T= o'+ w' (I= A, B, ...). (3.10.7) 


Likewise, by introducing eqs (3.10.2) and (3.10.5) into the entropy 
inequality (1.8.1), we obtain 


OA+OP 4. < WA +TSB 4... (3.10.8) 
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Again, since the variables in each subset &' are independent of the 
variables in the other subsets, we infer from inequality (3.10.8) that the 
following partial entropy inequalities should apply to the considered 
processes: 


O' <Ts! (I= A,B, ...). (3.10.9) 


We can conclude that the subsets of variables €, €°, ..., €, enable 
us to decompose the energy balance equation and the entropy 
inequality into a set of simpler, uncoupled relations, (3.10.7) and 
(3.10.9), respectively, with each relation being relevant to a different 
subset of variables §'. Therefore, when U and S' are decomposed as in 
eqs (3.10.1) and (3.10.2), the system can be represented as an 
assemblage of simpler, independent systems, each of which is described 
by one particular subset of state variables €'. This justifies calling these 
subsets thermodynamically orthogonal. Such a representation only 
applies as long as the processes at constant € and 7 are considered. 

If the state variables of the system can be grouped into thermo- 
dynamically orthogonal subsets, the admissible range of the system 
will decompose into separate sub-ranges, one for each different set of 
variables €'. Of course, these ranges apply at constant €. Clearly, in the 
case where subset € is empty, the above sub-ranges define the only 
admissible ranges of the system. 

More explicitly, from the analysis developed in Section 3.6, we can 
infer that, at constant € , the admissible range relevant to the set of state 
variables ¢| is defined by 


(iam! (I= A,B, ...). (3.10.10) 


This particularizes relation (3.6.5) to the present case. Similar to what 
we observed in Section 3.7, the values of constant C' that appear in the 
above relations depend on the reference value assigned to the relevant 
internal energy U!. Note that because the problem is now split into a 
set of separate problems, in determining the admissible range of each 
set of variables, we may choose a different reference value for each 
component U! in order to make each constant e disappear. 

State variables that belong to different thermodynamically orthogo- 
nal sets are referred to as thermodynamically orthogonal variables. 
Conversely, state variables that are not thermodynamically orthogonal 
are referred to as thermodynamically coupled. A change in a thermo- 
dynamically coupled variable will affect the internal energy that is 
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available to all the other variables in the same set. The same is not true 
for variables that belong to different thermodynamically orthogonal 
sets. 

The above considerations are useful, in particular, when deter- 
mining the admissible range of a linear thermoelastic material (see 
Chapter 6). Also, in complex systems, such as living organisms, it is 
not unusual for different organs or different set of cells to be controlled 
by different sets of thermodynamically orthogonal state variables. Each 
organ will therefore possess its own thermodynamic range and limit. In 
this case, the attainment of the thermodynamic limit for the whole 
organism will be conditioned by the organ that reaches its own limit 
first. 

In order to test whether any two given variables, &\ and EP, are 
thermodynamically orthogonal, we check whether the partial 
derivatives dU/é* and dS/é\ depend on E?. If not, then the two 
variables belong to two different thermodynamically orthogonal sets of 
variables. This follows immediately from eqs (3.10.1) and (3.10.2) and 
from the definition of thermodynamically orthogonal sets of variables. 
In other words, if the change in U and S due to a change in &* is 
independent of the value of &}?, then the variables & and &? belong 
to two different thermodynamically orthogonal sets. 


3.11 Non-Thermodynamic Systems 


Consider the special case of a system whose internal energy depends 
on some state variables § but not on temperature. That is, 


U = U(8), (3.11.1) 


or 0U/dT=0. In view of eq. (1.7.5), this implies that the system’s 
specific heat is equal to zero no matter the value of €. From eq. (1.7.8) 
it then follows that the entropy of the system should either vanish or be 
constant. In both cases, the following equation 


S=0 (3.11.2) 


will apply to every process of such a system. 

From eq. (3.11.2) and from the second law (1.8.1), it follows that 
the system can never absorb heat during a process, whether reversible 
or not. Therefore, relation Q<0 applies to any process of such 
system. In particular, if the process is reversible: 
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O=0. (3.11.3) 


That is, when operating reversibly, the system will neither absorb nor 
produce any heat. From the energy balance equation (1.4.8) it can 
therefore be concluded that the equation 

U =W,, (3.11.4) 
applies to any reversible processes of any system for which the internal 
energy function has the form of eq. (3.11.1). 

The system cannot produce heat by cooling itself, because its 
internal energy does not depend on temperature. Any heat coming 
from the system must be due to the dissipation of some of the work 
that the system would otherwise produce if it operated reversibly. 

Systems that possess an internal energy function of the form 
(3.11.1) are considered routinely in various classical branches of 
physics, ranging from mechanics to electricity. Temperature has no 
citizenship there. The reason behind the success of these theories is 
that gravity and electric forces are insensitive to temperature. A kettle 
of water has the same weight whether it is hot or cold. Likewise, the 
trajectory of a comet is not affected by the comet’s temperature, nor 
does temperature have any effect on the forces that two electric 
charges exert upon each other. 


Any system with an internal energy of the form (3.11.1) is referred 
to as a non-thermodynamic system. As observed, its entropy must either 
vanish or be constant. From eq. (3.11.2) and from definitions (1.11.3) 
and (1.11.10),, we infer that the following equations should apply to 
every non-thermodynamic system that undergoes an isothermal process: 


dU=d¥ (3.11.5) 
and 


dH = dG. (3.11.6) 


From these two equations and from eqs (1.11.13) and (1.11.15), we 
also infer that the relations 


dU =d¥=dG=dH (3.11.7) 


must apply to every non-thermodynamic system that undergoes an 
isothermal, constant pressure, and constant volume process. 
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As with any other physical system, a non-thermodynamic system 
must obey the second law of thermodynamics. Non-thermodynamic 
systems do this in a trivial way. As previously observed, their inability 
to absorb heat means that the relation 


O<0 (3.11.8) 


applies no matter the process. In view of eq. (3.11.2), this makes these 
systems unreservedly consistent with the second law (1.8.1). That law 
does not therefore entail any restriction upon the states that such 
systems can attain. This makes their admissible range unlimited. 

In a non-thermodynamic system that operates reversibly, the 
quantity AU defined by eq. (1.4.6) coincides with the work done by the 
external forces, since in this case Q =0 according to eq. (3.11.3). The 
relation AU=W;, must therefore apply to every non-thermodynamic 
system undergoing a reversible process. For the purely mechanical 
systems of classical mechanics, the same relation expresses the theorem 
of conservation of mechanical energy. Strictly speaking, the internal 
energy of a non-thermodynamic system is in fact external energy, in 
the sense we defined in Section 1.4. As such, when writing the energy 
balance equation in the form (1.4.9), it should be identified as U“ 
rather than U. Note that U“ is not restricted by thermodynamics. 


Non-thermodynamic components of a thermodynamic system 


When determining the admissible range of a thermodynamic system, 
we should first ascertain if the system includes any non-thermodynamic 
component. Such a component is not restricted by the laws of thermo- 
dynamics and therefore cannot affect the admissible range of the system 
to which it belongs. For this reason, when applying relation (3.6.5) or 
(3.7.1) to determine the system’s admissible range, the contribution to 
U from any non-thermodynamic component of the system should be 
ignored. Failure to do so would mean introducing into relations (3.6.5) 
and (3.7.1) an internal energy term that, being not controlled by 
thermodynamics, would unduly affect the prediction of the system’s 
admissible range. 

The presence of a non-thermodynamic component in a system can 
be detected by inspecting the expression of its internal energy. It 
suffices to ascertain whether that expression can be split into the sum 
of two terms, one of which has the form (3.11.1). In other words, an 
internal energy function that can be expressed as 


UE, T)=U(8)+ U8, T) (3.11.9) 
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indicates that the system contains a non-thermodynamic component 
whose internal energy is 


U’= U"(®). (3.11.10) 


The sets of variables & and &” introduced here are understood to be 
such that their union coincides with § One possibility is that & = §” = 
g. 

Once U is decomposed as in eq. (3.11.9), the admissible range and 
the limit surface of the system can be calculated by substituting U”(&”, 
T) for U(§, T) into relations (3.7.1) and (3.7.2). Thus, the admissible 
range of the system is determined by 


UAE 7S: (3.11.11) 


, 


and its limit surface is 
U’"=TS. (3.11.12) 


Note that there is no need to distinguish between the entropy of the 
whole system and that of the system without its non-thermodynamic 
part. As shown above, the entropy of the non-thermodynamic part is a 
constant, possibly equal to zero. As far as relations (3.11.11) and 
(3.11.12) are concerned, such a constant is of little relevance. The 
reason is that function U” contains an arbitrary additive constant 
resulting from the choice of the reference value of internal energy. 
That constant can always be chosen in such a way as to cancel the 
effect of any constant term coming from S in the above relations. 


Pure thermo-entropic components 


A similar situation occurs when the system contains a pure thermo- 
entropic component. This occurs when the entropy, S% of this compo- 
nent depends on temperature only. That is, 


S’=S’(T). (3.11.13) 


Equation (3.11.2) and its consequences (3.11.3) through (3.11.7) apply 
to this component, provided that isothermal processes are considered. 
Therefore, under isothermal conditions, a pure thermo-entropic 
component of the system is equivalent to a non-thermodynamic one. 
Accordingly, its contribution to Y should be ignored when seeking the 
thermodynamic admissible range of the system at the considered 
temperature. 

The same conclusion holds true if S’ also depends on some state 
variables, say €, which remain constant in the considered process. 
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Therefore, any system component that possesses an entropy function of 
the form 


S’=8’(7,8) (3.11.14) 


behaves as a pure thermo-entropic component of the system as long as 
isothermal processes at constant & are considered. A particular case, 
which is often of relevance to chemistry, is when variables & reduce to 
just the external pressure, p. 

The presence of a pure thermo-entropic component in a system can 
be detected by examining the expression of its entropy function S = 
S(T, §). Because entropy, like internal energy, is an extensive quantity, 
any pure thermo-entropic component should appear in that expression 
as a separate additive term of the form (3.11.13) or (3.11.14). 

In conclusion, let U” and S” be the contributions to U and S, 
respectively, in addition to the contributions that come from any non- 
thermodynamic or pure thermo-entropic component that the system 
may contain. That is, 


U”“=U-U’ (3.11.15) 
and 


S”=S— S”. (3.11.16) 


For systems that contain non-thermodynamic or pure thermo-entropic 
components, we must substitute U” and S” for U and S, respectively, 
when we seek the admissible range and limit surface of the system via 
relations (3.7.1) and (3.7.2). 

Alternatively, if relations (3.7.4) and (3.7.5) are used for the same 
purpose, then the quantity Y should be replaced by 


"= U"-TS”. (3.11.17) 


This is the free energy of the system without the contribution from the 
non-thermodynamic or pure thermo-entropic components. Accordingly, 
the system’s admissible range is expressed as 
U*-TS”“<0 (3.11.18) 
or 
"<0. (3.11.19) 


The expression of the limit surface follows by taking the equality case 
in the same relations. 
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Recall that relations (3.7.1) and (3.7.2) as well as relations (3.7.4) 
and (3.7.5) imply a choice of the arbitrary constant that enters the 
internal energy function of the system. For systems in which U”and S” 
do not coincide with U and S, respectively, the above constant must be 
chosen so that U”= 7S” at the limit surface. Alternatively, one may 
refer to relations (3.6.5) through (3.6.8), provided that U, S, and V are 
replaced by U% S% and Y% respectively. 


3.12 Pure Thermo-Entropic Components of Open and 
Chemically Reacting Systems 


In the previous section, we implicitly assumed that the amount of 
material making up the system did not change in amount or type. This 
is not true if the system is open and exchanges material with the 
surroundings or if the system, although closed, contains chemically- 
reacting species. 

The amount of a species, i, in a system is measured by the number 
of moles, ;, of that species. This number may change if the system is 
open (due to material entering and leaving the system) or if chemical 
reactions take place in the system. In the last case, the composition of 
the system will vary as a reaction proceeds, because the reacting material 
disappears, and new material is produced as a result. Even if the state 
of a species in the system remains the same, the overall contribution of 
that species to the system’s free energy may vary, simply because its 
amount, n;, changes. 

In particular, the contribution to S from any pure thermo-entropic 
component that the system may contain depends on the amount of that 
component, quite apart from how the entropy of the same component 
depends on the variables that define the component’s state. This may 
hinder recognition of the pure thermo-entropic character of that 
component, because its contribution to S may appear to have a 
different form than (3.11.13) or (3.11.14). For this reason, when 
looking for the presence of a pure thermo-entropic component in an 
open system or a reacting mixture, it is better to refer to the molar 
entropies of each single species in the system. These entropies refer to 
a fixed quantity (one mole) of the considered species and therefore are 
independent of their actual amount. In the expression of molar entropies, 
the presence of a pure thermo-entropic term appears unambiguously in 
the form (3.11.13) or (3.11.14). 
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For open and/or chemically-reacting systems, the pure thermo- 
entropic terms in the expressions of S may be detected and eliminated 
as follows. We start by observing that the total Gibbs free energy of the 
system can be expressed as the sum of the contributions from each 
species it contains. That is, 


G=> ny. (3.12.1) 


where 4; denotes the molar Gibbs free energy (or chemical potential) 
of component i (see Appendix C.1, for details and notations). The 
quantities 4; can, in turn, be expressed as 


Mi = My (T, p) +£,(T,&), 34222) 


where p is the ambient pressure and §; are the state variables that refer 
to species 7 under consideration (Appendix C.5). For liquid solutions, 
the dependence on p can be ignored, and the above equation can be 
written as 


My = My (T) + £,(7, 8). (3.12.3) 


This expression also applies to mixtures in general, provided that we 
limit our attention to constant pressure processes. By applying eq. 
(C.6) to the molar Gibbs free energies, /4,, of each species in the 
system, we obtain their partial molar entropies s;. By referring to eq. 
(3.12.3), we can write them as 


5 (7,8 )=5)(T)+5;"(7,8)), (3.12.4) 
where 
ee ee 
s/=5(T)= “Toe (3.12.5) 
and 
moet : __ of (7,8;) 
S87 0 28)) = aa tt (3.12.6) 


The same equations also apply when £4; 1s given by eq. (3.12.2) if we 
restrict our attention to constant pressure processes. 

Equations (3.12.4) and (3.12.5) show that the molar entropy s; of 
species i contains a pure thermo-entropic component s;’. Therefore, as 
observed in the previous section, this component, and thus the Gibbs 
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free energy term Li (T) relevant to it, should be ignored when calcu- 
lating the admissible range of the system. 

If required, the internal energy contribution, u;', from one mole of 
that component can be obtained from 


uj'= Ll, (T)+T s/(T), (3.12.7) 


to within an additive constant. This equation follows from definition 
(1.11.10) as applied to the molar quantities considered here and in light 
of the fact that both pressure and volume are constant (an acceptable 
assumption for non-gaseous phases). Again, the contribution u;’ to the 
internal energy of the whole system should be ignored when determining 
the admissible range of the system. 

The notions of a non-thermodynamic component and a pure thermo- 
entropic component are essential to a correct determination of the 
admissible ranges of electrochemical cells (Chapter 7) and biological 
systems (Chapter 9). 


3.13 Non-Thermodynamic Processes 


There are several ways in which the internal energy and entropy of a 
complex system can change, and not all of them are thermodynamic in 
character. When determining the admissible range of a system, we 
must exclude any contribution to U and S that is not regulated by 
thermodynamics. The mere transport of material to and from the 
system, for instance, need not be a thermodynamic process. For 
instance, refuelling an automobile changes its total internal energy and 
entropy by adding new material to the system (i.e. the automobile). 
However, refuelling can hardly be considered a thermodynamic 
process. A similar situation applies to living organisms when they feed 
themselves or expel waste material. 

These kinds of processes do not affect the internal energy and 
entropy of the active part of the system. For this reason, the state 
variables that describe the energy reserves should not be considered as 
belonging to the set of variables that determine the admissible range of 
the system. It should also be noted that a fictitious change in the value 
of the internal energy of the system may occur when the internal 
energy is being defined relative to a reference state that varies during 
the process. 
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To elaborate on the last point, let us observe that the internal energy 
of any system can be expressed as 


U(p, T, §)= U°+f(p, T, §; U°), (3.13.1) 


where the quantity U° denotes the internal energy of the system at the 
chosen reference state. The function f= f(p, T, €; U°) introduced above 
is the excess internal energy with respect to U°. It depends on the 
reference state used, which justifies the presence of the parameter U° 
(which is not a state variable) among the independent variables of 
function f in the above equation. Sometimes, the reference state is 
assumed to vary with the value of some specified state variables of the 
system, usually p and T. In that case, we obtain 


U°= Up, T), (3.13.2) 
and eq. (3.13.1) can be written more explicitly as 


CO pols 6)= OC De Ly Ape vgs py k (3.13.3) 


For chemically-reacting mixtures, the reference state of each component 
species is referred to as the standard state of that species and may be 
defined differently for different species (Appendix C.5). Usually, the 
standard state depends on p and 7, so an equation such as (3.13.3) 
applies to each species in the mixture. 

Because the reference state can be chosen arbitrarily, one may also 
treat U° as an independent variable. In that case, from eqs (3.13.1) or 
(3.13.3), the differential of U can be written as 


of 
dU =dU°+df]|,. dU°, 3.13.4 
+df|,, ae ( ) 
where 
df sea Oe ae (3.13.5) 


Cap ar ae 


Expression (3.13.4) shows that dU can be split into the sum of two 
contributions, according to the following relation: 


dU =dU'+dU". (3.13.6) 


The first contribution, 


du'=au°+—_ave, (3.13.7) 
gU° 
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is due to a change in the assumed reference state. It represents the 
increase in U due to the change in the reference state. As such, it is not 
due to a thermodynamic process. 

In contrast, the other contribution to dU, 


dU"=df 


os (3.13.8) 


represents the change in internal energy brought about by a change in 
the system’s state variables. Therefore, if we are interested in deter- 
mining the change in the system’s internal energy produced by a 
thermodynamic process, we should ignore dU’ and consider dU as 


dU= dU" (3.13.9) 


rather than as eq. (3.13.6). Failure to do so would mean including a 
term that does not depend on the process in the energy change 
produced by the process. Of course, dU’= 0 if the reference state is 
kept constant, in which case eqs (3.13.6) and (3.13.9) coincide. 


3.14 The Free Energy that Determines the Admissible 
Range 


As observed in Section 3.11, the free energy, ¥% defined by eq. 
(3.11.17) is the part of the system’s total free energy, Y, that is not due 
to non-thermodynamic and/or pure thermo-entropic components. As 
apparent from relation (3.11.19), “%” determines the admissible range 
of the system, if the system contains non-thermodynamic and/or pure 
thermo-entropic components. When this occurs, the system’s limit 
surface is equipotential for ¥% and, in general, will not be equipo- 
tential for ¥. 

While ¥“reaches its largest value at the limit surface and its lowest 
value at the exhaustion state, the same is not true for ¥ if the system 
contains non-thermodynamic and/or pure thermo-entropic components. 
In that case, when the system is set free from external actions, it may 
head to a state that is different from the exhaustion state of the system 
(i.e., the state where Y” reaches its lowest value), because that state 
may not coincide with the state at which the system’s total free energy 
reaches its lowest value. 

Note that the maximum amount of free energy that a system can 
store/supply isothermally is determined by the difference between the 
highest and the lowest values of Y in the admissible range, ie., Pnax 
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and Yuin, respectively. This quantity may be quite different from the 
difference between the value, Yinax, which Y” assumes at the limit 
surface and the value, Y2,4,, which ¥”assumes at the exhaustion state. 
Note also that the states at which the total free energy attains the values 
Pax and Win are generally different from those at which ¥” reaches 
the values Yinax and Yon. 

Of course, ¥” coincides with Y for systems that do not contain 
non-thermodynamic and/or pure thermo-entropic components. However, 
when Y”is different from Y, the system’s admissible range and limit 
surface are determined by Y% no matter how small the latter function 
is in comparison with the total free energy of the system. 


The Geometric Interpretation 


This chapter presents a geometric interpretation of the results of the 
previous chapter. It provides invaluable insight into how U and S$ 
combine to determine the admissible range of a system. It also 
illustrates why the capacity of a system to store and supply energy is 
crucially dependent on the difference between U and TS and how a 
change in these functions affects the system’s admissible range. The 
analysis presented here should provide a better understanding of the 
physics involved in the present theory and facilitate its application. 


4.1. Graphical Representation in Three or Two 
Dimensions 


For most systems of practical interest, the number of independent state 
variables in the constitutive equations of U and S (i.e., the primary state 
variables, as defined in Section 2.4) is greater than two. Accordingly, the 
geometric representation of U and TS should be made in a (hyper-) 
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space of more than three dimensions. One dimension represents the 
values of U or T'S, and the other dimensions accommodate the values 
of the state variables upon which U and S depend. However, the 
essentials of the geometric relationship between U and 7S can also be 
discussed in a simpler space of three or even two dimensions. In this 
case, an axis of that space is used to represent the values of U and 7S. 
The other two axes, or just one single axis in the case of a representation 
in a two-dimensional space, will serve to represent the state of the 
system as a point in the plane of the axes, or as a point of the axis, 
respectively. 

Figure 4.1.1 shows an example of such a representation in a three- 
dimensional space. Each point of the {§}-plane is assumed to represent 
a set of values for the (primary) state variables € of the system. The 
corresponding values of U and 7S are measured on the vertical axis. 
Temperature is excluded from §, since we are concerned with the 
admissible range of the system, which is defined at constant temperature. 


T = const 


U, TS) U>TS 


limit surface 


admissible range exhaustion state 


Fig. 4.1.1. A graphical representation of the admissible range in a symbolic space of 
three dimensions. 
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The above figure refers to a system whose entropy does not depend 
on € as strongly as U does. Such a feature is likely to be frequently met 
in practice, because the entropy of many real systems depends weakly 
on state variables other than temperature, while the internal energy 
depends strongly on them. Similar diagrams, however, can be drawn 
for any kind of system. 

In the considered representation, the internal energy surface will 
move up or down depending on the reference value that we adopt for 
the internal energy. In the above figure, we assumed that the energy 
reference value was chosen so as to make constant Wax defined by eq. 
(3.6.4) equal to zero. In this case, the analytical expressions of the 
admissible range and the limit surface assume the forms (3.7.1) and 
(3.7.2), respectively. 

At variance with what applies to surface U, the position of surface 
TS is fixed. The reason is that T is constant, while the reference value 
of S is fixed by the third law of thermodynamics (Section 1.7). If the 
reference of U is understood to be chosen so that ¥,,, = 0, the values 
of functions U and 7S must coincide at the boundary of the admissible 
range, in agreement with relation (3.6.6) or (3.7.2). Thus surface U and 
surface 7S must intercept at the boundary of the admissible range. This 
enables us to fix their relative position once one point of that boundary 
is known. The graphic representation of the limit surface is easily 
obtained by projecting on the {§}-plane the intersection line of surface 
U and surface TS. 

From relation (3.7.1) it follows that the admissible range of the 
system is the region of states of the {§}-plane where surface U does not 
exceed 7S. Figure 4.1.1 gives a geometrical representation of that 
region. The exhaustion state is the point in that region where the gap 
between 7'S and U reaches its greatest value. In general, this point is 
different from the point where U is minimum. The symbol AY | aria 
indicates the maximum gap between 7S and U. This symbol should 
not be confused with Yhax, which represents the maximum value of % 
and is attained at the boundary of the admissible range. At the 
exhaustion state, Y reaches its minimum value. This is actually the 
more negative value of Y if the internal energy constant is so chosen 
that Yuax= 0. 

An example of a graphical representation in two dimensions is 
provided by Fig. 4.1.2(a). In the figure, U(§) and T S(§) are represented 
as two curves, while the points of the §-axis represent the states of the 
system. Again, in drawing this diagram we assumed that the reference 
value of U is chosen so that Wax = 0. No point of the U-curve above 
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curve 7S can be accessed by the system, because this would contradict 
relation (3.7.1). The admissible range of the system is obtained by 
projecting on the {§}-axis the points where curves U and TS intercept, 
namely, H and K. In this representation, the admissible range appears 
as a segment. Its end points, A and B, represent the limit surface. 

Figure 1.4.2(b) plots the free energy, ¥(&), of the system. This plot 
is obtained by taking the difference between curves U and TS of the 
diagram above. The choice YWrax=0 makes U<TS and thus ¥<0 
within the admissible range. The maximum free energy, Vinx = 0, 1s 
attained at the ends of the admissible range. Consequently, the 
maximum gap between U and TS is given by AY | max= (0 — xn) = 
—¥%n, where %,, is the value of ¥Y at the exhaustion state. The 
meaning of AY | max iS discussed further in Section 4.3. 


T= const U(®) 


AV) ee 


0 


admissible range 
< >| 
(a) 
yr) =U-TS 
exhaustion state 
A , B ae 
AL : 
P= Pa, (b) 


Fig. 4.1.2 (a) Two-dimensional representation of the admissible range. (b) Plot of 
the free energy of the system, as obtained by taking the distance between U and TS 
from diagram (a). 
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4.2 Independence of the Admissible Range from 
Internal Energy Reference 


As variously observed, the system’s internal energy, U, is defined to 
within an additive constant. The latter can be fixed arbitrarily or by 
assigning a reference value for U, which can be done arbitrarily. This 
arbitrariness in the value of U extends to free energy, % which is 
defined by eq. (1.11.3). It follows that ¥%,,, in relation (3.6.5) is 
defined to within the same additive, arbitrary constant as U. This is of 
no consequence for the admissible range of the system, since the 
arbitrary constant that appears in U and yx cancel out from relation 
(3.6.5), because U and Ya, are on opposite sides of that relation. In 
other words, the reference value of U, and thus of ¥% does not affect 
the admissible range of the system. 

The situation is illustrated in Fig. 4.2.1 with reference to the two- 
dimensional representation. Fig. 4.2.1(a) refers to the case in which the 
internal energy constant is chosen so that ¥%,,,=0. The admissible 
range is then given by relation (3.7.1), and curves U and TSS intersect at 
the boundary of that range. As already observed, this makes Y 
negative throughout the admissible range. The sign of ¥ is of little 
relevance, however, because the free energy change—not the free 
energy value—is what matters. 

The problem of choosing a reference value for U that makes 
YW ax = 0 can be solved quite simply in practice. We only need to know 
a state on the limit surface and impose that U should coincide with TS 
at that state. In the present graphical representation, this fixes the 
position of the U-curve with respect to the 7S-curve and hence defines 
the entire admissible range. 

A different choice in the reference value of U will make ¥%,,, #0. 
Figure 4.2.1(b) refers to the case in which ¥%,,x > 0. In that case, the U- 
curve turns out to be displaced upward with respect to the U-curve of 
Fig. 4.2.1(a). In Fig. 4.2.1(b), the new U-curve is in bold, while the old 
U-curve is dashed. The admissible range of the system is now given by 
relation (3.6.5) rather than relation (3.7.1). The boundary of this range 
is represented by the intersection of the new U-curve with the (TS + 
YW ax)-curve. The latter is obtained by moving curve 7S(§) upward by 
the same amount ¥%,,, by which the new U-curve was displaced with 
respect to the U-curve of Fig. 4.2.1(a). It follows that the relative 
position of the new U-curve and the (7S + ¥%,,x)-curve is the same as 
that of the U-curve and the 7’S-curve that were considered in Fig. 
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4.2.1(a). As a result, the admissible range of the system remains 
unaltered. 

In Fig. 4.2.1(b), the free energy of the system is positive throughout 
the admissible range. However, the difference in free energy of any 
two given states within that range is the same as the analogous 
difference obtained by referring to Fig. 4.2.1(a). In particular, the 
difference between the maximum value of and the value of Yat the 
exhaustion state, 1.e. AY|max, iS unaffected by the change in the 
reference value assumed for U. This is as it should be, since A ¥ |max 
represents the maximum amount of free energy that the system can 
store and supply. Clearly, this quantity is independent of our choice of 
the reference value for U. 


U, TS) 


USTS § 
<—_—__—_—_—>| 
admissible range admissible range 
Wax = 0 Wax > 0 


(a) (b) 


Fig. 4.2.1. Independence of the admissible range from the reference value of internal 
energy. (a) The reference value of U is such that ”=%),x = 0 at the boundary of the 
admissible range. (b) The reference value of U makes ¥=Yax > 0 at the same 
boundary; this leaves the admissible range unaltered. 


GEOMETRIC INTERPRETATION 77 


4.3 The Gap Between U and TS 


At any state within the admissible range, the values of U can never 
exceed those of (TS +Ynax). This is the immediate consequence of 
relation (3.6.5). In the graphical representations considered in this 
chapter, this means that the admissible range of any system is the 
region in state space where curve/surface U is lower than curve/surface 
(TS + Prax). As stated by eq. (3.6.6), the boundary of that region is the 
locus of states at which curve/surface U and curve/surface (TS + Pax) 
intersect. The maximum gap, AW axe that the two curves/surfaces 
attain in the admissible range can be calculated as follows: 
AYP | max= (TS + Pox) -U] 
= [Fix -(U -TS)] 
= ax — min[Y’(§)] = Paax — Vexh- 


© 


max 


(4.3.1) 


max 


Here, min[ ¥(§)| denotes the smallest value that ¥ attains in that range. 
This is the value of the free energy of the system at the exhaustion 
state, already denoted as %,,. That is 


min[P (8) =Poxn (4.3.2) 


which justifies the last equation in formula (4.3.1). 
If the reference value of U is chosen so that Yia, = 0, the previous 
expression of AY | max reduces to 


AY| max— — Pon: (4.3.3) 


For systems with a non-vanishing admissible range, this formula 
produces a positive value for AY | max» since the choice ¥%,. = 0 makes 
¥< 0 within the admissible range and thus, in particular, %, <0. 

No matter how it is expressed, the gap AW | max Fepresents the 
maximum amount of non-thermal energy that the system can supply 
isothermally. This energy is given off by the system in any process that 
starts from the boundary of the admissible range and ends at the 
exhaustion state. 

Interestingly enough, the gap AY | max 18 not necessarily related to 
the size of the admissible range. There may be systems with a small 
admissible range and a large gap [Fig. 4.3.1(a)] and systems with a 
wide admissible range and a small gap [Fig. 4.3.1(b)]. The reason is 
that AY | max depends on the relative position of curves U and TS as 
well as their shapes. Of course, if the shapes of U and 7S are fixed, the 
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gap AY | max relates directly to the size of the admissible range, as Fig. 


4.3.1(c) shows. All diagrams of Fig. 4.3.1 refer to the case in which the 
reference value of U is chosen so as to make %,,x equal to zero. 


\U.TS ju. TS 


< 
admissible range admissible range 
(a) (b) 
T 
U' U A U, S U' 
TS no admissible range for U' 
(A#| max 0) U 
TS 
4 te 
admissible range for U' {8 sp 
== or — 
admissible range for U 
, {8} 
(Cc) (d) single-point admissible range for U 


(AY max= 0) 


Fig. 4.3.1. The gap, AW | max, between U and TS is, in general, unrelated to the size 
of the admissible range of the system, insets (a) and (b). However, if the shape of 
curves U and TS is fixed, then AY| max determines the size of the admissible range, 
inset (c). In particular, the admissible range reduces to a single point if A] a, =0 and 
it vanishes altogether if A | nax < 0, inset (d). 


For a system to posses a non-vanishing admissible range, the gap 
AYW | max Must be greater than zero. This is the direct consequence of 
definition (4.3.1) and relation (3.6.5), or definition (4.3.3) and relation 
(3.7.1). FAY | max 1S less than zero, there are no admissible states for 
the system. In this case the admissible range vanishes. On the other 
hand, if AY | max = 0, the admissible range reduces to just a single point 
[Fig. 4.3.1(d)]. In the present discussion, we exclude the very special 
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and rather trivial case in which curves/surfaces U and TS coincide or 
differ by a constant. This would represent a system whose free energy 
is constant, independent of the state of the system. Clearly, such a 
system would possess an infinite admissible range. However, it would 
be incapable of storing or producing any non-thermal energy while 
operating isothermally. 


4.4 Interpreting the Effect of Constitutive Changes 
Geometrically 


The effect of a change in the constitutive equations of U and S can be 
followed effectively in the graphical representation introduced above. 
Any process that modifies the constitutive equations of a system is a 
formation process. The general features of these processes are 
presented at length in Chapter 5. As already discussed in Section 2.5, 
no formation process can take place within the admissible range of the 
system. Therefore, any process that changes the system’s constitutive 
equations must bring the system outside its actual admissible range. 

As an example, let us consider a steel bar subjected to tension or 
compression loads by two axial forces on the ends of the bar. The bar 
is made of a linear thermoelastic material, which is a good 
approximation for steel in the elastic range. Though referring to a 
particular case, this example shows how the effects of a change in the 
constitutive properties of a system can be anticipated with the help of 
the present graphical representation. A similar problem was considered 
in [51]. The general case is treated in detail in Chapter 6. 

Since the bar is in a uniaxial state of stress, we can take the axial 
elastic strain, €, as the state variable that defines the deformation of 
the bar. This scalar is sufficient to fully describe the state of 
deformation of the bar in this example, and it should be distinguished 
from the more general strain tensor, €°, which is considered in Chapter 
6. Besides temperature and €¢, the state of the bar is described by other 
variables that are related to the previous inelastic (plastic) deformation 
of the bar or, more generally, to its state of preparation. These 
variables are denoted collectively as €). We need not specify them, 
because we confine our attention to purely elastic deformation 
processes, i.e., processes at constant §). Under isothermal conditions, 
therefore, the elastic strain, €, is the only state variable that can 
change. The admissible range for ¢, can accordingly be referred to as 
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the elastic range of the bar at the considered temperature and 
considered state of preparation. 

The constitutive equations of the bar’s internal energy and entropy 
are the following. The specific internal energy u (per unit mass) is 


1 
u=u(e,,§,T)= zs (Se? +aEe,T)+f(&.T). (4.4.1) 
fi 
The specific entropy s (per unit mass) has the form: 


5=s(E,, §; T)=—- aE, + 86>, T). (4.4.2) 


More details on these equations are provided in Chapter 6. In these 
equations, Po is the mass density relevant to the reference state from 
which €¢ is measured. This state is assumed to be the stress-free state at 
temperature 7). The quantities E and @ are the linear elastic modulus 
(Young modulus) and the thermal expansion coefficient of the material, 
respectively. In the same equations, the two functions /(§),7) and 
g(§>,7') incorporate all of the contributions to u and s, respectively, that 
do not depend on €¢. Both functions remain constant as long as the bar 
remains in its elastic range at the considered temperature. Function 
J(§,7) is also assumed to incorporate the arbitrary constant that enters 
the definition of internal energy. 

Since the bar is a homogeneous system, the values of U and S of the 
entire bar are obtained by multiplying the specific values u and s by the 
total mass of the bar. Thus, the graphical representation of U and S 
coincides with that of u and s except for a scale factor. 

As previously observed, the admissible range of a system can be 
determined once a point at its boundary is known. Since the internal 
energy constant can be fixed arbitrarily, no restriction is introduced if 
the values of u and Ts are assumed to coincide at that point. Then, 
according to relation (3.7.1), the elastic range of the bar is represented 
by the states for which u < Ts. The equality sign in this relation holds 
true at the boundary of that range, i.e., at the points where the bar 
reaches the elastic limit. Observe that by imposing that u = 7s at one 
end of the elastic range, say at the end that corresponds to the elastic 
limit in tension, & , the position of the elastic limit in compression, 
e,, and hence the whole elastic range, is determined (Fig. 4.4.1). 

Consider now a process that brings the bar beyond the elastic range. 
For a material such as steel, this can be done by straining the material 
beyond its elastic limits. The process produces plastic deformation and 
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makes the material entrap internal energy due to the microscopic 
distortions that are generated in the crystal grains of the material and at 
the crystal grain interfaces. Although these microscopic distortions are 
elastic in character, they cannot be released simply by removing the 
macroscopic stress. As a consequence, they generally result in a 
permanent elastic strain, say Ae, which adds to the purely plastic strain 
and makes the material entrap the elastic energy Au,. This phenomenon 
is studied extensively in [52]. 


initial elastic range 


elastic range after plastic 
deformation 


Fig. 4.4.1. The elastic range of a linear, elastic steel bar before and after plastic 
deformation. The solid parabola refers to the bar’s internal energy before plastic 
deformation. The dashed curve is the internal energy after plastic deformation. The Ts 
line is assumed to be unaffected by plastic deformation. 


Plastic deformation of iron and steel is known to leave both E and a 
nearly unchanged. In view of eq. (4.4.1), this means that the shape of 
the u-curve in the [u, €-]-plane remains unaltered. However, the change 
in the value of f(§),7) due to the change in §, and the change in the 
stress free state of the material produced by Ae result in a rigid-body 
translation of the u-curve in the [u, €e|-plane. In Fig. 4.4.1, the 
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displaced u-curve is represented dashed. The 7% line is not significantly 
affected by plastic deformation and, therefore, will remain to a good 
approximation unaltered. Fig. 4.4.1 shows how the new elastic range 
and the new elastic limits resulting from the plastic deformation 
process can be obtained graphically from the intersections of the 
displaced u-curve with the T7s-line. This provides a_ graphical, 
thermodynamic explanation of a well-known phenomenon in the 
theory of metal plasticity, which is referred to as strain hardening with 
an associated Baushinger effect. 

An analogous graphical analysis can be used to study the evolution 
of the elastic range of the steel bar under other processes, such as 
quenching and annealing. The rapid cooling that is associated with 
quenching freezes into the material a micro-crystalline structure that is 
stable at higher temperatures. This prevents the transition of the crystal 
structure of the material into a lower-entropy phase and thus increases 
the entropy of the material as it recovers the ordinary temperature at 
the end of quenching. The process leaves E and @ almost unaltered. In 
view of eq. (4.4.2), this means that the increase in s is due to an 
increase in the inelastic term, g(§),7). As a result, the 7s line will move 
upward, as shown in Fig. 4.4.2(a). Because it does not essentially alter 
the values of E and a, the quenching process has little effect on the u 
curve, which is therefore left unchanged. The widening in the elastic 
range of the material is evident from Fig. 4.4.2(a), and it explains why 
the process increases the elastic limits of the bar and thus its strength. 

Annealing has the opposite effect. It produces re-crystallization of 
the material to a more stable crystalline phase with lower entropy. In 
this case, the 7s line moves downward as the entropy of the material 
decreases in the process. Fig. 4.4.2(b) shows why annealing makes the 
elastic range shrink, thus reducing the elastic limits and the strength of 
the bar. The steel becomes mild and more machinable as a result. 

The graphical representation described in this chapter is rather 
intuitive. It has the potential of explaining and unifying many disparate 
phenomena concerning the behaviour of a system, which would 
otherwise appear to be unrelated. It also suggests how some basic 
features of the system can be controlled and modified. Such 
representation applies to any system, whether inanimate or living. It 
does not require delving into the details of the microscopic structure of 
the system. In fact, the system may be a single cell, a homogeneous 
cell tissue, or a colony of cells; a chromosome or any polymeric chain 
of molecules; an inorganic liquid; an amorphous glass; or a 
microcrystalline solid. This representation only requires the knowledge 
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of the state variables of the system and the expressions of its internal 
energy and entropy. 


u, Ts , 


, pe : —_ 
E, ; r JB 
‘_ initial elastic range i elastic range 


after annealing 


elastic range le initial elastic range 
after quenching 


(a) (b) 


Fig. 4.4.2. (a) Quenching a steel bar makes the 7s; line translate rigidly upward, thus 
increasing its elastic range and elastic limits. (b) Annealing displaces the Ts line 
downward and reduces elastic range and elastic limits. 


System Formation 


The capacity to supply and absorb energy to and from surroundings is 
one of the most fundamental properties of any system, whether 
inanimate or living. As discussed in Section 2.2, this property enables 
the system to retain its constitutive features in spite of all the energy 
exchanges that it has to negotiate for everyday existence. We often 
focus on these energy exchanges when the system operates in an 
environment at constant or near-constant temperature. In this case, the 
maximum gap between U and 7S represents the maximum amount of 
non-thermal energy that the system is capable of storing and releasing 
at the considered temperature (Section 4.3). 

In the present chapter, we consider the processes that make the 
system acquire or modify that capacity. These processes are referred to 
collectively as formation processes. They must drive the system out of 
its original admissible range, because no change in the system’s 
constitutive properties can be produced if the process belongs to that 
range. 

Any increase in the system’s capacity to store and supply non- 
thermal energy comes at a cost. This is the amount of non-thermal 
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energy that a formation process invariably requires to be spent or 
dissipated to be executed. That energy is calculated in the next section, 
while subsequent sections consider the various ways in which a 
formation process can actually take place. 


5.1. Primary Formation and Energy Cost of the 
Admissible Range 


In Section 3.7, we observed that, without any loss in generality, we can 
choose the reference value of U in such a way that the constant hax, 
defined by eq. (3.6.4), is reduced to zero. This simplifies the 
expression of the admissible range of the system and, unless otherwise 
stated, is understood to apply. The quantity AY | max» defined by eq. 
(4.3.1), then represents the maximum distance or gap between surface 
U and surface TS in the admissible range. It also represents the 
maximum amount of free energy that the system can store or spend in 
an isothermal process that is compatible with the system’s constitutive 
equations. 

AW | max 1S acquired at system formation. It cannot be modified by a 
process that belongs to the system’s admissible range. To change 
AY | max» the constitutive functions U and/or S must be modified. This 
requires another formation process. 

Of course, systems in which AY | max 1S equal to zero are a 
possibility. This happens if U = TS. A system with this property is, 
however, expected to be extremely volatile. Since it is unable to store 
any free energy, such a system would be at the mercy of even the 
smallest energy input. In the natural world, systems of this sort are 
expected to be the exception rather than the rule. For this reason, 
unless otherwise stated, we henceforth concentrate on systems that 
exhibit a non-vanishing gap AY | max and thus a non-vanishing 
admissible range. Finally, as stated at the beginning of Section 4.3, we 
exclude the unrealistic case of systems whose free energy is a constant. 

Throughout this book, we confine our attention to formation 
processes that occur isothermally or almost so. Isothermal formation is 
quite common in the case of inanimate systems. Phase changes and the 
hardening of a metal due to cold working are two familiar instances of 
isothermal formation processes of inanimate systems. Also for living 
systems, isothermal formation is the rule rather than the exception. 
This is a consequence of the limited capacity of a living system to 
withstand even comparatively small temperature changes. 
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According to relation (3.7.1), U should be less than or equal to 7'S at 
any state of the system that belongs to the system’s admissible range. 
For U to be less than TS, however, the system must have suffered a 
formation process where U< 7S for some finite time interval during 
its history, possibly far in the past. If U had been greater than TS for 
all of the past history of the system, the system could never have 
reached a state in which U< TS. Such a system could not possess an 
admissible range and therefore could not exist (see Fig. 4.3.1 and the 
discussion that precedes it). It follows that the formation process of any 
system must always contain at least one part in which U<T S fora 
finite time interval. We refer to this part of the formation process as the 
primary formation (process) of the system. 

The need for a primary formation process implies that the formation 
of every system requires the expenditure of some non-thermal energy 
to be executed. This can be proved as follows. From eqs (1.4.8) and 
(1.9.15), the energy dissipation during a primary formation process can 
be expressed as 


D= [(TS-U)de+ [ W,, dt>0, (5.1.1) 
pf pf 
where pf indicates primary formation. Now, a primary formation 


process that makes TS' exceed U by, say, the amount AY | max, Must be 
such that 


[(ts-U)dr=ay| (5.1.2) 
pf 
From this and from eq. (5.1.1); we obtain 
D=A¥| + [Wat 
pf (5.1.3) 
=A¥| ot Wa, 
where 
W,, = [W,, de. (5.1.4) 
pf 


Equation (5.1.3) and condition AY | max > O imply that 


AY| x ~D-W,, >0. (5.1.5) 
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This means that a primary formation process dissipates more energy 
than the non-thermal energy (Wi,) that is absorbed by the forming 
system. The excess of dissipated energy over the non-thermal energy 
absorbed is AY max. This quantity is greater than zero in a primary 
formation process. Thus, a primary formation process always requires 
the expenditure of non-thermal energy to be performed. This completes 
the proof. 

This conclusion does not necessarily mean that a primary formation 
process must be dissipative or that the forming system must absorb 
non-thermal energy from its surroundings. The following three 
alternatives help illustrate this point. The first alternative is when a 
primary formation process does not involve any exchange of non- 
thermal energy with the surroundings. In this case, W,, = 0 throughout 
the process, and eq. (5.1.3) yields: 


D=A¥| (5.1.6) 


max * 


This means that the process must be irreversible and dissipate as much 
energy as the width of the gap between 7S and U that it generates. 
Note that irreversible formation is the only way in which a system can 
increase its A Y | max » 1.€. its capacity of storing non-thermal energy, by 
a process in which W,,= 0. 

The second alternative is when the primary formation process 
occurs reversibly. In that case, D = 0, and, from eq. (5.1.3);, we obtain: 


W,, = |W, dt=-AP|_,.. (5.1.7) 
pf 


This can also be written as 


Wout = Wor dir =-f W,, dt=AY| (5.1.8) 
pf pf 
since W.,,=—W,,, according to eq. (1.3.2). Equation (5.1.8) shows 


that, in a reversible formation process, the system must spend as much 
non-thermal energy as the width of the gap AY | max that it generates. 

The third and last alternative is when a primary formation process is 
both dissipative and occurs at non-vanishing W.,, . For this process, we 
have 


D=A¥| Woars (5.1.9) 


max 


according to relation (5.1.3) and eq. (1.3.2). In this case, the system 
dissipates as much energy as the difference between AY | max and Wout. 
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5.2 More General System-Forming Processes 


Though essential to the formation of a system, primary formation 
processes are not the only processes that contribute to the formation of 
a system. More generally, a system-forming process is any process that 
modifies the constitutive equations of U and S of the forming system. 
In general, a system-forming process produces changes in how U and S 
depend on the system’s state variables (i.e., the primary state variables, 
as defined in Section 2.4) and/or modifies the type and number of these 
variables. The primary formation processes considered in Section 5.1 
are those particular system-forming processes in which U<T §. They 
are the processes that increase the gap AY | fae 

The definition of a system-forming process given above refers 
exclusively to functions U and S. This is due to the fact that U and S$ 
are the functions that control the system’s admissible range and the gap 
AY | max (i.e., the maximum amount of non-thermal energy that the 
system can absorb or spend). According to that definition, a process 
that modifies a constitutive equation other than the equations of U and 
S is not a system-forming process. For instance, size and weight are 
constitutive properties of the system, which may be related to the 
amount of material reserves (such as fuel and fat) that the system 
stores. The amount of these reserves can be changed by appropriate 
refuelling processes. However, these reserves do not affect the 
system’s admissible range, or the capacity of the system to spend its 
free energy apart from the energy of the above energy reserves. The 
power of a car engine, to use a common instance, is largely independent 
of the amount of fuel in the car’s tank, as long as there is some fuel in 
it. 

Because it modifies the constitutive equations of the system, a 
system-forming process is not an admissible process as defined in 
Section 2.6. Consequently, system formation cannot take place within 
the admissible range of the forming system. That range only contains 
the states that the system can reach that are compatible with its actual 
constitutive equations for U and S (see Section 2.5). To modify those 
equations, the formation process must necessarily bring the system out 
of its original admissible range. This can be done either by making the 
state variables of the system cross the limit surface or by activating 
some new state variable, if only temporarily. 

A system-forming process that is not a primary formation process 
need not proceed at U<7S. For instance, a formation process that 
reduces the existing gap between U and TS must proceed at U>T S 
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(rather than at U<T7S), for an appropriately long time interval. 
Neither must a process in which U<T S be a system-forming process. 
In fact, processes in which U<7S that are not system-forming 
processes are rather common. Any irreversible process in which 
W,, <0 will make U< T'S, because 


U-TS < W,,, (5.2.1) 


as immediately follows from eqs (1.4.8) and (1.8.1). Clearly, if such a 
process occurs within the admissible range of the system, it will not 
produce any change in the system’s constitutive properties. In that 
case, the process would not be a formation process. 


5.3 Evolution of the Limit Surface 


As previously observed, a system is defined by its state variables and 
constitutive equations. The latter relate the state variables to the 
system’s properties that are considered in the model. The admissible 
range in the space of the state variables is the region of the states that 
the system can attain through the processes that comply with the 
system’s constitutive equations and the laws of physics. Thus, the 
boundary of this region (i.e., the limit surface) cannot be crossed 
without violating the system’s constitutive equations, the laws of 
physics, or both. 

Because a formation process modifies the constitutive equations of 
the system, it must cross the system’s limit surface. However, outside 
the admissible range, there is no process that is compatible with the 
constitutive equations of the system and the laws of physics. Therefore, 
crossing the limit surface must produce changes in the system’s 
constitutive equations. The admissible range and limit surface of the 
system are modified as a result. 

A change in the constitutive equations is a change in the system. 
Consequently, all subsequent admissible ranges that the system attains 
while performing a formation process are, strictly speaking, relevant to 
different systems. Once the limit surface is crossed and a new limit 
surface is produced, the system becomes a different system from that it 
was before. In particular, the system cannot recover the original state 
and properties without leaving the newly acquired admissible range. 
To revert back to the original condition, the system must undergo a 
further formation process, provided that such a process is possible 
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(which, in general, cannot be taken for granted, especially under 
isothermal conditions). 

The open curve ABCD of Fig. 5.3.1 represents a generic formation 
process in the system’s state space. The closed curves are the limit 
surfaces that the system attains sequentially during the process. The 
area within them is the corresponding admissible range. The figure 
shows the limit surfaces and admissible ranges of the system as the 
process reaches states A, B, C,..., respectively. Points O, O', O”, .... 
are the exhaustion states relevant to each range. The position of the 
exhaustion state is supposed to change during the process, because a 
formation process may actually affect other fundamental properties of 
the system besides the admissible range. 


initial 


Fig. 5.3.1. Representation of the evolution of the admissible range of a system 
during a formation process (represented by curve ABCD). 


An important property of the formation processes is the following: 


Each point of a formation process must belong to the system’s limit 
surface relevant to that point of the process. 


In other words, a formation process always occurs at the boundary of 
the actual admissible range of the system. This is the direct result of 
the fact that the limit surface is the only place where a change in the 
system’s constitutive equations can occur. 

As discussed at length in Chapter 3, the limit surface must be 
equipotential for Yor, more generally, for the part of ¥% that does not 
include the contributions of non-thermodynamic or pure thermo- 
entropic components that the system may contain (see Sections 3.11- 
3.12). This justifies the following statement: 
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At any time during a formation process, the free energy of the forming 
system is consistently equal to the maximum amount of free energy that 
the system can store at that time. 


The free energy referred to here is the free energy that the system 
stores in addition to that of the non-thermodynamic or pure thermo- 
entropic components that it may contain. For systems that include non- 
thermodynamic or pure thermo-entropic components, this is the free 
energy Y” rather that the total free energy, Y% of the system. 

Besides taking place at a point on the limit surface, a formation 
process must bring the system out of its admissible range. This requires 
that the process be outwardly directed with respect to the limit surface 
(Fig. 5.3.1). Otherwise, no change in the constitutive properties of the 
system could take place, because the process would occur entirely 
within the admissible range and, as such, would be compatible with the 
actual constitutive equations of the system. 


5.4 Autonomous and Non-Autonomous Formation 
Processes 


The realm of system-forming processes is wide and varied. Phase 
transitions, formation of new compounds, crystallization, and re- 
crystallization are just a few instances of system-forming processes 
that concern inanimate systems. Plastic yielding and rupture are 
additional instances of processes that modify the original response of a 
solid and must therefore be classified as system-forming processes. 
Even more varied, if possible, are the formation processes of biological 
systems, which range from the transformation of inert matter into a 
living system (life-producing processes) to the transformation of a 
living system into a lump of inanimate matter (death-inducing 
processes). Between these extremes, there is a whole spectrum of 
processes of growth and formation of a living system into a complex 
organism and processes in which complex organisms decay into a host 
of smaller and simpler living systems. 

The relations that describe how the constitutive equations or some 
state variables change during a formation process are referred to as 
evolution rules or evolution equations. These relations are constitutive 
in character in that they describe a property of the system. 
Accordingly, their actual expression depends on the system. When an 
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evolution equation concerns the growth of a variable that is related to 
displacement of matter, the evolution equation is also called flow rule 
or flow equation. For instance, in the theory of metal plasticity, the 
equation that governs the evolution of plastic strain is usually referred 
to as the plastic flow rule. 

The systematic study of the physics that controls the evolution 
equations of a system is still in its infancy. The lack of a general 
theoretical framework in which the evolution rules can be classified 
and analyzed has undoubtedly hampered the development of this 
important subject. In many instances the evolution equations of 
particular systems have been known, or at least used, for a long time 
(cf., e.g., the evolution rules of the elastic range of a ductile metal during 
plastic deformation or those that describe the change in the state of 
aggregation of a material, say in the transition from solid to liquid). 
However, a general knowledge of the role of thermodynamics in 
shaping these rules is rather patchy, to say the least. 

In what follows, we distinguish between two main classes of 
formation processes, depending on whether they involve absorption of 
non-thermal energy from the surroundings. The first class refers to the 
formation processes that do not absorb non-thermal energy from the 
surroundings. At any time during these processes, W,, < 0. A process in 
this class is referred to as an autonomous formation process. The other 
class of formation processes refers to non-autonomous formation 
processes. These are the formation processes that require the 
expenditure of non-thermal energy on the forming system. During 
these processes, therefore, W,,> 0. 

In the following sections, the above two main classes of processes 
are divided further into more specific subclasses, depending on the 
changes in U and S they produce and whether they are adiabatic or 
diathermic. To keep the discussion simple, we assume that the 
formation process leaves the free energy of the exhaustion state, Yan, 
unaltered. The more general case can be treated in a similar way. 
However, any conclusion concerning the change in the gap AY| ane 
will generally depend on the change in the free energy of the 
exhaustion state. We also assume that the system does not contain any 
non-thermodynamic component or any pure thermo-entropic component 
(Sections 3.11-3.12). This makes the limit surface equipotential for % 
However, the analysis that follows can be extended immediately to the 
cases in which the free energy includes non-thermodynamic and/or 
pure thermo-entropic components, provided that it is rephrased in 
terms of ¥” rather than % 
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Let U(t) and TS(t) be the values of U and TS at time ¢ of a 
formation process. Because the system is consistently on the limit 
surface during a formation process (Section 5.3), the difference 
U(t)—T S(t) represents the free energy of the limit surface at that time 
of the process. By recalling that the largest value of Yis attained on 
the limit surface (Section 3.6), we have 

Y (t)=U(t) -T S(t), (5.4.1) 


max 


at any time of the formation process. At time ¢, let 5% denote the 
increase in Yax with respect to the value, Prax(0), of Prax at the 
beginning of the formation process (assumed to start at time t= 0). In 
general, 5 Y% = 6 Y(t) or, more explicitly, 


SY =8P(tH)=%,,.()—%n 


ax (0) = UC)—T S(t) — Prax (0). (5.4.2) 


Because we are considering formation processes that leave Yun 
unchanged, from eqs (5.4.2). and (4.3.1)4, we calculate that at time ¢ 
the value of the gap AW | max 1S given by 


A Y@)| 2. 7 aig (¢) = Poxh 
= a raas (0) 7 Tas + 5 cara (t) = a aie (0) (5.4.3) 
=(AP|_ Jo td (0), 
where 
(AY maxdo= Prax(O) — Port (5.4.4) 


is the initial value of the gap AY | max, aS Obtained by applying eq. 
(4.3.1) at time ¢ = 0. 


5.5 Autonomous Formation 


According to the definition given in the previous section, any 
formation process that absorbs no energy other than heat from its 
surroundings is classified as an autonomous formation process. In such 
a process, the quantity W,, will either vanish or be less than zero. 
When W,, vanishes, the system is also referred to as mechanically 
isolated. This terminology should be taken in its broadest sense here, 
meaning that any exchange of non-thermal energy (i.e., mechanical, 


magnetic, electric, etc.) is precluded. 
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In many practical cases, the value of W,,, may be so small that it can 
be ignored altogether, whether it is positive or negative. An instance of 
an autonomous formation process that occurs at negligible W,, is the 
egg incubation process that leads to chick formation. The egg shell is 
almost rigid, which prevents any volume change during incubation. 
This makes W,,=0, because the forces acting on a rigid shell cannot 
perform any work. Gas exchange through the shell pores does take 
place between the egg and the surroundings during incubation. This 
involves negligible work, though, since it is mainly due to gas diffusion, 
occurs at small pressure differences, and the moles of produced gas 
equals to the moles of absorbed gas. Every energy exchange between 
the egg and its surroundings can then be regarded as thermal. This 
makes the chick formation during egg incubation essentially an 
autonomous formation process. 

Other common instances of formation processes that occur at 
vanishing W,, are the processes of solidification and fusion of ordinary 
materials at atmospheric pressure. The small volume change that these 
processes produce makes W,, negligible with respect to the heat 
absorbed/lost by the system, a conclusion that rigorously applies when 
the process occurs in a vacuum. 

An isothermal autonomous formation process can never produce a 
decrease in the gap AY | maxe This can be proved as follows. First, in 
such a process, we have 


U<0, (5.5.1) 


as follows from the first law (1.4.8), since W,,< 0 because the process 


n= 


is autonomous. From the second law (1.8.1), we then infer that 
Uf 5 36 (5.5.2) 


should also apply to the process. This means that the difference U-TS 
cannot increase as a result of autonomous formation. From eq. (4.3.1)s, 
it can then be concluded that A ¥| max cannot decrease in the process. 

In other words, a system cannot reduce its maximum capacity of 
storing/releasing non-thermal energy while operating on its own, i.e. in 
a process that does not take any non-thermal energy from the 
surroundings. That capacity, i.e. the gap AY | max, can be reduced only 
by a non-autonomous formation process (a process in which W,,> 0). 

Incidentally, as observed in Section 5.1, in a primary formation 
process we have 


U<TS, (5.5.3) 
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which is equivalent to relation (5.5.2). Thus, a primary formation 
process can be an autonomous process, although by no means must this 
be the case. 

In the two subsections that follow, we distinguish between adiabatic 
and diathermic autonomous formation. Generally speaking, these two 
kinds of autonomous formation are not isothermal. However, even 
under adiabatic conditions, the temperature changes may be small and 
for some purposes negligible, if the heat produced in the process is 
comparatively small. 


5.5.1 Adiabatic autonomous formation 


If the process takes place adiabatically, QO vanishes. From inequality 
(1.8.1), it then follows that 


S20. (5.5.4) 


That is, any autonomous formation process that occurs adiabatically 
cannot produce a decrease in the entropy of the system. The process 
makes U <0, as immediately follows from the first law (1.4.8), since, 


in an autonomous formation process, W,,<0. It follows that, in an 


in = 


adiabatic autonomous formation process, 
Y=0=TS<0, (5.5.5) 


That is, the free energy of the system cannot increase. 

In some cases, the process produces small temperature changes, so 
that T can be treated as constant when applying eqs (5.5.5), (5.4.1) and 
(5.4.2). From these equations we can then infer that Ya does not 
increase during the process and that 8 Y% remains consistently less than 
or equal to zero. From eq. (5.4.3)3, we can then conclude that the 
considered formation process either produces a decrease in the gap 
AY| max or leaves that gap unaltered. Of course, this conclusion applies 
if, as assumed here, ¥%, is not altered by the process and the 
temperature changes that the process produces are appropriately small. 

An important particular case is when W,,= 0. In this case, from the 
first law (1.4.8), we deduce that U=0. The entropy increase that 
produces a decrease in the gap AW | max is then due entirely to some 
internal rearrangement of the system at constant internal energy. A 
typical time plot of the functions U(t) and 7 S(t) during an adiabatic 
autonomous formation process occurring at W,,= 0 is shown in Fig. 
5.5.1. Of course, the process must start from a point on the initial limit 
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surface. The two insets in the same figure are two-dimensional 
representations of the system’s admissible range at the beginning of the 
process (t= 0) and at time ¢. In each inset, a different internal energy 
constant is assumed to make U coincide with 7'S at the boundary of the 
admissible range. This can be done at any time of the process and does 
not affect the admissible range of the system or the gap AY | max at that 
time. 


Time t= 0 
\U, TS 
TS) rr g 
admissible range 
[5 (2)| ju TS = 
U(t) Sates ¥ (t) 
TS | PSG) 
71 ae gel 
0 t t | 
L — 


a § 
. admissible range 
Time ¢ 


Fig. 5.5.1. Left diagram: plots of U(t) and T S(f) during an adiabatic formation 
process occurring at W,, = 0 (which entails U= const). Insets: plots of U(€) and S(€) at 
the beginning of the process (t= 0) and at time ¢, showing the change in the system’s 
admissible range and the decrease in A | max. 


An example of adiabatic autonomous formation process is provided 
by the splitting (mitosis) of a living cell into two sister cells, if 
temperature and volume changes are neglected and Q is taken to be 
equal to zero, which appear to be reasonable approximations. The 
constant volume hypothesis makes W,, vanish, thus making cell 
mitosis an autonomous process. 

Autonomous adiabatic primary formation does also occur in the 
realm of inanimate systems. Any spontaneous chemical reaction that 
takes place adiabatically and at constant volume is an example of such 
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a process. These processes must produce negligible amounts of heat, 
for the constant temperature hypothesis to be valid. Some of the most 
common instances of adiabatic autonomous formation occurring at 
near constant temperature are processes of atomic or molecular diffusion 
taking place in a rigid adiabatic container. In these conditions, the 
entropy of the system must increase, in agreement with relation (5.5.4). 

In most cases, however, a spontaneous chemical reaction produces 
so much heat that the isothermal hypothesis is hardly applicable under 
adiabatic conditions. In these cases, diathermic rather than adiabatic 
conditions are the appropriate conditions under which a formation 
process can proceed isothermally. 


5.5.2. Diathermic autonomous formation 


In a diathermic formation process, the system can exchange heat with 
its surroundings. In particular, the process may take place isothermally 
or almost so, if adequate heat exchange with the surroundings is 
possible. As previously observed, isothermal or near-isothermal 
formation occurs frequently in the realm of biology, since living 
organisms avoid extreme temperature variations. Condition W,,< 0 
must apply to these processes, too, since they are autonomous. At 
variance with the adiabatic case, however, diathermic formation may 
increase the gap between U and 7S and still reduce the entropy of the 
forming system. This situation is illustrated in Fig. 5.5.2, which shows 
typical plots of U(t) and TS(2) for a diathermic autonomous formation 
process in which S <0. 

Diathermic autonomous formation may also result in an increase in 
the entropy of the system. However, if that is not the case, i.e., if S= 0, 
then the process requires that 


Q <0, (5.5.6) 


as immediately follows from the second law (1.8.1). Inequality (5.5.6) 
means that, in these processes, 


U <0. (5.5.7) 


This is a consequence of the first law (1.4.8) and of the fact that the 
processes are autonomous (W,,< 0) and reduce the system’s entropy 
(S < 0). From these observations, we can conclude that a diathermic 
autonomous formation that increases the gap between U and TS while 


decreasing the entropy of the system must occur at the expense of the 
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system’s internal energy. This is true if the process occurs at W,, = 0 or 
Wi, <9. 


‘<>! g 
adm. range 


t=0 admissible range 


jee t=h 


U, TS 
(AY) t8¥ (ty) 


'<—" 
adm. range 


t=t 


Fig. 5.5.2. Example of a diathermic autonomous formation process that results in a 
larger gap AY| max and decreases the system’s entropy. The process modifies the 
constitutive equations for U and S and changes the system’s admissible range (insets). 
The figure assumes U=T S at the beginning of the process and at the boundary of the 
admissible ranges ('” <0 within these ranges). The free energy of the exhaustion state 
is assumed to stay constant. 


A familiar example of a diathermic autonomous formation process 
that takes place isothermally and results in an increase in the maximum 
gap between U and TS is the transformation of an egg into a chick. 
Because the chick is a much more organized system than the egg from 
which it comes, the prevailing wisdom is that the just-hatched chick 
should possess less entropy than the freshly-laid egg from which the 
chick developed. For this to be true, however, the egg should lose heat 
during incubation, as follows from inequality (1.8.1). In other words, 
to become a chick, an egg loses energy in the form of heat. Much 
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experimental evidence supports this conclusion (e.g., [59] and [37]). 
This provides support to our general deduction (5.5.7), although it 
contrasts with the popular belief that the hen must supply heat for the 
egg to hatch. 

Actually, the role of the brooding hen is to maintain the egg at the 
right incubation temperature for the delicate chemical reactions within 
the egg to occur. This does not mean that the hen must supply heat to 
the egg. In a cold environment, this may well be the case, as the heat 
produced by the reactions inside the egg may not be enough to keep it 
at the right temperature. The brooding hen will then reduce the heat 
losses with her own body and supply the extra heat that the egg may 
still need. On the other hand, if the nest becomes too hot, the hen could 
eliminate the excess heat through its breath or, and perhaps more 
effectively, leave the nest unattended for a while to increase 
ventilation. Better ventilation is the strategy used by bees to keep their 
eggs cool in the hive. In hot weather, bees gather near their eggs, 
keeping their wings flapping for hours to cool the eggs in spite of the 
heat that they produce. 

An example of diathermic autonomous formation from the 
inanimate world is the liquid-to-solid transition of a material. The 
solidification process occurs at constant temperature (the melting point 
of the material) and usually involves heat loss (O <0). The process 
can increase the gap between U and T'S. For this to occur, however, the 
process must take place irreversibly, which is usually the case if the 
process is quick enough. At slow cooling rates, the solidification 
process tends to be reversible. This makes T S=Q=U, provided that 
W,, can be neglected, as is usually the case when the process occurs at 
atmospheric pressure. Under these conditions, TS =U. This implies 
that the maximum gap between U and TS of the solidified material 
cannot be different from that of the liquid phase. We conclude that 
solidification, when taking place reversibly, changes the constitutive 
equations of the system, without changing its capacity for storing and 
releasing energy. On the contrary, rapid cooling produces TS >O =U, 
thus making the process irreversible. In that case, the cooling process 
is bound to increase the maximum gap between U and 7S. 

Any solidification process can be made more irreversible by 
increasing its cooling rate. Usually, the maximum gap between U and 
TS will increase accordingly. There are many consequences of this that 
have practical relevance. In metals, for instance, higher cooling rates 
result in a solid with a finer crystalline structure. As the size of the 
micro-crystals becomes smaller, the macroscopic elastic limit of the 
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material increases along with its capacity for storing elastic energy 
without yielding. This phenomenon has long been exploited in the 
quenching of cast iron and steel. 

If cooling from the liquid phase is quick enough, some materials 
may even vitrify and exhibit no crystal structure at all. However, at 
high cooling rates, other phenomena may take place (e.g., the formation 
of states of self-tension inside the material) that may adversely affect 
the admissible range of the material. 


5.6 Non-Autonomous Formation 


A formation process is non-autonomous if it makes the system absorb 
non-thermal energy from the surroundings. In this case, 


W,, > 0. (5.6.1) 
Again, it may be useful to distinguish between adiabatic and 
diathermic cases. 


5.6.1 Adiabatic non-autonomous formation 


If the process takes place adiabatically, then Q=0. From eq. (1.4.8) 
and inequality (5.6.1), it follows that the relation 


U=W,, >0 (5.6.2) 
must be met at all times during an adiabatic non-autonomous formation 
process. On the other hand, from eqs (5.4.1) and (5.4.3), we infer that 
U<TS for formation processes that produce a decrease in the gap 
between U and 7S while leaving %,, unchanged. Therefore, from eq. 
(5.6.2) it follows that, in order to produce a decrease in the gap 
between U and 7'S, an adiabatic non-autonomous formation process 
should meet the following inequality: 


TS > W,, > 0. (5.6.3) 


Under adiabatic conditions, however, eq. (1.9.14), yields D=T7S. 
According to relation (5.6.3), this means that such a process should 
dissipate more non-thermal energy than is supplied to the system. For 
processes that do not affect Y%,,, this could only occur if U <0. In this 
case, the system would lose some of its internal energy to dissipate it 
into heat. Such a possibility is, however, excluded by relation (5.6.2). 
It must be concluded that condition (5.6.3) cannot be met. 
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In other words, an adiabatic non-autonomous formation process that 
leaves the free energy of the exhaustion state unaltered can never result 
in a decrease of the maximum gap between U and TS. The same 
process can only increase the gap between U and TS and hence 
increase the system’s capacity of storing and supplying energy 
isothermally. Figure 5.6.1 shows the plots of U(t) and 7S(f) in these 
kinds of processes and their effect on the maximum amount of free 
energy that the system can store/supply. 
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Fig. 5.6.1. Time plots of U and TS for an adiabatic non-autonomous formation 
process: if ¥Y%, remains unaffected, the process produces an increase in AY] max, 
modifies the constitutive equations for U and S, and changes the system’s admissible 
range (insets). 


An example of such a process is cutting a lump of material into 
pieces while avoiding excessive dissipation so that temperature 
changes can be ignored. The process increases the surface of the 
system. Because the formation of a new surface requires energy, the 
process absorbs work from its surroundings. However, no substantial 
changes in the specific heat of the system, and thus in its entropy are 
produced. As observed above, this kind of formation process cannot 
decrease the maximum gap between U and TS. It follows that the 


SYSTEM FORMATION 103 


maximum amount of non-thermal energy that the ground material can 
store and supply cannot be less than that of the solid piece of material 
it came from. Generally, it will be greater. 


5.6.2. Diathermic non-autonomous formation 


In a diathermic (O #0), non-autonomous (W,,> 0) formation process, 
U#W,,, aS immediately follows from eq. (1.4.8). From the latter 
equation and from eq. (1.8.1), it then follows that 


U-TS < W,,. (5.6.4) 


Because W,,>0, relation (5.6.4) does not restrict the sign that the 
difference U-TS can assume in the process. Therefore, that 
difference can be either positive or negative. 

At variance with the adiabatic case, a diathermic non-autonomous 
formation process can result in an increase or a decrease in the 
maximum gap between U and 7S. An increase in that gap occurs if 
U-TS > 0. The increase, however, cannot exceed the work done on 
the system, as can easily be verified by integrating relation (5.6.4) 
along the process. 

An example of a diathermic non-autonomous formation is sintering. 
This is a process in which a powdered material is compressed (W,, > 0) 
in a mould at high pressure and temperature. At the sintering 
temperature, the powder transforms into a solid body, greatly reducing 
the surface area of the material and thus the internal energy of the 
system. The transformation only produces minor changes in the 
specific heat of the system and hence in its entropy. The result is an 
increase in the maximum gap between U and T'S and, thus, in the free 
energy of deformation that the system can store at the considered 
temperature. 


5.7. Exchange of Matter with Surroundings 


Exchange of matter during system formation is quite common, 
especially in the formation of living systems. By modifying the content 
of the system, a matter-exchanging process modifies the system itself. 
This process generally changes the system’s constitutive equations, 
admissible range, and limit surface. The existence of a limit to the 
maximum amount of free energy that a finite amount of material can 
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store isothermally is one of the main reasons for the existence of the 
admissible range and limit surface of a system. It may not be obvious 
whether the same notions are valid for open systems (i.e., systems that 
can exchange matter with the surroundings), given that the amount of 
free energy that a system can store depends on the type and amount of 
material that it contains. 

To clarify the issue, we refer to a fixed portion of an open system, 
say, the part that corresponds to a given mass, a given volume, or a 
given number of moles of solvent. For a finite portion, it makes sense 
to speak of the maximum amount of free energy that the portion can 
store isothermally, even if the composition of the portion can vary as a 
result of exchange of matter with the surroundings. Thus, the analysis 
of Chapter 3 concerning admissible range and limit surface of any 
finite system can be applied to the considered portion of open system. 
The easiest way to do that is to base the analysis on the specific values 
of the quantities involved, e.g., per unit mass, per unit volume, or per 
unit mole number of solvent. 

Of course, mass conservation generally does not apply to open 
systems. Consequently, the system’s state variables related to mass and 
composition are likely to change in value, suddenly be activated, or 
disappear altogether, quite independently of any process or chemical 
transformation that takes place in the system. It all depends on the 
substances that are being exchanged between the system and its 
surroundings and on how the exchange takes place. 

However, apart from the burden of dealing with more independent 
state variables to keep account of the exchanged matter, the notions of 
admissible range and limit surface for the considered portion of the 
system are the same as those considered for a closed system. 
Admissible range and limit surface are defined by the constitutive 
equations of the system and not by the system’s state; they refer to 
isothermal conditions. Thus, the only restrictions needed for defining 
admissible range and limit surface are that temperature should be 
uniform throughout the system and that the system itself should be 
homogeneous as far as its constitutive properties are concerned. In any 
case, to determine the admissible range and limit surface of an open 
system at any time during its formation, we only need to know its 
constitutive equations at that time. It is irrelevant, therefore, whether or 
not the system is open or not. 


The Elastic Limit in Solids 


Elastic materials are characterized by the capacity to spring back to a 
privileged state of deformation once set free from external forces. That 
privileged state of deformation depends on temperature and is often 
referred to as the stress-free state. Under isothermal conditions, most 
solids behave this way provided that their deformation does not exceed 
certain limits, called the elastic limits of the material. These limits 
determine the boundary of a region in the space of the deformation 
variables, which is the elastic range of the material at the considered 
temperature. If the material is deformed beyond that range, it ceases to 
behave elastically. It may break (brittle materials), yield plastically 
(ductile materials), or exhibit any other sort of inelastic behaviour. 
Knowledge of the elastic range of a solid is of a primary importance 
in both mechanical and civil engineering. It is vital in the design of 
buildings and structures capable of bearing the prescribed service loads 
safely. Different materials possess different elastic ranges and thus 
different elastic limits to deformation. To predict these limits, engineers 
use appropriate rupture or yield criteria, which are empirical rules that 


106 = THERMODYNAMIC LIMIT TO EXISTENCE 


are based on ad hoc assumptions (cf. [54] for an in-depth account of 
the basics of this classical topic). 

In the present chapter, however, we show that the elastic range and 
the elastic limits of a material are determined by the constitutive 
equations of the internal energy and entropy of the material once a 
point of the limit surface is known. The following analysis is an 
example of application of the notion of thermodynamically orthogonal 
state variables we presented in Section 3.10. It is assumed that the 
reader is familiar with the basic concepts of continuum mechanics, as 
can be found in many excellent textbooks on the subject (see, e.g., 
[28], [20], [41], [34], and [39]). 


6.1 State Variables for Linear Thermoelastic 
Isotropic Materials 


The elastic deformations of many materials of practical interest are 
very small. The same applies to the deformation produced by 
temperature variations within a wide range of temperatures. For these 
materials, it is legitimate to assume that stress depends linearly on strain 
and temperature change. Accordingly, in the present chapter, we 
consistently refer to the particular, but practically important, case of 
linear thermoelastic materials. A similar analysis, however, can be 
pursued for other classes of elastic materials once their constitutive 
equations have been specified. 

The state of a linear thermoelastic material is defined by its 
temperature and deformation. Thus, any set of variables that describe 
the state of these materials must determine their temperature and 
deformation completely. In the case of materials that behave 
elastically, these variables are usually defined by referring to the 
stress-free configuration of the material at a reference temperature, say, 
the ambient temperature. We denote the reference temperature as Tp. 
As is well known from classical continuum mechanics, the deformation 
of a material from a given reference state is described by six scalars, 
the components of a symmetric second order tensor called the strain 
tensor. The latter, denoted by ¢, is referred to as total strain, in order to 
distinguish it from the analogous tensors, elastic strain and thermal 
strain, to be introduced below. 

Tensor € or, equivalently, its six independent scalar components, 
vanish in the reference configuration. That is, e=0 at the reference 
state, 0 denoting the null tensor. On the other hand, the state variable 
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that determines the temperature, T, of the material may conveniently be 
assumed as the difference between T and Zo, which is denoted as AT. 
That is: 


APSTHT. (6.1.1) 


Again, AT = 0 in the reference state. 

Without introducing any serious restrictions, we henceforth confine 
our attention to homogeneous bodies that undergo homogeneous 
processes. In that case, the variables € and T do not depend on the point 
of the body to which they refer. The case of non-homogeneous bodies 
and non-homogeneous processes can be studied by applying the results 
of the homogeneous case to each infinitesimal material element of the 
body and by integrating the relevant equations over the entire body. 
For simplicity, we assume that the material is isotropic. This is true for 
many polycrystalline metals in virgin conditions, i.e., materials that have 
not suffered previous inelastic deformations. 

When dealing with small deformations, it is possible to decompose 
the total strain tensor according to the relation: 


e=erte?, (6.1.2) 


where €° and €° are the elastic strain and the thermal strain components 
of €, respectively. More precisely, €° is the contribution to deformation 
that is due to stress in addition to the deformation produced by 
temperature. It is related to the stress tensor, o, acting on the material 
by the well-known stress-strain relation of a classical linear elastic 
isotropic material: 

ee l+v 


oR ttold, (6.1.3) 


or, in component form, 


faa Loi tom +053) 6. (6.1.4) 
The symbol J that appears in eq. (6.1.3) is the unit tensor, while 
constants F and v are the material’s Young’s modulus and Poisson’s 
ratio, respectively. In the linear theory of thermoelasticity, these 
constants are assumed to be independent of temperature. 

On the other hand, tensor ¢°, introduced by eq. (6.1.2), represents 
the strain that results at zero stress from the temperature variation AT. 
For isotropic materials, this strain is given by 
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Ee’ =aATI1, (6.1.5) 


where o denotes the thermal expansion coefficient of the material. In 
component form, eq. (6.1.5) becomes 


€) =a AT 6. (6.1.6) 
By inverting relation (6.1.3), we obtain 
o=Atr(e‘)1 +2ue*, (6.1.7) 


where the coefficients 2 and w are the so-called Lamé’s constants, 
which are related to EF and v, respectively, as follows: 


fig and ae ane Cae 
(l+v)0—2v) 2(1+v) 


The quantity G introduced above is the shear modulus of the material. 
uu and G denote the same quantity. The symbol uw is preferred when 
expressing o as a function of €°, as in eq. (6.1.7). This double notation 
is so diffused in elasticity theory, that its elimination may annoy the 
eyes of the practitioner. In linear elasticity (as distinguished from linear 
thermoelasticity), we have ¢°=0; therefore, e°=¢, as immediately 
follows from eq. (6.1.2). In that case, eq. (6.1.7) is referred to as the 
generalized Hooke’s law. 

In the rest of this chapter, we adopt €° and AT as the state variables 
of the thermoelastic material. In the literature, the pair of variables € 
and AT are often used instead. In terms of € and AT, the stress-strain 
relation of a thermoelastic material can be expressed as 


o=Atr(e)l +2ue—BAT I, (6.1.9) 


which is known as the Duhamel-Neumann stress-strain relation of 
linear thermoelasticity (cf., e.g., [28, p. 553] or [20, p. 422]). This 
relation is obtained by introducing eq. (6.1.2) into eq. (6.1.9) and by 
using eq. (6.1.5). The coefficient 7 introduced there is given by 
pe aaah eo. (6.1.10) 
1—2v 
Equation (6.1.7) shows that the stress tensor of a linear 
thermoelastic material does not depend explicitly on temperature if it is 
expressed as a function of €°. However, as shown by eq. (6.1.9), the 
same stress tensor explicitly depends on temperature if it is expressed as 
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a function of €. This makes the variable € less convenient to use than the 
variable €° as far as the analysis of the following sections is concerned. 
The fact that odoes not depend on AT when expressed as a function of 
€° does not mean that the stress of the material is unaffected by a 
change in temperature if the total deformation, s is kept constant. Quite 
the opposite is true: a change in AT at constant € produces a change in 
€~ and thus in a, as is evident from eqs (6.1.2) and (6.1.7). 


6.2 Deviatoric and Spherical Strain and Stress 


The decomposition of the strain tensor and the stress tensor into their 
deviatoric and spherical parts leads to important simplifications in the 
analysis of the elastic limits of solids. For this reason, we recall here 
some of the most important formulae concerning this decomposition, 
which we use in the next sections. 

Every symmetric second order tensor, A, can be decomposed into a 
spherical part, A, and a deviatoric part, A’ , according to 


A=A+A’. (6.2.1) 


The spherical part of A is defined as 
A=itr(A) 1=41(A) ie (6.2.2) 


where /,(A)=tr(A)=Ajx is the first principal invariant of A. In 
component form, eq. (6.2.2) reads 


eo aol 1 

Ay = 3 Axx 6; =3 (An + Ay) +A33) 6. (6.2.3) 
As apparent from this definition, A is a diagonal tensor. Its non- 
vanishing components are all equal to the mean value of the diagonal 
components of the original tensor A. Since tr(/) = 6x= 3, from eq. (6.2.2) 
or (6.2.3) it follows that 


I,(A)=1,(A). (6.2.4) 


On the other hand, the deviatoric part of A is given trivially by the 
difference between A and its spherical part: 
(6.2.5) 


, 7 P 1 — 
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Tensor A’ is traceless, as evident from eqs (6.2.5) and (6.2.4). 
By applying decomposition (6.2.1) to strain tensor €° , we obtain 


=F +e. (6.2.6) 


Tensor &° introduced in this relation is the spherical part of e° : 
1 1 
Eo == tle") 1= 5 h(e%)I. (6.2.7) 


Its components can be expressed variously as 


=e 1 e 1 e 1 e e€ e 
Ej gees Nene He Noma uit an PE3 105 (6.2.8) 


E° is also called the volumetric part of €* , since in linear elasticity the 


strain invariant [;(€°), the so-called dilatation, represents the volume 

increase per unit volume of material. The other tensor, e° , that appears 

in the decomposition (6.2.6) is the strain deviator. It is defined as 
e=Ee°-E, (6.2.9) 


or, in component form, 
1 
Gi = E —— Ey O; . (6.2.10) 


Being traceless [/,(e°)=0], this part of €° does not produce any 
change in volume as long as we remain within the realm of linear 
elasticity. For this reason, e“ is also referred to as the distortional part 
of €°. 

Likewise, stress tensor o can be decomposed into a spherical and a 
deviatoric part, according to the following relation: 


o=T+0. (6.2.11) 
Here, & is the spherical part of o, given by 


1 
o == t(o) 1=>1(0)1, (6.2.12) 


where J,(o) is the first principal invariant of o . In component form, 
eq. (6.2.12) reads: 


_ 1 1 1 
oj = it(@) 6; a 6; =u +0) +033) 6. (6.2.13) 
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The mean normal stress exerted by ois given by 
1 1 1 
D5 iil Ona 053) = 5 Oy Ne) (6.2.14) 


and is referred to as mean pressure. In terms of p, the components of 
oO are 


This justifies calling @ the hydrostatic part of o . The negative sign 
introduced in definition (6.2.14) makes p positive when representing a 
compressive force per unit area. 

In contrast, the stress deviator, o’, that appears in eq. (6.2.11) is 
defined by 


1 
o=o--1(o)1 (6.2.16) 


and is traceless. As such, it does not produce any hydrostatic stress on 
the material. In component form, eqs (6.2.11) and (6.2.16) become 


Oj =— p 6+ 0; (6.2.17) 
and 


07, = 0, + p 6;, (6.2.18) 
respectively. 

From eqs (6.2.6) and (6.2.11), it is not difficult to decompose eq. 
(6.1.7) into two separate expressions, one for the spherical components 
of stress and strain and one for the deviatoric components of stress and 
strain. Thus, the generalized Hooke’s law becomes: 


G=3Ke, 
7 (6.2.19) 
o =2ue 
or, in component form, 
On. =3K e€f,, 
‘i a (6.2.20) 


are e 
Oj; =e. 


The scalar K introduced here is the bulk modulus of the material: 
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aes jee (6.2.21) 
3° 30-2) 3a 


6.3 Internal Energy of a Linear Thermoelastic 
Material 


Let u denote the specific internal energy (per unit mass) of a linear 
thermoelastic material. It is a function that depends on the values of 
€° and AT at the particular point of the body at which it is calculated. 
Thus, u = u(e€° , AT). Therefore, if U is the internal energy of the entire 
body, 4, we have 


U=[ule®,AT)dm= | pu(e®,AT) dV , (6.3.1) 
B B 


where gis the mass density of the considered material. 

Because internal energy is a state function, the change in U and u in 
any process between any two states A and C, does not depend on the 
process that joins them. Thus, to calculate the change that uw undergoes 
in any process, P, from state A={e°=0, AT=0} to state C={e*, 
AT}, we may refer to the sequence of reversible processes from A to B 
to C, as illustrated in Fig. 6.3.1, whether or not P is reversible. 

This sequence begins with a simple heating/cooling processat zero 
stress, starting from the reference state, A. This process produces the 
temperature change AT and it leaves €©= 0 since o= 0, cf. eq. (6.1.3). 
The process can easily be performed reversibly and it brings the 
material to the intermediate state B={e°=0, AT}. As a result, the 
material absorbs the amount of heat per unit mass given by c AT, 
where c is the appropriate value of the specific heat of the material for 
the process under consideration. However, within the limits of validity 
of linear thermoelasticity, the specific heat of any solid can, for most 
purposes, be treated as a constant, independent of the process. 
Denoting the change in u relevant to the process from A to B by Aagu, 
we have 


A,gl =u(0,AT)—u(0,0)=c AT, (6.3.2) 


as immediately follows from eq. (1.4.6), since no work is done in the 
process. 
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Cc. 
(e, AT) 


isothermal process 
(heat and work exchange) 


(e°= 0, AT=0) (no work exchange) (e°= 0, AT) 


Fig. 6.3.1. In any process, P, from A to C, the internal energy change is the same as 
that produced by the sequence of reversible processes from A to B and from B to C. 


In the process from B to C the stress tensor does not vanish 
identically. In this part of the sequence, therefore, some external work is 
done on the material. However, during the process, €” remains constant 
since the process is isothermal. Consequently, if the process from B to 
C is performed reversibly, the material behaves as a classical linear 
elastic material with a stress-free state at B. Accordingly, if y denotes 
the material’s specific strain energy per unit volume, we have that, at 
constant temperature 7 +AT: 


(Win ac =AncY > (6.3.3) 


where (Win)gc indicates the work per unit volume done on the material 
in the reversible process from B to C. 

To determine the function yw explicitly, recall from classical 
elasticity that 


w= tre) =— oy 65 (6.3.4) 


where €° is the elastic strain of the material from its stress-free state. 
Using eq. (6.1.7), we can express y in a number of equivalent ways: as 
a function of ¢€° alone, as a function of o alone, or as a function of 
both of €° and o. In what follows we shall refer to the following 
expression of y (cf., e.g., [20, p. 420]): 


wae )=F +) ey +2 tle). (6.3.5) 
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The function J,(e€°) introduced here is the second principal invariant 
of the deviatoric part of €° . That is, 


1 


1 
73 eke 5; |l €§ 


e il ee 
~ 3 ek 6; | =e as (6.3.6) 


aes |e 

Jy (€ ) = 2 [ef 

where e° is the strain deviator, defined by eq. (6.2.9). As apparent from 

definitions (6.3.6) and (6.2.10), J,(€°) is a positive-definite quadratic 
function of e° . From eqs (6.3.3) and (6.3.5), it follows that 


(Win ac = W(E*)— yO) = ; (A+ =H) L(e°) +2uJp(€°), (6.3.7) 


since y(0) = 0. 

In the process from B to C, the material absorbs heat from its 
surroundings. This heat can be calculated from the so-called Kelvin’s 
formula, which gives the temperature change of a thermoelastic material 
subjected to an adiabatic change in strain (cf. [20, Sect. 14.2]). For 
isotropic materials, that formula reads 


Mn =-F— 7 Bei 2a. pacer), (6.3.8) 
face 


where fis given by eq. (6.1.10), c, denotes the specific heat at constant 
volume, and the index “‘ad” appended to 7’ on the far left-hand side of 
the equation stands for adiabatic. For a solid material, c, =c, to a 
good approximation. 

If, rather than being adiabatic, the deformation process occurs 
isothermally, then the material must exchange heat in order to maintain 
its temperature constant. In general, the amount of heat per unit mass 
that must be supplied to the material in order to compensate for the 
adiabatic temperature change dT =(T7'),4 dt is given by 


dg =—c,(T)aqdt . (6.3.9) 


The negative sign on the right-hand side of this equation is due to the 
fact that the material absorbs heat if (7°),q <0, and it releases heat if 
(T)aq > 0. From eqs (6.3.9) and (6.3.8), we then obtain: 


= 5 Be; eb. (6.3.10) 


Therefore the heat, ggc, absorbed per unit mass by the material to keep 
the deformation process from B to C isothermal is 
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Ipc = Ah(e), (6.3.11) 


as can be obtained immediately by integrating eq. (6.3.10) along the 
process and by recalling eq. (6.2.7). 
The internal energy change Agcu can be calculated from eq. (1.4.6): 


1 
Ac = Orin dc + dpc: (6.3.12) 


In view of eqs (6.3.7) and (6.3.11), this can be written as 
T 
Ago = (te Ley +2u Jp (e)+—Bile*). (63.13 
Bc 2p | 3H) \(E°) Be 2(€°) nd \(E) ( ) 


If we observe that 
Aacu =u(e*, AT) —u(0,0) (6.3.14) 
and 


then from eqs (6.3.2), (6.3.13), and (6.1.1), we obtain: 


u(e°, AT) =5,[4+50 Ley +4u Jn(e°)| 
ae (6.3.16) 


+ Bi (e°)+c AT +u(0,0). 


A more compact form of this equation can be obtained by expressing 
u as a function of the scalars €, and & defined by 


€=h(e°) (6.3.17) 
and 


§) =J(E*). (6.3.18) 


Because the first principal invariant of a symmetric tensor is 
independent of the deviatoric part of the tensor, the variable €, is 
independent of the deviatoric part of €°. This means that €;=0 for 
purely deviatoric (i.e., distortional) deformations. On the other hand, 
the variable € is independent of the spherical part of €° , because so is 
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J,(€°). It follows that €&=0 for purely spherical (i.e., volumetric) 
deformations. Note that € is a non-negative variable, because J,(é°) 
is a positive definite function. 

By taking 1, & and AZ as independent variables and by recalling 
eq. (6.2.21);, we can rewrite eq. (6.3.16) as 


u=u(§),§,A7) 


3.1 
=| 7 KE? 430K (Ty +A) +2u8, |tcAT +u, i 
p 


where uo = u(0,0) is a constant. This shows that the specific internal 
energy of an isotropic linear thermoelastic material is a function of just 
three scalar variables: €), &, and AT. 


6.4 Entropy and Free Energy of a Linear 
Thermoelastic Material 


Similar to what we did for U, we shall refer to the material’s specific 
entropy per unit mass, s = s(€° , AT), rather than the total entropy, S, of 
the entire body. The two quantities are related by the following 
equation: 


S= | s(e*,AT)dm = | ps(e*,AT)dV (6.4.1) 
B B 


which is analogous to eq. (6.3.1). Since entropy is a state function, its 
change in any process depends only on the initial and final state of the 
material. In particular, by referring to the processes of Fig. 6.3.1, we 
have 


A oS = 8(€°, AT) — 5(0,0) = Angst Anes , (6.4.2) 


with obvious meaning of the notation used. 

Because the processes from A to B and from B to C are assumed to 
be reversible, eq. (1.6.4) applies. Thus, the entropy change in these 
processes equals the amount of absorbed heat divided by the absolute 
temperature at which the heat is absorbed. Now, the quantity cdT is the 
heat that the material absorbs per unit mass in a simple heating/cooling 
process as the temperature of the material increases by the amount d7. 
Therefore, if T denotes the instantaneous value of the temperature of 
the material in the process from A to B, then the corresponding increase 
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in entropy is ds = cd7/T. By integrating this entropy change over the 
interval [T>, Zo+A7], we obtain 


Ty+AT 
ApS = | © are in(h+ 57). (6.4.3) 
T Th 
Th 


On the other hand, the process from B to C occurs at the constant 
temperature T = T)+ AT and absorbs the amount of heat (6.3.11). The 
relevant entropy change is 


Anes = a == mL (e°). (6.4.4) 
From eqs (6.4.2) through (6.4.4), it follows that 


s=s(e*,AT) =~ BI, (e) +e in(1+ 7) + 5(0,0). (6.4.5) 
p 1) 


From eqs (6.3.17) and (6.2.21)3, we can also express this equation in 
the following form: 


s=s(E,AT)=13aKE, tein(14+ 2) +59, (6.4.6) 
p 1) 


where so = (0,0). This shows that the specific entropy of an isotropic 
thermoelastic material is only a function of the two scalar variables, €; 
and AT. 

The expression of the Helmholtz free energy of the material follows 
directly from definition (1.11.3) once the expressions of internal 
energy and entropy are inserted in it. By applying that definition to the 
specific values per unit mass of the quantities involved and by 
inserting eqs (6.3.19) and (6.4.6), the following expression of the 
Helmholtz free energy per unit mass is finally obtained: 


2. 
v=W(E,,€,AT)= Ke? +8, +W(AT)+V¥%. (6.4.7) 
p p 


Here, Wo = (uo— Too) is a constant, while the function WY (AT) is given 
by 


WAT) =cAT|1-(2+1 ) f+ | |-AP sy (6.4.8) 
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6.5 Admissible Range and Limit Surface 
Equations (6.3.19) and (6.4.6) have the following forms: 
u=u(§).§2,AT) =u, (§), AT) + u9(§) +U(AT) + uy (6.5.1) 


and 
S=s(§,)=5,(§, AT) +5, +5(AT)+59, (6.5.2) 


respectively. In these equations, we set 


u,(E,,AT) =—| "KE? +3aK (Ty +AT)E | 
pl2 


2 
u(AT)=cAT 


and 


s(&))=~3aK €, 
p 


S, =0 (6.5.4) 
F(AT)=c in(i+ 2), 
1h 


When expressed in terms of the variables €|, &, and AT7, specific 
internal energy and specific entropy decompose into the sum of 
independent functions of the form (3.10.1) and (3.10.2), respectively. 
This means that €; and € are thermodynamically orthogonal variables. 
As discussed in Section 3.10, under isothermal conditions (i.e., for 
constant A7), the material possesses two separate and independent 
admissible ranges, one for the variable €; and one for the variable €. 

In the present case, each of these ranges reduces to a one- 
dimensional segment, because it is relevant to just one variable, € or 
€. Accordingly, the limit surface reduces to one or both of the 
endpoints of that segment. In the last case, the two-point limit surface 
is discontinuous; hence, there cannot be a continuous neutral process 
that links its two points. This means that the result of Section 3.4 does 
not apply to these points; therefore, it is not required that the two 
endpoints be equipotential for free energy. 
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Of course, the specific free energy (6.4.7) can be decomposed in a 
similar way: 


Y=W(E1.82 AT) HME) +W2(G2)+WAT)+%, (6.5.5) 


where 


W4(§))= 5 Kes 

Pp 

5 (6.5.6) 
W7(§2)=—HE>, 

Pp 


while W (AT) is defined by eq. (6.4.8). From the definitions of €; and 
€, it is clear that w,(€}), w2(§)), and W(AT7) are the volumetric, 
distortional, and thermal parts of yw, respectively. 


Admissible range for §, 


The expression of the admissible range for the variable €, can be 
found by applying relation (3.10.10) to u, and s;. In general, the 
maximum amount of free energy that the material can store will be 
different for €; > 0 and €) < 0, because, as observed, the free energy of 
these points may not be the same. Thus, for a given value of AT, the 
admissible range for €; can be expressed quite generally as 


vi (§1) =m (§,AT)—(19 + AT) 5\(§,AT) SC, for 1 >0 (6.5.7) 
and 
W(E)) =m (§,AT)—(Zy + AT) 5(€,, AT) SC? for €& <0, (6.5.8) 


where C; and C/ denote appropriate positive constants representing 
the maximum amount of free energy y,(§,) that, at constant AT, the 
material can store for ; > 0 and €; < 0, respectively. That is, 


Ci = AmaxY le s0 (6.5.9) 
and 


Cl Mina Vile co: (6.5.10) 


By using eqs (6.5.3); and (6.5.4),, from relations (6.5.7) and (6.5.8) we 
obtain 


1ker<c and = — KE2<Cr, 6.5.1) 
2p 2p 
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which hold true for €; > 0 and for €; < 0, respectively. Taken together, 
these relations express the following limitation on the values of €:: 


2p» Dp = 
“2 Pc; Big Pace (6.5.12) 


which represents an explicit expression of the admissible range for ). 
The limits to this range are 


Gale oe and €,=— a (6.5.13) 


These are the coordinates of the endpoints of the segment that 
represents the said range on the €|-axis. 


Admissible range for §2 


By a similar procedure, if we apply relation (3.10.10) to uz and 59, 
we obtain: 


u,(E,)— (Ip AT) 8, $C). (6.5.14) 


The constant C, introduced here represents the maximum amount of 
free energy yw, that the material can store. That is, 


Cy =Amox Vo: (6.5.15) 


The explicit expression of admissible range for € is obtained by 
introducing eqs (6.5.3), and (6.5.4), into relation (6.5.14): 


He <C,. (6.5.16) 
p 


In this case, thermodynamics sets a limit to the maximum value of 
2, while leaving its minimum value unrestricted. Thus, when expressed 
in terms of the state variables €), 2, and AT, the limit surface of the 
variable € reduces to the following single point: 


€ PO _ Pp 
Qu Qu 


Amax Wo > (6.5.17) 


as immediately follows by considering the equality case of inequality 
(6.5.16) and by recalling eq. (6.5.15). We have here an instance of a 
finite, one-dimensional range, only one end of which is a limit point. 
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1 1 


- (2p c{/K)? 0 +(2p ¢(/K)2 J 
—_——_———_—-e > 
0 pC, /2u & 


Fig. 6.5.1. Admissible range of a linear thermoelastic material in terms of the state 
variables €; and €: the admissible range is represented by the two bold segments of 
axis €) and axis €5, respectively. The limit surface reduces to the three endpoints which 
are represented in bold in the figure. 


To summarize, relations (6.5.11) and (6.5.16) show that, when 
represented in terms of state variables €), €2, and AT, the admissible 
range of a linear thermoelastic material is given by two segments that 
belong to different axes, namely, the €)- and €-axis. In terms of the 
same state variables, the limit surface reduces to the two endpoints of the 
admissible range for €; on the €)-axis and to just the endpoint at € 4 0 of 
the segment that represents the admissible range for € on the €-axis. 
The two ranges are represented in Fig. 6.5.1. 


6.6 Elastic Limits and Elastic Range in Terms of 
Stress or Elastic Strain 


The state variables €; and € are perfectly adequate to determine the 
energy and the entropy of a linear thermoelastic material and thus its 
admissible range. In fact, together with AT, they are the primary state 
variables of that material (Section 2.4). However, the main variables of 
interest to mechanical engineers are not energy and entropy. By far, 
stress is the most important variable when designing machine compo- 
nents and structures. State variables | and € do not determine the state 
of stress of the material completely. 

Stress is a symmetric, second-order tensor. It has six independent 
scalar components, o;;, which are related to the components of €° by 
eq. (6.1.7). The two scalars €; and € cannot define all six components 
of €° and thus of o. The same is true if we refer to eq. (6.1.9) rather 
than eq. (6.1.7), because € is not completely determined by &€), 2, and 
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AT. There is an infinite number of different states of stress and strain 
for any pair of values of €) and €. If we want to use stress to evaluate 
the position of the state of the material within its admissible range, we 
must express that range in terms of Oj rather than €; and &. 

This can be done by first expressing € and € in terms of the 
components of €° and e° and then using Hooke’s law in the form 
(6.2.20) to convert strain components into stress components. Thus, the 
admissible range of €, will be transformed into the admissible range for 
the hydrostatic part of o. Likewise, the admissible range of will 
transform into the admissible range for the deviatoric part of o. For an 
isotropic material, both ranges can be represented in the space of 
principal stresses oj, 0), and o3. Each of the two ranges defines a 
different region of that space. Their intersection contains all states of 
stress that are compatible with both regions, i.e., the admissible range 
of the material in terms of stress. These ranges are considered in detail 
below. 


Admissible range for the hydrostatic part of stress 
From eq. (6.2.19), and (6.3.17), we obtain 


_ 16) _ 1 +07. +033 _ 0, +07 + 05 
3K 3K 3K 


E, (6.6.1) 


where 0}, 02, and o; are the principal values of o. The last of the above 
equalities follows from the fact that the sum o,, is an invariant 
(actually, the first principal invariant of o). This means that the value 
of O,, is the same irrespective of the orientation of the reference axes 
in space (x1, X2, x3). In particular, if the reference axes are directed as 
the principal axes of o, we have o);= 0), 02. = %, and 033= 03, and 
thus 04=0;+o+0;. By introducing eq. (6.6.1) into eq. (6.5.12), we 
obtain: 


reo “% 703 28 57, (6.6.2) 


where the constants p’ and p” are defined as 


P=-Y2pKC) and p’=+J2 PKC), — (6.6.3) 


respectively. These two constants represent the limits to the hydrostatic 
pressure that the material can withstand while remaining elastic. The 
minus signs that precede p’ and p” in relation (6.6.2) is because pressure, 
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p, is assumed to be positive when representing compression, in 
agreement with definition (6.2.14). Thus, a negative value for p’ denotes 
hydrostatic tension, which makes the far right-hand side of (6.6.2) 
positive. 

Relation (6.6.2) defines the admissible range of the hydrostatic part 
of the stress tensor in the space of the variables oj, 0, and o3. The 
same relation makes it obvious that the direction of the principal axes 
of stress has no influence on that range. This is expected, since the 
material is assumed to be isotropic. It implies that all states of stress 
that have the same principal values fall within that range if one of these 
states does. 

In space (oj, 0», 03), the limit surfaces of this range are the two planes 
of equations: 


0, +0,+0;,=-3p' (6.6.4) 
and 
0, +0,+0;=-3p’. (6.6.5) 
‘Va Hydrostatic axis 


tA 
Limit surface y, = C| 
(0, +0,+0;=-3p) 


a” 


Limit surface y, = C, 
(o,+0,+0;=-3p’) 


Fig. 6.6.1. Limit surfaces and admissible range resulting from the thermodynamic 
limit to the hydrostatic part of the stress tensor in a linear isotropic thermoelastic 
material. 
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These planes are normal to the hydrostatic axis 0; = 0) = 0; (i.e., the 
axis through the origin, making equal angles with each of the 
coordinate axes). The distances of the limit planes from the origin of 
the reference system are —3p’ and —3p”, respectively. Fig. 6.6.1 shows 
the two planes for the case in which p’ <0 and p” >0. As should be 
evident from eqs (6.6.4), (6.6.5), and (6.6.3), each plane can be 
determined when one of its points is known, since this suffices to 
determine p’ or p” (and, hence, Cy or C7’). 


Admissible range for the deviatoric part of stress 


By introducing eq. (6.2.20), into eq. (6.3.6)2, we obtain: 


Jn(e*) = aa”? (o). (6.6.6) 


Here, J,(o) is the second principal invariant of the stress deviator 
(6.2.18): 


J,(O)= +0 Oj; = 26; i+ p 6, (07, + Pp Oj), (6.6.7) 


where p = —0\4/3, according to eq. (6.2.14). J,(o) is independent of 
the hydrostatic part of o. This makes the analysis that follows depend 
only on the deviatoric part of o. By substituting eq. (6.2.14), into eq. 
(6.6.7), we obtain, after some algebra: 


1 
Jy(6) =_|(i -~0y)° + (Oy, -033)° + (03; -o,,)° (6.6.8) 


Oe +05) +043" , 


cf., e.g., [54, p. 476]. 

Again, being a tensor invariant, the quantity J,(o) assumes the 
same value irrespective of how the reference axes of space (x), X2, x3) 
are rotated. Thus, by taking the latter axes as coinciding with the 
principal directions of o, we can also write eq. (6.6.8) as 


J(@)=[(o,-07 +(,- 0," +(0,-0,"], (6.6.9) 


because, in such a reference system, all non-diagonal components of o 
vanish, while components 0)1, Oy, and 033 coincide with the principal 
values oj, 03, and o3. Therefore, from eqs (6.6.6), (6.6.9), and (6.3.18), 
we can express € as a function of oj, 0, and o; as follows: 
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1 
g> are, 
f (6.6.10) 
serra -o)° +(o, -0;)° +(o; -o,) 


By inserting eq. (6.6.10); or (6.6.10) into eq. (6.5.16) and by taking 
eq. (6.5.15) into account, the admissible range for the deviatoric part of 
stress can be expressed by 


1 
——J,(0) S$ AnaxY » (6.6.11) 
2pLu 


or 


1 
| (6, = 03)? +(03 = 03)? +(0;- 0," |SAnmY2- (6.6.12) 
I2pyu 


This can also be put in the following form: 
(o,-0,)° +(0, -0)* +(0,-0,)" 6K’, (6.6.13) 


where the constant k is defined as 


k= 20 MAW, = 42 PLC - (6.6.14) 


The last equality in this expression follows from eq. (6.5.15) and shows 
that A depends on the particular material at hand, since C, does. 

Constant k coincides with the value t,,, of the shear stress, z, at the 
elastic limit of the material in pure shear. This can be proven easily by 
using relation (6.6.13) to calculate the maximum value of 7 that is 
compatible with the same relation in the case of pure shear stress state 
(0; =-—0)=T, 0;=0). A similar analysis for the uniaxial stress case 
(0; = 0, & = 0;=0) reveals that the maximum uniaxial stress, say Omax , 
is tied to Tax and hence to k by the well-known relationo,,,, = 
Reve =V3k $ 

In space (0;, 02, 03), the limit surface of the considered admissible 
range is obtained immediately by taking the equality sign case of 
relation (6.6.13). That is: 


(g,-0,) +(6,-0,) +(6,-90,) =6F. (6.6.15) 
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We thus recover the classical limit condition proposed a century ago 
by von Mises [46] as a convenient empirical formula to predict the 
limit stress beyond which a virgin ductile metal ceases to respond 
elastically and yields plastically. The above analysis shows that von 
Mises’ limit is imposed by the laws of thermodynamics and the 
constitutive equations of internal energy and entropy of the material if 
it behaves as a linear isotropic thermoelastic material while in the 
elastic range. Ductile metals in virgin conditions belong to this class of 
materials. 

In space (0;,0%,03), relation (6.6.13) defines a circular cylindrical 
region, the axis of which coincides with the deviatoric axis (Fig. 6.6.2). 
The boundary to this region is the cylindrical surface that is defined by 
eq. (6.6.15). It is fully determined once a point of it, and thus k, is 
known. That surface is equipotential for y, (the deviatoric part of the 
free energy of the material) and is often referred to as the von Mises 
limit surface. 


Hydrostatic axis 


Fig. 6.6.2. Linear isotropic thermoelastic materials: The indefinite circular cylinder 
represented in the figure is the admissible range of the deviatoric part of stress. Its surface 
is equipotential for y,. The elastic range is the part of that cylinder between planes 
yw, =C; and y, =C/. The darker part is the portion of the elastic range that is of 
interest in structural engineering. 
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Any point, P, of space (0|,,03) represents a stress tensor, o, apart 
from its principal directions. The projection of the position vector OP 
on the hydrostatic axis is the hydrostatic part of o. In contrast, the 
projection of OP on a plane normal to that axis has no hydrostatic 
component. Therefore, it represents the deviatoric part of o. Because 
limit surface (6.6.15) parallels the hydrostatic axis, it does not set any 
limit on the magnitude of the hydrostatic projection of OP; thus, there 
is no limit on the magnitude of the hydrostatic stress component. The 
same surface, however, requires the deviatoric component of stress to 
be confined within the circular cross-section of the cylinder. 


The elastic range 


Taken together, limitations (6.6.13) and (6.6.2) define a finite 
circular cylinder in space (0;,0,03), the ends of which are the 
intersection of von Mises’ indefinite cylinder (6.6.13) with planes 
(6.6.4) and (6.6.5), respectively (Fig. 6.6.2). This finite cylinder is the 
admissible range of the material and can be referred to as the material’s 
elastic range. Any state of stress P =[0;,05,03] that falls outside that 
range is not physically admissible in that it would require the material 
to store more free energy than it actually can. 

A large body of evidence concerning the elastic limits of ductile 
metals indicates that the elastic limits of hydrostatic stress are, by far, 
greater than those of deviatoric stress. This makes the elastic range of 
these materials a highly elongated cylinder the height of which exceeds 
its diameter by a significant amount. However, states of stress at high 
hydrostatic compression are seldom encountered in practice, and states 
of stress at high hydrostatic tension are extremely difficult to produce. 
Therefore, in almost all practical applications, the elastic limit of a 
ductile metal is due to the deviatoric component of stress, the limits of 
which are far easier to reach. This means that the only part of the 
elastic range of ductile metals that is of practical interest is a small 
portion of the entire elastic range around the stress-free state. This 
portion is shown as the dark, cylindrical segment in Fig. 6.6.2. 

Obviously, if that cylindrical segment is the only part of the elastic 
range that is of interest, it makes little difference whether the complete 
elastic range of the material is the entire indefinite von Mises’ cylinder 
or just the finite part delimited by the two planes shown in Fig. 6.6.2. 
For this reason, when dealing with ductile metals, the hydrostatic limits 
of the material are ignored, and the indefinite von Mises’ cylindrical 
surface is considered as the only limit to the elastic behaviour of the 
material. This amounts to assuming an infinite elastic limit for the 
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hydrostatic stress component. Though unphysical, this assumption is 
acceptable in view of the small values of hydrostatic stress that occur 
in practical applications. 


6.7 Elastic Range of More General Materials 


Being symmetric, second-order tensors, stress and strain can always be 
decomposed into spherical and deviatoric components, as discussed in 
Section 6.2. However, such decomposition does not always lead to the 
definition of groups of thermodynamically orthogonal state variables, 
as happens in the case of the linear thermoelastic materials considered 
in the previous section. For more general thermoelastic materials, the 
elastic limit to the deviatoric part of stress may well depend on the 
hydrostatic part; reciprocally, the elastic limit to hydrostatic stress 
component may depend on the deviatoric stress component. Under 
these conditions, the free energy that the material accumulates due to 
pressure work may affect the elastic limit of the deviatoric stress 
component—an interesting possibility that should be of consequence in 
some applications, such as geophysics, where large hydrostatic 
pressures are commonplace. 

The coupling between the spherical and deviatoric parts of the 
material’s free energy may take place even in the presence of 
constitutive stress-strain equations that are quite simple. For instance, 
consider the case of a material that possesses a Hooke’s type stress- 
strain relation, i.e., (6.2.19) or (6.2.20), except that the coefficients in 
these relations depend on stress or strain, rather than being constant. 
This entails a free energy function similar to the one given by eq. 
(6.4.7); however, the constants K and yw are replaced by appropriate 
functions of €, and €). That is 


v =w(§),8),AT7) 


2 
=> K(G.62) g? +—=U(§),65)§ tW(AT) +. 
p p 


(6.7.1) 


If K depends on € and uw depends on €, then € and € cannot be 
thermodynamically orthogonal in the sense specified in Section 3.10. 
When variables €; and € are not thermodynamically orthogonal, 
there is not a separate admissible range for each of these variables, as in 
the case considered in Section 6.5. The admissible range and limit 
surface are then given by the general relations (3.6.5) and (3.6.6), re- 
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spectively. If y is regular enough, the limit surface of the material will 
reduce to just one continuous equipotential surface, namely w= Wax - 


O3 
Hydrostatic axis 


Cross section 


at €;=0 


Limit surface 


(VW = Winax ) 


Fig. 6.7.1. Example of elastic range and limit surface of a thermoelastic material in 
which K=K(&) and “=y(€1). (The circular cylinder represents the von Mises’ 
surface of a linear thermoelastic material with K = K(0) = const and uw = (0) = const.) 


Fig. 6.7.1 provides a qualitative example of how the elastic domain 
may differ from the cylindrical domain discussed in the previous 
section, if 


K=K(&,) (6.7.2) 
and 


H=H(E,)- (6.7.3) 


In this case, the elastic limits to purely hydrostatic stress (€2 =0) or 
purely deviatoric stress (€; = 0) coincide with the analogous limits of a 
linear thermoelastic material, where K and « are constant and equal to 
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K(0) and y(0), respectively. The cylinder that represents the elastic 
range of such linear thermoelastic material is shown by the lighter lines 
in Fig. 6.7.1. Its intersections with the hydrostatic axis correspond to 
purely hydrostatic limits (€2=0) and therefore coincide with the 
analogous points of the admissible range of the more general material 
considered in this example. Observe also that the above cylinder and 
the limit surface of the considered material share the same cross- 
section with plane 0,+02+03 = 0, because the points of that plane are 
relevant to purely deviatoric states of stress (§; = 0). 


Electrochemical Cell’s Admissible 
Range: The Transformation Cells 


Electrochemistry is concerned with the transformation of the energy 
liberated by a chemical reaction into exploitable electric energy. It also 
deals with the opposite process, that is, using electric energy to drive a 
chemical reaction. Electrochemical cells are manmade systems that 
have been designed to perform these processes. They are referred to as 
galvanic (or voltaic) cells when they produce energy and as electrolytic 
cells when they drive a non-spontaneous chemical reaction. The 
ubiquitous rechargeable battery, which we depend upon so heavily 
nowadays, is perhaps the most common example of both kinds of cells. 

Direct transformation of chemical energy into electric energy is 
possible, because the energy liberated by a reaction comes from the 
change in the electric potential of the valence electrons of the reacting 
substances as they move from one reactant to another to produce the 
reaction. In a galvanic cell, the electrons from the electron-losing 
species are collected at an electrode and driven through an external 
electric circuit before being released to their final, lower potential 
position at the other electrode. While flowing through the external 
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circuit, the electrons can produce useful work. In contrast, by putting 
the reacting substances in direct contact with each other, the reaction 
occurs immediately. In this case, the valence electrons move directly to 
their final location, and their surplus energy is dissipated into heat of 
reaction in the material where the reaction takes place. 

We distinguish between two types of electrochemical cells: 
transformation cells and concentration cells. The difference between 
the two types is in the kind of reaction that drives the cell. In transfor- 
mation cells, the reaction is an ordinary redox reaction that transforms 
reactant species into different species. The present chapter focuses on 
this type of cell. Unlike transformation cells, concentration cells do not 
result in chemical changes in the species involved; only their 
concentrations are changed. We address this type of cell in the next 
chapter. The aim of both chapters is to determine the admissible range of 
the cell and how it relates to the cell’s capacity to store energy. 

Electrochemistry is at the heart of the energy exchange capacity of 
every living system. A proper understanding of the common features 
of electrochemical cells and living systems helps to discriminate 
between the subjective behaviours of living systems and the physics 
that makes their responses possible. For a complete treatment of 
classical electrochemistry, the reader may refer to general textbooks, 
such as [23] and [2], or to one of the many specialized treatises on the 
subject (e.g., [10] and [55]). 


7.1 + Basics of Electrochemical Cells 


For simplicity, we consider electrochemical cells at the standard 
temperature (298.15 K) and pressure (1 bar=10° Pa). Also, if not 
otherwise stated, the concentration of each solute that undergoes 
chemical reactions in the solution within the cell is assumed to be 
standard concentration, i.e., the concentration at which the activity of 
the solute is equal to unity (cf. Appendix C.5). For ideal solutions in an 
aqueous solvent, this concentration is usually taken to be one molality. 

Of course, the concentration of a solute will generally change due 
to the chemical reactions that take place in the cell. Reference to a cell 
that operates at a standard concentration implies, therefore, that the 
change in the extent of the reactions should be small enough to 
produce a negligible change in the concentration of the solutes. Of 
course, non-standard concentrations must be considered when dealing 
with the processes of cell exhaustion and recharging. In that case, 
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pressure and temperature will be the only variables that can be kept at 
their standard values. 


7.1.1 Oxidation and reduction 


An electrically neutral atom or molecule carries as many electrons as 
protons. The addition or release of one or more electrons transforms it 
into a negative or positive ion, respectively. The electron removal 
process is called oxidation. It may operate on atoms, molecules, and 
ions. In the last case, it makes a positive ion more positive and a 
negative ion less negative. If A denotes any neutral atom or molecule, 
then the oxidation process is symbolically described by the following 
relation: 


A pA“ +ae, (7.1.1) 


where @ is an integer that equals the number of electrons that are 
removed from A, and e indicates the electron itself (a is omitted if 
equal to 1). The positive ion A°* (cation) that results from the process 
has the charge of © protons, 1.e., ae, where e denotes the charge of a 
proton. This charge is also referred to as elementary positive charge 
and is opposite to the charge of an electron. 

A relation similar to (7.1.1) applies to reduction processes, 1.e., 
processes that reduce the charge of an atom, a molecule, or an ion. A 
reduction process adds electrons, thus reducing the positive charge of 
the particle to which the electrons are added and therefore increasing 
its negative charge. The reduction process of a neutral atom or molecule 
is represented by: 


A+ae >A, (7.1.2) 


where A®” is the negative ion (anion) resulting from A, carrying the 
negative charge —ce. 

Relations (7.1.1) and (7.1.2) also apply when A is an ion. In that 
case, the superscripts o+ and o- will refer to the number of elementary 
positive or negative charges, respectively, that the ion acquires in the 
process. 


7.1.2 Half-cells 


Oxidation and reduction processes may take place separately. A typical 
case is when they occur in a so-called half-cell. The latter consists of 
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one single electrode and an electrolyte in electric contact with it. The 
electrode may be a metal or any other solid, liquid, or gaseous material. 
If the electrode is not a metal, then it must be connected to a conductor 
that supplies or collects the electrons that the electrode exchanges with 
the electrolyte. 

When in contact with the electrolyte, some atoms from the 
electrode may leave their electrons at the electrode and go into solution 
as ions. The electrode will acquire a negative charge as a result. As far 
as the atoms that leave the electrode are concerned, this is an oxidation 
process. Conversely, some ions from the electrolyte may reach the 
electrode and become neutral upon transferring their charges to it. The 
particles thus neutralized may stick to the electrode, precipitate from 
the solution, or develop as gas. This process makes the electrode acquire 
a positive or negative charge, depending on the charge of the ions that 
are being neutralized. If the ions are positive, they will take electrons 
from the electrode. The process will reduce the charge of the ions and 
leave the electrode positively charged. In contrast, if the ions are 
negative, they will give up electrons to the electrode. The ions will be 
oxidized, whereas the electrode will end up negatively charged. 

When a half-cell is electrically isolated from the surroundings, the 
above processes will quickly build up a potential difference between 
the electrode and the electrolyte. This will oppose further electron 
exchange and bring the process to a halt. 

To measure the potential difference between electrode and 
electrolyte, we must introduce another electrode into the solution. 
Doing so, however, will introduce a new half-cell into the original half- 
cell, invariably affecting the very potential to be measured. For this 
reason, the equilibrium electric potential of a half-cell in electrically- 
isolated conditions is conventionally measured by the difference in the 
electric potential between its electrode and the electrode of another 
specific half-cell, i.e., a reference half-cell. By universal convention, 
the reference half cell is taken to be the so-called standard hydrogen 
half-cell. 

The standard reduction potential tables comprise a collection of 
electric potential differences at standard conditions of a number of 
different half-cells with respect to the standard hydrogen cell. A 
positive value of this potential indicates that the electrode of the 
considered half-cell has the tendency to take electrons from the 
electrode of the hydrogen half-cell. In this case, the half-cell in question 
is the seat of a reduction process of the kind described by relation 
(7.1.2). The potential difference between any two half-cells at standard 
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conditions can be calculated from the same tables as the difference 
between their standard reduction potentials. 


7.1.3 Redox processes 


In the vast majority of cases, the oxidation of a chemical species and the 
reduction of another species take place simultaneously. The combination 
of the two reactions is known as a redox process. A typical example is 
the reaction between solid zinc [Zn(s)] and cupric sulphate in aqueous 
solution [Cu,SO.(aq)]. The solution contains the cupric sulphate as 
dissociated ions, Cu?” and SO,” , in addition to the H* and OH” ions 
from the solvent. If the solution is put in contact with solid zinc, the 
following reaction takes place: 


Cu** (aq) + Zn(s) > Zn* (aq) + Cu(s) . (7.1.3) 


Under ordinary conditions of temperature and pressure, this is a 
spontaneous reaction, because its Gibbs energy of reaction, A,G°, is 
negative (Appendix C.4). This is a redox process. It reduces the cupric 
ions according to the relation 


Cu**(aq)+ 2e° > Cu(s), (7.1.4) 
and oxidizes the zinc atoms according to the relation 
Zn(s) > Zn7*(aq)+2e°. (7.1.5) 


As in any chemical reaction, the quantity A,G° relevant to reaction 
(7.1.3) is readily obtained from eq. (C.22) as the difference between 
the Gibbs energy of formation of the reaction products and that of the 
reactants. The energy that is liberated per mole of each reactant is 
—A,G°. Reaction (7.1.3) transfers two electrons from each zinc atom to 
each cupric ion. This means that the reaction of one mole of Zn with 
one mole of Cu’* produces a flow of two moles of electrons. 


7.1.4 The electrochemical cells 


An electrochemical cell exploits a spontaneous redox reaction to 
produce electric energy, or it absorbs electric energy to drive the 
reaction in the opposite direction. A full cell consists of two half-cells 
coupled together. One half-cell is the cell’s negative electrode (anode). 
This is where the oxidation part of the process takes place. In normal 
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operating conditions, this electrode supplies electrons to the external 
circuit by taking them from oxidizing species. The other half-cell is the 
positive electrode (cathode). It takes the electrons from the external 
circuit to supply them to the reducing species in the solution, thus 
performing the reduction part of the complete redox process. 

The two half-cells may share the same electrolyte, as in an ordinary 
car battery, or they may not. If the two half-cells operate on separate 
electrolytes, then the two electrolytes must be allowed to exchange ions 
with each other. This may be achieved by separating them through a 
semi-permeable membrane that prevents their mixing while allowing 
the passage of certain kinds of ions. In the cell’s most essential setup, a 
felt barrier can be used as a semi-permeable membrane. 

It should be noted that, due to the different mobility of the different 
species of ions involved in the reaction, the membrane separating the 
two half-cells may develop a difference in the electric potentials of its 
two surfaces (liquid junction potential). As the cell operates, this 
potential difference will dissipate some of the energy available from 
the reaction and make the process irreversible. Also, it will reduce the 
potential difference between the electrodes of the cell, thus impairing 
its efficiency. 

The usual way to eliminate the formation of the liquid junction 
potential is to keep the two half-cells separate while joining their 
electrolytes by a salt bridge. In its most basic setup, the latter is made 
of a tube filed with a solution that exchanges ions of equal mobility with 
the two half-cells connected to its semi-permeable ends. This device, 
or an equivalent device, substitutes for the semi-permeable membrane 
and eliminates the irreversibility that the membrane may produce as a 
result of the associated liquid junction potential. 

In the following sections, we shall assume that the semi-permeable 
membrane that separates the two half-cells operates reversibly. In 
practice, this may imply the use of an appropriate salt bridge instead of 
the semi-permeable membrane. 


The cell’s emf 


The electric potential difference that is established between the 
cell’s electrodes in open-circuit conditions is denoted by E and referred 
to as the cell’s electromotive force (emf). It is defined as the electric 
potential difference between the positive and the negative electrodes of 
the cell. The positive electrode is defined as the one at which reduction 
takes place under normal operating conditions of the cell, while the 
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negative electrode is where the oxidation part of the cell reaction takes 
place. 

Thus, under normal operating conditions, E is a positive quantity for 
a galvanic cell. Under general operating conditions, however, the 
positive electrode may assume a lower potential than that of the other 
electrode, depending on the concentration of the electrolytes. This 
means that E may have either positive or negative values, depending 
on the state of the cell. We shall see that E decreases to zero as the 
concentration of the species involved in the reaction reaches the 
concentration associated with chemical equilibrium. The value that E 
attains when the cell is at standard conditions is indicated as E°. 

When the external circuit between the two electrodes is closed, 
electric current flows through the solution inside the cell. This produces 
a drop in E due to the internal electric resistance of the cell’s solution. 
Because E refers to open-circuit conditions, its value represents the 
maximum electric potential difference between the cell’s electrodes at 
the considered state of the cell. 


7.1.5 Anexample: The Daniell cell 


The Daniell cell provides a typical example of an electrochemical cell. 
It is based on the redox reaction (7.1.3), which is rewritten here in the 
following more general form: 


Zn(s) + CuSO, (aq) = Cu(s) + ZnSO, (aq) . (7.1.6) 


The cell can operate both as a galvanic cell and as an electrolytic cell. 
In the first case, it drives reaction (7.1.6) in the left-to-right direction. 
In the second case, it drives the same reaction in the opposite direction. 
In order to fully describe the state of the cell, the amounts of the 
chemical reactants that it contains must be specified at each time of its 
operation. This is most effectively done by the state variable €, called the 
extent of reaction (Appendix C.3). In the present case, all stoichiometric 
coefficients of reaction (7.1.6) are equal to unity. This means that, at 
any stage of the reaction, the extent of reaction equals the number of 
moles of each of the species, whether consumed or produced in the 
reaction. We denote the number of moles of species A at any stage of 
the reaction as n, and the initial value of na as ve We can then write: 
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te) td £20) 

Ncy2+ = Nuso4(aq)? 
to) 20 

N7_2+ = "7nS04(aq)? 


(0) 
Noy2+ = Nusoa4(aq) ~ @cuso4(aq) ac (7.1.7) 


= = 470 + & 
N7_2+ = NZpg04(aq) — ™ZnS04(aq) > 


0) 
Neus) = Meus) +9 > 


oO 
N7n(s) i N7n(s) im ¢ ? 


which makes eq. (C.11) of Appendix C specific to the present case. The 
above equations show that variable € alone suffices to determine the 
chemical composition of the cell’s content at any time of its operation. 


Galvanic cell mode 


As observed above, under standard conditions of temperature and 
pressure, reaction (7.1.6) proceeds spontaneously from left to right. 
The energy liberated per mole of reactant (or, more generally, per mole 
of extent of reaction, €) is —A,G°. Refer to eq. (C.21) and the 
comments following it for more details. If not otherwise used, the 
energy —A,G° is dissipated into heat in the reacting mixture. The 
Daniell cell transforms this energy into usable electric energy, thus 
avoiding its immediate dissipation. When operating in this way, the 
Daniell cell acts as a galvanic cell. Fig. 7.1.1 presents an outline of the 
cell in one of its classical settings as a galvanic cell. 

The details of the chemical process that occurs within the cell are 
described as follows. Some Zn(s) atoms leave the zinc electrode to 
enter the solution as Zn’ ions. In doing so, each atom surrenders two 
electrons to the electrode, thereby making the ZnSO,(aq) solution 
assume a positive charge. The liberated electrons flow from the Zn 
electrode and through the external circuit to reach the Cu electrode at 
the other side of the cell, where the electrons are absorbed by the Cu” 
ions in the solution of the Cu-electrode compartment. The Cu” ions 
are thus reduced to neutral Cu(s) atoms, which are deposited on the 
copper electrode. The consequent loss of Cu’” ions from the solution 
charges the same solution negatively. This draws to that solution some 
Zn** ions from the solution at the other side of the semi-permeable 
barrier, thus restoring the electrical neutrality of both compartments of 
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the cell. Then, a new Zn’ ion can leave the Zn electrode, and the 
process starts again. 


E%=1.10V 


ZnSO,(aq) = CuSO, (aq) / ZnSO, (aq) 


Fig. 7.1.1. | Daniell cell in galvanic mode of operation 


The process produces a flow of electrons through the external 
electric circuit, which can be exploited to do work. When the Daniel 
cell operates in this mode, its Zn electrode is the negative electrode, 
while the Cu electrode is the positive electrode. Eventually, all of the 
Zn(s) atoms from the Zn electrode are consumed, or all of the available 
CuSO,(aq) is transformed into ZnSO,(aq). The last occurrence means 
that all of the Cu’* ions in the original CuSO,(aq) solution have been 
depleted as the result of their transformation into Cu(s) atoms that are 
deposited on the copper electrode. 

In the present analysis, we neglect any dissipation that the process 
may involve, because we are interested in determining the maximum 
amount of energy that a cell is capable of storing, apart from how that 
energy is expended. If the cell is rechargeable, as is the case of the 
version of the Daniell cell considered here, the maximum amount of 
energy that can be stored depends on how far the recharging process 
can go. The end of the recharging process need not coincide with the 
exhaustion of some reactants. The present chapter will show that there 
is a thermodynamic limit to the energy that a cell can store, which 
cannot be exceeded, no matter how well the cell is constructed. 


Electrolytic cell mode 


With the external circuit still closed, the chemical reaction in the 
cell can be stopped at any time by applying a potential difference AV to 
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its electrodes that is opposite to the value of E at the considered time. 
That is, AV=—E. The applied potential makes the voltage difference 
between the two electrodes drop to zero, thus stopping the electron 
current between them. On the other hand, if AV is more negative than 
E, ie., if AV<—E, then an electric current will flow through the 
electrodes in the opposite direction to that of the electric current in the 
galvanic mode of operation. Under these conditions, the cell will 
operate as an electrolytic cell. 


2+ 
le 2n2* <=: 7n Zn 


ZnSO,(aq) CuSO, (aq) / ZnSO, (aq) 


Fig. 7.1.2. Daniell cell in electrolytic mode of operation 


Fig. 7.1.2 illustrates the process that takes place in a Daniell cell in 
the electrolytic mode. The applied potential AV pushes the electrons to 
the Zn electrode and thence to the adjacent ZnSO,(aq) solution. Once 
in the solution, these electrons reduce the Zn”” ions into Zn(s) atoms, 
which are insoluble, so they precipitate. As a result of the loss of 
positive ions, the ZnSO,(aq) solution becomes negatively charged. 
This draws Zn** ions from the other compartment of the cell through 
the semi-permeable barrier, provided that there are any Zn’ ions 
available there (possibly from a previous operation in galvanic mode). 
This, in turn, makes the CuSO,(aq) solution of the Cu electrode 
compartment acquire a negative charge. As a result, some Cu(s) from 
the copper electrode will leave the electrode as Cu”’ ions. The latter go 
into the solution of the Cu-electrode compartment to neutralize it. In 
doing so, each Cu atom surrenders two electrons to the Cu electrode. 
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These electrons are drawn by the AV generating device and transferred 
to the zinc electrode. Thus, the process can continue. 

From the chemical standpoint, the process corresponds to driving 
reaction (7.1.6) from right to left, 1.e., opposite to its spontaneous 
direction. To drive the cell this way, the AV generating device must 
expend energy. Reaction (7.1.6) absorbs the energy —A,G°> 0 per mole 
of Cu(s) or Zn** as it proceeds from right to left. The absorbed energy 
is stored in the cell as an increase in the free energy of the solution. It 
is returned when the cell operates in galvanic mode. 

If the difference (AV — E) is small enough, the process approximates 
a sequence of equilibrium states. As observed in Section 1.5, this 
makes the process thermodynamically reversible. Therefore, an electro- 
chemical cell provides a means of driving a chemical process reversibly 
in either direction, which has a number of important consequences. In 
particular, it enables us to establish the relation between A,G and E, 
which we discuss in the next section. 

Under equilibrium conditions, the process is also homogeneous. 
The reason is that, under these conditions, the variables that describe 
the state of the system are independent of the points of the system at 
which they are calculated. (Of course this is quite different from stating 
that the cell itself is a homogeneous system, which obviously it is not.) 


7.2 Relation between Gibbs Energy and Emf 


As previously mentioned, the reaction Gibbs energy, A,G, is the energy 
that a chemically-reacting system absorbs per unit extent of reaction 
(i.e., per unit €) at constant pressure and temperature. Its opposite, 
—A,G, is the energy that the system librates per unit ¢ As the reaction 
proceeds, A,G changes and vanishes at chemical equilibrium. (See 
Appendix C.4, for more details.) 

A relation between A,G and E can be established by recalling that 
the work needed to displace a positive electric charge, g°, across a 
potential difference, AV, is given by q°AV. Therefore, the quantity AV 
represents the work needed to displace a unit positive charge from 
potential V to potential V+ AV. In reversible conditions, the difference 
between the electric potential of the cell’s positive electrode and its 
negative electrode is AV= E. Thus, the work that must be expended to 
move the infinitesimal charge dqg* from the negative to the positive 
electrode is given by: 
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dW =dq°E. (7.2.1) 


In particular, if E > 0 and the charge dgq° is negative, then the transfer 
of the charge from the negative to the positive electrode produces a 
negative value of dW,,. This means that the cell does work on the 
surroundings, since dW,,, >0 according to eq. (1.3.2). In particular, if 
the process takes place reversibly, then eq. (1.11.11) applies. 
Therefore, from eq. (7.2.1), we have 


dG|, , =dq°E. (72:2) 


Now, let dg® be the negative charge liberated at the cell’s anode as 
the cell’s reaction advances by dé. Let, moreover, F denote the so- 
called Faraday’s constant, i.e., the charge of an Avogadro number of 
elementary positive charges (protons). Expressed in coulombs per 
mole, we have F = 9.6485 10* C mol”. Since the charge of the electron 
is opposite to that of the proton, we can write 


dg* =—zFdé. (7.2.3) 


Here, z indicates the number of moles of electrons that are produced by 
the oxidation part of the cell’s reaction per 1 mol increase in the extent 
of reaction € The number z is a dimensionless quantity. Its value can 
be obtained by inspection from the balanced reaction formula, once the 
oxidized components are singled out. It depends on the stoichiometric 
coefficients of the reaction and on the valence of the oxidized ions. For 
instance, in the case of reaction (7.1.3), we have z = 2, as can easily be 
inferred from the same reaction and from eqs (7.1.5) and (7.1.7)6. 
By introducing eq. (7.2.3) into eq. (7.2.2), we obtain: 


(S] sere. (7.2.4) 


As discussed in Appendix C.4, the quantity on the left-hand side of this 
equation is nothing but the reaction Gibbs energy. It is the same 
quantity that we previously denoted by the symbol A,G, according to 
the notation that is more frequently used. With that notation, eq. (7.2.4) 
rewrites as: 
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A.G=-2FE. (7.2.5) 


This is the fundamental equation of electrochemistry. It relates the emf 
of a cell to a basic thermodynamic property of the chemical reaction that 
takes place within the cell. 

Equation (7.2.5) applies, in particular, to the special case in which 
both the reactants and the products of reaction are in their respective 
standard states, i.e., the state that is also assumed as the reference state 
for their Gibbs free energy (Appendix C.5). In that case, the 
electrochemical cell is said to be in standard condition, and eq. (7.25) 
becomes 


A.G° =-zFE°, (7.2.6) 


where E° is the standard emf defined in Section 7.1.4. 

Equation (7.2.6) affords a means of calculating E° from the 
thermodynamic tables on the standard Gibbs energy of formation. The 
quantity A,G° can be obtained from these tables by subtracting the 
energy of formation of the products of reaction from that of the 
reactants, cf. eq. (C.22). For a Daniell cell, E° = 1.10 V. 

In order to determine how E varies with the concentrations or, more 
correctly, with the activities a; of the species involved in the reaction, 
we can introduce eqs (7.2.5) and (7.2.6) into eq. (C.55) to obtain 


E=E°-— InQ, (7.2.7) 


Zz 


where Q is the reaction quotient. By means of eq. (C.56), we can write 
eq. (7.2.7) in the more explicit form below: 


RT (Ha," 


In ey (7.2.8) 
ZF (I a, V« 
k 


E=E2° 


reactants 


Eqs (7.2.7) and (7.2.8) are two equivalent expressions of the Nernst 
equation. Refer to Appendix C.6 for a complete explanation of the 
symbols used. 

If we apply eq. (7.2.8) to reaction (7.1.3), we obtain: 


a, 4+ 
E=E6o—5* jp 2 (7.2.9) 
zF 42+ 
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7.3. The Electrochemical Cell’s Free Energy 


Let us first recall a few basic formulae from physical chemistry that 
will be used in this section. More details concerning these formulae are 
provided in Appendix C. 

The Gibbs free energy of a solution of r different components A; 
(i = 1,2, ...r), including solvent, can be expressed as 


G=G(p,Tn,ny,..M,)= dm L+C, (7.3.1) 
i=l 


cf. Appendix C, eq. (C.4). In this equation, ; indicates the number of 
moles of solute Ai, while 4 is the partial molar free energy of that 
component. The quantity 44 is also referred to as chemical potential. It 
represents the contribution to G from 1 mol of A; in the solution. At 
variance with eq. (C.4), eq. (7.3.1) contains the arbitrary constant C 
that originates from the definition of internal energy, since we are 
considering the Gibbs equation in its general form (B.19). Although C 
is inessential and in many cases omitted, it must be considered 
explicitly here because of its role in the arguments that follow. 

The chemical potential of each component A; is usually expressed 
in the form: 


Ll; =H? (p.T)+ RT Ing; , (7.3.2) 


where R is the universal gas constant, a; is the activity (or effective 
concentration) of component Aj, and 4Z°(p,T) is the value assumed by 
HH when A, is in its standard state of concentration. In many practical 
applications, constant pressure and constant temperature are considered. 
In that case, the dependence of w?(p,T) on p and T is of little 
relevance, and the quantity is simply written as 4°. 

A widely-used measure of concentration of a solute is its molality. 
This is defined as the ratio of the moles of solute to the mass of solvent. 
Thus, the molality, 5;, of n; moles of solute A; in a mass, mg, of 
solvent is given by: 


b=—L., (7.3.3) 


Mgoly 


cf. Appendix C, eq. (C.41). In terms of 6;, the activity is usually 
expressed as 
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a=, (7.3.4) 
b 
where b? denotes the molality of solute A; in its standard state, and ; 
is the activity coefficient of the solute. For ideal solutions, y; = 1. In 
general, however, the activity coefficient is a function of the state of 
the solution, 1.e., 


Yi= Vil, T, m, na, ... Nr). (7.3.5) 


In principle, this function should be determined experimentally. 
However, in some important instances, its expression can also be 
inferred theoretically, as discussed briefly in the next section. Of 
course, there are different, equally-acceptable ways of defining the 
concentration of a solute and thus its activity. Each choice leads to 
different definitions of y; and different functions (7.3.5), but the form 
of eq. (7.3.2) remains unaltered. 

Unless otherwise stated, the standard state of a species in solution is 
taken as the state of unit molality; that is, b°? = 1 molal. This enables us 
to omit the denominator b° from eq. (7.3.4) while leaving the division 
by I molal understood. It also facilitates the use of the modern 
thermodynamic data tables, since these tables refer to unit molal 
concentrations. Clearly, a different value of “Z° would be obtained if we 
chose, for example, the molar fraction x; as a measure of concentration 
and x; = | as the standard state for solute i. This would be perfectly 
admissible and would lead to similar formulae as formula (7.3.6) 
below, although with different values for wu? and y;. For more details 
on how activities are defined and standard states are chosen, refer to 
Appendix C.5. 

From eqs (7.3.2)-(7.3.4), we can express {i as 


Li = Wi (p.T,m.No,--5M,) = Le (p,T)+ RT In Mi n.. (7.3.6) 
m 


solv 


Accordingly, the solution’s free energy (7.3.1) can be written as 


G=G(p,T,n,N,....N,) = 
(7.3.7) 


Sn, H(p.T) + RT Son in if n.+C. 


i=l i=l Moly 
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If the solutes are involved in a chemical reaction, their mole number 
n; will vary as the extent of reaction, € , increases. More precisely, 


n,=Viotn}, (7.3.8) 


where n; denotes the value of n; at the beginning of the reaction (see 
Appendix C.2.) Note that the superscript ° attached to n? refers to the 
initial value of n;. The quantities v; that appear in eq. (7.3.8) are the 
stoichiometric coefficients of the balanced reaction equation that is 
taken into consideration. They are assumed to be negative for the 
species on the left-hand side of the reaction equation (the reactant side) 
and positive for the species on the right-hand side of the same equation 
(the product side). 

In the present chapter, we are concerned with the values of G 
irrespective of the direction in which the cell reaction proceeds. 
Pressure and temperature are assumed to be constant. In this case, 
functions (7.3.7) and (7.3.5) reduce to G = G(€) and y, = y,(¢), because 
all variables n; are functions of € only. However, as shown by eq. 
(7.3.8), these functions depend on the values of v,, and hence on the 
considered reaction. This makes the functions G(é) and y,(¢) different 
for different reactions. By contrast, when expressed in the forms (7.3.7) 
and (7.3.5), the quantities G and y, depend only on the concentration of 
the solutes (i.e., on the values of 1), 2, ... m,) apart from the reaction 
that is taking place in the system. 

By introducing eq. (7.3.8) into eq. (7.3.3), we obtain 


ae (7.3.9) 


Mgoly 


solv 


When introduced into eq. (7.3.4), this yields: 
a, = v4 (¢) 


mM. 


(v,é+n?). (7.3.10) 


solv 


Remember that division by b? = 1 molal is understood in the right-hand 
side of this equation. By introducing eq. (7.3.8) into eqs (7.3.5) and 
(7.3.7), we obtain: 


M=H(S)= Me +RT nly, E +n? )y(EJ-RT nm, (7.3.11) 


Again, since the argument of a logarithm must be dimensionless, the 
arguments of the logarithms appearing in this formula are understood 
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to be divided by a unit quantity of the appropriate dimension to make 
them dimensionless. 

A general expression for G = G(é) follows from eq. (7.3.1) after eqs 
(7.3.11) and (7.3.8) are introduced into it. Though not particularly 
complex, the resulting expression would be rather lengthy. Moreover, 
it would contain the functions y; = y,(¢é), which can only be specified 
when the reactions that are occurring in the system are given. For this 
reason, it is far more practical to determine G(é) in each particular 
case, once that the system and the chemical reaction occurring in it 
have been specified. A further advantage of this way of proceeding is 
that, for constants T and p, the contribution to G from all species that 
do not take part in the reaction is a constant. That contribution can 
therefore be included in the arbitrary constant C that appears in eq. 
(7.3.1), so that there is no need to calculate it explicitly. 


7.4 Activity Coefficients of Ions in Water Solution 


The activity coefficient, y,, of a solute of a non-ideal solution depends 
on the concentration of the solute and must be determined experi- 
mentally. Various approximate formulae are available to evaluate these 
coefficients theoretically. For solutions that contain ionic solutes, 
however, it is not possible to change the concentration of one single 
ionic species without also changing the concentration of the other ions 
which result from the dissociation of the neutral compound that 
produced the ionic species. The reason is that all of the different ionic 
species that are produced by the dissociation of a given compound 
enter into solution simultaneously as the compound dissociates. This 
means that we cannot measure the activity coefficient of just one single 
species of ions; instead, we measure the so-called mean ionic activity. 
The latter is an appropriate geometric mean of the activities of the 
individual ionic species of all ions that are formed as a compound 
dissociates in solution. 

Several formulae are available to determine the mean ionic activity 
coefficients of an ion in aqueous solutions at any concentration. They 
aim at extending the range of validity of the well-known Debye-Hiickel 
limit law, a theoretically derived formula that is only applicable to very 
low concentrations. Most of these formulae express y; as a function of 
the total content of all ionic charges of the solution, as represented by 
the solution’s ionic strength, /, which is defined as 
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107 b. (7.4.1) 


Here the summation is understood to include all ionic species 
contained in the solution, 5; is the molality of ionic species i, and z; is 
the valence number of the same species, i.e., a positive or negative 
integer equal to the number of elementary charges of the considered 
ion. 

For low values of ionic strength, e.g., for 7 less than about 
0.1 molal, many of these formulae can be written as 


VT 
14+ AVI 


log y,=—0.51 | z; 24 ( -B1). (7.4.2) 


where ‘log’ indicates the common logarithm (base 10), and z‘, is the 
valence of the conjugated ion that results from the dissociation of the 
parent compound from which ion i originated [66]. Of course, the 
coefficients that appear in eq. (7.4.2) are not dimensionless, because J, 
as defined by eq. (7.4.1), is expressed in molality. Eq. (7.4.2) reduces 
to the extended Debye-Hiickel equation when A = 0.33 a, and B= 0, 
where a, is the effective diameter of the ion in A. For A= 1.0 and B= 
—0.2 or B= —0.3, equation (7.4.2) becomes the so-called Davies 
equation, which is often used in geophysics and biology. 

Another formula is the Pitzer equation. This is a particularly 
versatile and accurate semi-empirical formula, but it is by no means the 
simplest. It can be expressed as 


In y,= fl +b, BY +3b2.C%/2, (7.4.3) 


Cc 
252 j 


where 


p= vi +% (isa), (7.4.4) 


14L.2VF 12 
Here, Ay is the so-called Debye-Hiickel coefficient. For aqueous 


solutions at 298.15 K, we have Ay = 0.3919 (kg mol”')'”. Coefficient 
B" in eq. (7.4.3) is given as 


BY= B +(28/ o71)| 1-(14aNT -071/2)exp(-av7) |. (7-4-5) 


or 
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BY = 2+ (26 /a21)[1-( 1+aV7 -a,21/2) exp(-a V7) | 


(7.4.4) 
+ (2p /a21)| '-( pal e712) exp(—a,V)], 


for univalent-bivalent electrolytes or for bivalent-bivalent electrolytes, 
respectively [24]. For other kinds of electrolytes, the reader is referred 
to the vast literature on the subject, e.g., [73]. In the above equations, 
the parameters C ® B, BY, and Bp? vary according to the electrolyte 
being used. They must be evaluated experimentally if they are not 
available from thermodynamic tables. In the above formula, w= 2 (kg 
mol')'”, a = 1.4 (kg mol)", and @ = 12 (kg mol)”. 

Incidentally, formula (7.4.2) gives the same value of y; irrespective 
of the number of solutes that contribute to the ionic strength of the 
solution. In fact, the value of y, will generally be affected (though 
usually to a minor extent) by the number and kind of the species in 
solution. This is one of the reasons why eq. (7.4.2) only provides an 
approximation. Formula (7.4.3) is free from that short-coming, in that 
its parameters are experimentally determined to adapt it to each 
specific solution rather than assuming the same values for entire 
classes of electrolytes. 


7.5 The Free Energy of the Daniell Cell 


Let us now calculate the free energy function, G=G(é, of an 
electrochemical cell at constant temperature and pressure. We refer, in 
particular, to a Daniell cell in the configuration and modes of operation 
described in Section 7.1.5. However, as Lewis and Randall noted in 
their classic treatise [35, p. 400] dating back to almost a century ago, 
the emf and the free energy of an electrochemical cell are properties of 
the reaction that occurs within a cell, not properties of the cell itself. 
The cell is only the means by which the chemical energy produced by 
the reacting substances is tapped. Thus all cells that use the same 
chemical reaction will share the same thermodynamic limitations that 
apply to that reaction. 

The reaction that takes place in a Daniell cell is expressed by eq. 
(7.1.3). We assume that, initially, the solution in the cell is 0.2 molal 
ZnSO,(aq) and 0.2 molal CuSO,(aq) in the Zn-electrode compartment 
and in the Cu-electrode compartment, respectively. Each compartment 
is assumed to contain | kg of aqueous solvent (i.e., Mor, = 1 kg for each 
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compartment). Temperature and pressure are assumed to be constant at 
298.15 K and 1 bar, respectively. 

It is not difficult to verify that, for the kind of Daniell cell we are 
considering, the concentration of the solution in the Zn-electrode 
compartment does not change during the cell’s operation. Indeed, when 
the cell operates in the galvanic mode, any Zn*" ions that leave that 
compartment are replaced by similar ions from the Zn electrode. 
Conversely, when the cell operates in the electrolytic mode, for every 
Zn** ion that enters the Zn-electrode compartment, a similar ion is 
precipitated as a solid Zn atom. This effectively removes the Zn™* ion 
from the solution. As a result, the concentration of the solution in that 
compartment, and thus the ionic strength of that solution, remains 
constant in both cases. 

Likewise, but for a different reason, the ionic strength of the 
solution in the Cu-electrode compartment remains constant. In this 
case, the reaction in the cell affects the relative amount of Cu’* and 
Zn** ions in the solution, while leaving their total number unchanged, 
irrespective of the mode in which the cell operates. Consequently the 
solution’s ionic strength, /, stays constant. 

In both compartments, the number of SO, ions also remains 
constant. Since the total concentration of ionic charges (both positive 
and negative) is the same in the two compartments, the two solutions 
share the same value of /. Accordingly, the latter can be calculated by 
referring to the solution in the Zn-electrode compartment. In that case, 
we obtain 


l= “(Zea b,,2+ a 230, i Deo, 2-| 
(Tou) 
=5[270.2+(-2) 0.2) |=0.8 molal. 


This value of J will be constant and the same for both compartments, 
irrespective of how the cell operates. 

The reaction that occurs in the cell is an example of a reaction that 
takes place in an aqueous solution at constant ionic strength. Chemical 
reactions of this kind are important because they are simple and because 
they are comparatively frequent in nature. The chemical processes that 
occur in biology, for instance, quite often take place in aqueous 
solutions of constant ionic strength. 

As observed, the solution in the Cu-electrode compartment is the 
only one that changes in composition as the cell operates. Therefore, it 
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alone is responsible for the changes in the cell’s free energy. 
Accordingly, we must refer to that solution when applying eq. (7.1.7) 
to the present case. We assume that, initially, the solution is a pure- 
component solution, 0.2 molal CuSO,(aq) in | kg of water. This means 
that 1¢,2+=NCuso4(aq)= 0-2 mol and n7,.2+=N7aso4(aq)= 9- From eqs (7.1.7)s 
and (7.1.7)4 we then obtain 


Ncy2+ = Noy 2+ -&=0.2-€ (7.5.2) 
and 


Nq_2+ =Ngq24 +F= EF. (7.5.3) 


The Zn electrode and the Cu electrode are assumed to have sufficient 
mass to avoid becoming exhausted during the whole reaction, no 
matter its direction. Under these conditions, the quantities 7.) and 
Neys) Play no role in what follows and therefore need not be specified. 

At constant T and p, the Gibbs free energy of the solvent is a 
constant, because the amount of solvent does not change during the 
cell’s operation. On the other hand, the cell’s electrodes are pure metals; 
as such, their formation energy is zero, and their contribution to the 
system’s free energy is constant. For the considered cell, therefore, eq. 
(7.3.1) becomes 


G= G(o)= Neoy2+ Hcy2+ + Mgq2+ Mzn2+ + C, (7.5.4) 


where 7,2+ and nyz,2+ are given by eq. (7.5.2) and eq. (7.5.3), 
respectively. 

The partial molar energies Mc,2+ and fMy,2+ entering eq. (7.5.4) 
have the following forms: 


Moy2+ = HMoy2+ (¢) = Mey 2+ +RT In[(me,,2+ —€) Ycu2+ (€)] (7.5.5) 
and 


Mgn2+ = Mgn2+ (E)= Mon 2+ + RT In[ (17,24 + €) ¥z_2+(€)]. (7.5.6) 


These expressions follow directly from eq. (7.3.11) and from V,,24 = 
—Vcy2+= 1. The latter is a consequence of eq. (7.1.3) and of the sign 
convention relative to the stoichiometric coefficients in eq. (7.3.8). The 
quantities W¢,2+ and {7,2+ that appear in the above equations are the 
values of uu for Cu’* and Zn”’, respectively. When dealing with ions, 
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these values usually refer to the so-called Henry’s law standard state 
of the considered ion in solution (see Appendix C.5 for details). 

By introducing eqs (7.5.5) and (7.5.6) into eq. (7.5.4) and by using 
eqs (7.1.7)3 and (7.1.7)4, we can write G in the following form: 


G=G(S)=G,(5)+ G(s), (7.5.7) 


where 


G, (¢) = (ney2+ ~ é ) Mey2+ + (13,2 + &) Man2+ (7.5.8) 


and 


G(E) = (neu2e —$) RT In[(mey2+ = §) You2+ (S)1 + 


(7.5.9) 
(17,24 +) RT In[(17,2+ +6) Yzn2+($)]. 

To proceed further, we must specify the mean activity coefficients 
Yoy2+(¢) and yz7,2+(¢) . In the present case, they are constant, because 
I is constant. Therefore, we can avoid referring to the formulae 
presented in the previous section and assume the following values for a 
solution with an ionic strength /= 0.8 molal at T= 298.15 K: 


Vzn2+ = Vou2+ =0.12. (7.5.10) 


These values are taken from the available experimental data and agree 
with those that can be obtained from formula (7.4.3) for bivalent- 
bivalent electrolytes [24]. 

The values of 7,21 and ¢,2+ at standard pressure (1 bar) and 
temperature (298.15 K) can be obtained from the thermodynamic 
tables (cf., e.g., [71] or [2, Table 2.5]): 


US,2+=— 147.06 [kJ mol] and u8,2+= 65.49 [kJ mol]. (7.5.11) 


This completes all of the information needed to calculate G(é). 

For instance, in the particular case in which neys04(aq) = 9.2 mol and 
Nyns04(aq) = 9, by substituting the value 8.3145 J K™' mol’ for R, from 
eqs (7.5.7) to (7.5.9), we obtain 


G= G(é)=-212.55 €+ 2.479 [(0.2 — €) In(0.024 — 0.124) 


(7.5.12) 
+é&In(0.126)]+C — [kJ]. 


Again, all constant terms are assumed to be included in C. 
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7.6 Solution’s Admissible Range and Cell’s 
Admissible Range 


Let us refer again to electrochemical cells in general. In order to 
determine the admissible range of a system, we must first remove from 
U and S, and hence from ¥ and G, the contributions of any non- 
thermodynamic component and any pure thermo-entropic component 
that the system may contain (Section 3.11). Electrochemical cells that 
do not include active gaseous phases do not undergo appreciable 
changes in volume during their operation. At constant temperature and 
pressure, eq. (1.11.13) applies to these cells, so their Helmholtz and 
Gibbs free energies differ by a constant. Since it is the change in 
energy that matters in thermodynamics, we can assume, without loss in 
generality, that the following relation 


W=G (7.6.1) 


applies to these cells when isothermal, constant pressure processes are 
considered. Accordingly, the distinction between Yand G is ignored in 
the rest of this chapter and in the following chapter. 

Similar to what we did in Section 3.11, we append a prime (’) to the 
quantities that refer to non-thermodynamic or pure thermo-entropic 
components of the system. The double prime symbol (”) refers, 
therefore, to quantities relevant to the remaining components of the 
system. With this notation, the free energies Y and G of the whole 
system can be decomposed as follows: 


w= Yr y” (7.6.2) 
and 


G=G’'+G", (7.6.3) 
respectively. Of course, when relation (7.6.1) applies, we also have 
W=G and W=G". (7.6.4) 


From eqs (7.2.4) and (7.6.3), it follows that the emf of a cell can be 
decomposed as: 


E-E'+E’, (7.6.5) 


where 
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2-3 (S) (7.6.6) 
zF\0é pT 
and 
ues (=) (7.6.7) 
zF\ 06), 47 


From the energy standpoint, eqs (7.6.3) and (7.6.5) show that any 
electrochemical cell can be regarded as made of two subunits in series 
with each other (Fig. 7.6.1). One subunit generates the free energy G’. 
This is the non-thermodynamic/pure thermo-entropic component of the 
cell. Its contribution to the cell’s total emf is E’. From the analysis of 
Section 3.11, we know that this component does not set any restriction 
on the admissible range of the cell. The other subunit has the free energy 
G” and produces the emf E”. Because it is subjected to the thermo- 
dynamic limits discussed in Chapter 3, this subunit determines the 
admissible range of the whole cell. 


E=E’+£” 


Fig. 7.6.1. Graphic illustration of the meaning of eqs (7.6.3) to (7.6.5) 


It is very important to distinguish between the admissible range of 
the cell and the admissible range of the solution where the cell’s 
reactions occur. The former will be referred to as the cell’s admissible 
range or simply the cell’s range. It is a one-dimensional sub-domain of 
the solution’s admissible range, i.e., the admissible range of the cell’s 
solution. The free energy of the solution has the form (7.3.1). The 
solution’s admissible range is a region in a space of 7 dimensions, 
where r is the number of the independent variables, n;, that define the 
state of the solution. 
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In ordinary cell operation, the solution’s variables n; cannot vary 
independently of each other. They are all determined by the extent of 
reaction é, according to eq. (C.11) of Appendix C [cf. eqs (7.1.7)3.4 for 
the particular case of a Daniell cell]. This makes the cell’s admissible 
range one-dimensional, although the admissible range of the cell’s 
solution is r-dimensional, as observed. 

The free energy of any solution, as the free energy of any thermody- 
namic system, is subjected to the general limitation expressed by 
relation (3.6.5) or, equivalently, relation (3.7.4). In the r-dimensional 
plane (1, 1, ..., m,), these relations define an r-dimensional region, 
which is the admissible range of the solution. The boundary to this 
region is an (7—1)-dimensional curve, which represents the solution’s 
limit surface. If r=2, as occurs in a two-solute solution, the above 
plane reduces to an ordinary, two-dimensional plane, and the solution’s 
limit surface becomes a one-dimensional curve in that plane. In any 
case, if the limit surface is continuous, it must be equipotential for the 
part of the free energy of the system that defines that surface (Section 
3.4). This free energy is not the entire free energy of the system if the 
system contains non-thermodynamic or pure thermo-entropic compo- 
nents. 

For instance, in the case we are considering in this section, the free 
energy part that determines the solution’s admissible range is ¥”= G”. 
The remaining part of % i.e., ¥=G’, does not affect the admissible 
range of the solution, because it is due to non-thermodynamic or pure 
thermo-entropic components of the system. The situation is illustrated 
with reference to a generic cell in Fig. 7.6.2. It is assumed that the 
chemical reaction that drives the cell involves just two reacting 
components, the amount of which varies during the reaction. The 
variables n, and m2 denote the moles of these components at any time 
of the cell operation. The solution’s admissible range is, in this case, a 
two-dimensional region in the plane of the variables n, and m. 
Accordingly, the solution’s limit surface coincides with the ordinary 
(one-dimensional) curve that defines the boundary of the admissible 
range of the solution. 

In contrast, the cell’s admissible range is the locus of the values 
ni=n;(é) that the variables n; assume as the cell operates. The actual 
expression of the functions n=n;(€) is obtained by setting i= 1 and i = 2 
into eq. (C.11) of Appendix C and by referring to the stoichiometric 
coefficients v,; of the chemical reaction that drives the cell. By 
eliminating the variable € from the equations thus obtained, we have 
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Vy Ny —V) Ny = V2 np -V NS, (7.6.8) 


where n; and ny are the values of m, and np, respectively, at the 
beginning of the reaction (i.e., for = 0). Equation (7.6.8) represents a 
straight line in plane (7, 12). This is the ¢-axis of Fig. 7.6.2. The cell’s 
admissible range is the segment of that axis that lies within the 
solution’s admissible range. 


p=const 
T= const 


W’= G a 


y= w” .= const 


Y”( p, T, n> n,) 


solution's admissible range 
(two-dimensional surface) 


1 solution's limit surface 
(one-dimensional curve) 


Fig. 7.6.2. Admissible range of an electrochemical cell and that of the solution in 
which the cell reaction occurs 


As is apparent from eq. (7.6.8), the position of the Z-axis depends on 
n, and nj. This suggests that the cell’s admissible range can, in 
principle, be maximized by choosing the values of the initial values of 
n, and ny appropriately. This observation should be of practical 
significance for its implications in the design of the cell. 
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If the cell’s admissible range is exceeded, the cell generally incurs 
permanent changes, and thus the cell’s properties change. In particular, 
the properties of the cell’s solution may change. In the example of the 
Daniell cell considered in the previous sections, exceeding the 
admissible range is bound to result in the hydrolysis of the aqueous 
solvent due to the formation of an excessive electric potential difference 
between the cell’s electrodes (see next section.) The hydrogen and 
oxygen liberated by hydrolysis reduce the amount of solvent and thus 
produce a permanent change in the solution’s composition. This 
phenomenon explains, at least partially, the aging of the cell if it is 
being overcharged. 

Curve ¥’(€) in the above figure is the intersection of surface 
Y’(p, T,n,,n,) with a vertical plane through the ¢-axis. This curve 
provides a plot of the part of the cell’s free energy that is restricted by 
thermodynamics. Figure 7.6.3 below shows the same curve in plane 
(¥”,€). It also shows the diagram of the contribution E”=E”(&) of Y” 
to the cell’s emf, E, as obtained from eq. (7.6.7). 


Ww” 
E’” A 


o|> 


wnt 


cell's 
admissible range 


Fig. 7.6.3. Plot of Y’(é) and of the associated emf, E”(é). Although conditioning 
the cell’s admissible range, these functions are often only a minor part of the cell’s free 
energy and emf. 
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Points L and R of Fig. 7.6.3 denote the left and right limits of the 
cell’s admissible range. At these points, component ¥” of the cell’s 
free energy attains its largest value. In the figure, we set that value equal 
to zero in order to express the cell’s admissible range as 


W'E)<0, (7.6.9) 


cf. eq. (3.7.4). This choice makes Y” negative throughout the admissible 
range. Its minimum value is then equal to —A ¥%,,. . 

It occurs frequently in practice that ¥(é) is only a small fraction of 
the total free energy Y of the cell. One exception are the so-called 
concentration cells, which are discussed in the next chapter. For the 
kind of cells considered in the present chapter, ¥’ may be various 
orders of magnitude greater than ¥” and responsible for almost all of 
the energy of the cell as well as for most of its emf. Yet, Y’ does not 
impose any restriction to the cell’s admissible range. 

The admissible range of the cell is generally only a part of a larger 
domain of the €-axis, where the function ¥’(&) is defined mathematic- 
cally. At the endpoints of this larger domain, the curve that represents 
y’(E) takes an infinite slope (cf. points A and B in the above figures). 
This is because functions 44;(¢) defined by eq. (7.3.11) depend on in a 
logarithmic way. These functions appear in the expression of G(é) and 
thus of G’(é) and ¥(), cf. eqs (7.3.7), (7.3.8) and (7.6.4). Their deriva- 
tive tends to infinity as the concentration of the species to which they 
refer becomes equal to zero. This occurs at the left endpoint of the do- 
main if the species is a product of reaction, and at the right endpoint if it 
is a reactant, thus making the slope of Y’(€) vertical at both ends. 

A consequence of this is that at the endpoints of the domain of 
definition of function ¥”(€) the value of the electric potential E” tends 
to infinity in agreement with eq. (7.6.7). The dielectric capacity of the 
solvent is therefore exceeded as these endpoints are approached. This 
produces permanent damage in the solvent or hydrolysis if the solvent 
is water. It explains why the cell’s admissible range is only a part of a 
larger domain where function ¥”(€) is defined mathematically. 

Of course, the cell’s solution may contain species other than those 
involved in the electrochemical reaction of the cell. These additional 
species contribute to the free energy of the solution, which is bound 
to affect the maximum amount of energy that the cell can store or 
supply. The same species may also modify the properties of the 
solution and hence its admissible range. In what follows, however, 
the cell’s solution will be assumed to be free from any additive. 
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7.7 The Daniel Cell’s Admissible Range 


The Daniell cell considered in Section 7.5 does not include any non- 
thermodynamic components, as defined in Section 3.11. To prove this, 
let us recall that, as is also apparent from eq. (7.3.2), the standard state 
free energies W0,2+ and “7,2+ in eqs (7.5.5) and (7.5.6) are in fact 
functions of 7. That is, 


Mey 2+ = Mey2+(T) (7.7.1) 
and 


[5 ,2+ = 16,247); (7.7.2) 


the dependence on p can be ignored here. The presence of a non- 
thermodynamic component in the system would show itself in the 
function U as a temperature-independent, additive term of the form 
(3.11.10). Of course, the same term would also appear in the system’s 
free energy (whether Helmholtz or Gibbs), because the entropy of a 
non-thermodynamic component is a constant. However, as is apparent 
from eqs (7.5.4) through (7.5.6), the expression of G for the Daniell 
cell lacks any temperature-independent term, apart from the inessential 
constant C. It must therefore be concluded that the cell does not include 
any non-thermodynamic component. 

A different conclusion holds true for what concerns the presence of 
pure thermo-entropic components in the cell. The two molar free 
energies (7.5.5) and (7.5.6) are both of the form (3.12.2). Therefore, 
the standard state free energies (7.7.1) and (7.7.2) are in fact due to two 
pure thermo-entropic components of the cell. The molar contribution of 
these components to S can be calculated from eq. (3.12.5) as given by 


= OLlCy2+ (T) 


S"Oy2+ = aT (7.7.3) 
and 
Oo ,2+(T 
S'yqdt = (Belt (7.7.4) 
respectively. 


The energies (7.7.1) and (7.7.2) of the two thermo-entropic compo- 
nents of the cell contribute to the cell’s total free energy with the term 
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G.(é), defined by eq. (7.5.8). In the notation of eq. (7.6.3) and in view 
of eq. (7.6.4)|, we can therefore write 


P'(o) = G'S) = G(s). (7.7.5) 


As discussed in Section 3.12, this part of the free energy must be 
ignored when looking for the cell’s admissible range. Therefore, 
according to eq. (7.6.3), the free energy that defines that range is the 
remaining part of G(é), that is G”(&). The latter coincides with G\(é), 
as shown by eqs (7.5.7)-(7.5.9). It is also identical to ¥’(E), according 
to eq. (7.6.4). 

For instance, in a Daniell cell in which 1'CuS04(aq) = 0.2 mol and 
M yn804(aq) = 9s this part of the cell’s free energy is given by: 


w"(E)=G"(€)= 2.479 [(0.2-€) In(0.024—0.12 €) + 
Eln(0.12E)]+C [kJ], 


which results from subtracting G,(&) from eq. (7.5.12). 

From eqs (7.7.6), (1.11.3) and (C.6), it would not be difficult to 
derive the expressions of the internal energy U” and the entropy S” 
that correspond to ¥”. However, explicit knowledge of these functions 
is not required for the present purpose. The admissible range of the cell 
can simply be determined by inserting ¥” for ¥ into relation (3.7.4): 


(7.7.6) 


w'<o. (7.7.7) 


This is equivalent to applying relation (3.7.1), but it does not require 
explicit knowledge of U” and S”. 

For relation (7.7.7) to be valid, the reference value of the internal 
energy of the system must be chosen in such a way that ¥” is equal to 
zero at the boundary of the admissible range. To impose this condition, 
we should know at least one point of the limit surface. The constant C 
that appears in eq. (7.7.6) could then be given the value that makes 
vy” =0 at that point. Alternatively, a point on the limit surface can be 
determined experimentally by driving the state of the cell towards that 
surface and crossing it. The procedure entails monitoring the response of 
the cell to detect any change in its response when the limit surface is 
crossed and measuring the cell’s state variables at the crossing point. 

A way to reach the limit surface could be to drive the cell in the 
electrolytic mode by applying a voltage difference AV to its electrodes. 
The voltage should then be increased until the limit surface is reached. 
The process must be slow enough to proceed through equilibrium states, 
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because the admissible range is referred to thermodynamic equilibrium 
conditions. In these conditions, the applied voltage equals the cell’s 
emf at any time of the process, so that 


AV =E=E'+E’. (7.7.8) 


Note that the last equality of this relation is a consequence of eq. (7.6.5). 
Of course, the considered process must start from an initial state 
within the cell’s admissible range. To verify if this condition is met, a 
comparatively small amount of electric energy should be supplied to the 
cell to change its state. Then, it should be checked whether the cell can 
recover the original initial state spontaneously, i.e., via a process that 
does not absorb any energy from the surroundings and gives back the 
supplied energy (possibly as heat). If this can be done, the considered 
initial state is not on the boundary of the cell’s admissible range. Starting 
from that state, the quantity AV is then gradually increased until a 
sudden change in the slope of the voltage/current curve is detected. This 
indicates the point at which the limit surface of the cell is reached. 

In the absence of experimental results, we assume that the cell 
reaches the boundary of the admissible range when the electric potential 
difference E between its electrodes reaches the value Enya, =+1.23 V. 
This is the potential at which the solvent (water) hydrolyzes into its 
gaseous components, H» and O>. Of course, this assumption should be 
tested experimentally, as some secondary phenomena may affect the 
actual limit value of E, depending on the cell’s architecture. 

By assuming that E = Enya at a limit point of the admissible range, 
we can determine the value of the variable é at that point by exploiting 
eqs (7.6.5)-(7.6.7). In the present case, E’ is constant, as evident from 
eqs (7.7.5), (7.5.8), (7.5.11), and (7.6.6). Its value is given by: 

E’=-—_(- ys + L7n2+) = 
ZF 


7.7.9 
1000 ( ) 


—— (147.06 + 65.49) =—1.09 [V], 
2-96,485 


since, as already observed, the variable z is equal to 2 in the case of 
reaction (7.1.3). The endpoints, L and R, of the admissible range (cf. 
Fig. 7.6.3) are the points where E reaches the value Enya = +1.23 V. 
Because E’= +1.09 V= const., from eq. (7.7.8) it follows that the 
values of E” at these end points are given by: 


E/=+1.23-1.09=0.14V and E%=-1.23-1.09=-2.32V, (7.7.10) 
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which make E = 1.23 V and E=~—1.23 V, respectively. 
On the other hand, from eqs (7.6.7) and (7.7.6) it follows that: 


1-5 
é 


E’=E"(E)=0.0128 In( |- 0.0207 [V]. (7.7.11) 
From this and from eq. (7.7.10), we calculate that the values of & at the 
end points of the admissible range are, respectively, 


E£=3.710° and &=0.2-3.710°%. (7.7.12) 


These values show that, in the present case, the cell’s admissible 
range does almost coincide with the entire interval [0, 0.2] where the 
function Y’() is defined mathematically; see eq. (7.7.6) and Fig. 7.7.1 
below. A similar coincidence is likely to be the rule rather than the ex- 
ception for the kind of electrochemical cells considered in this chapter. 
It is a consequence of the peculiar form of their free energy function 
[see eqs (7.5.7)-(7.5.9)], and of the u-shaped form of function ¥”(é), 
the tangent of which diverges abruptly at the ends of the domain of 
definition (cf. the graph of E” in Fig. 7.7.1). 


Y” [kJ] \aa [V] 
E’ [V] 


425.1 kJ 
-200-+ 


#8) 


cell’s admissible range 


(practically coinciding with the interval [0 - 0.2]) 


Fig. 7.7.1. The admissible range of the considered Daniell cell as determined by ¥” 
(left diagram). Components Y’ and E’ account for most of the cell’s energy and emf, 
respectively (right diagrams). 
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By choosing the free energy constant in such a way that Y” vanishes 
at end of the admissible range, we can determine the maximum contri- 
bution of ¥” to the cell’s free energy. In the present example, this 
contribution turns out to be a meager ¥%",, =0.344 kJ, i.e., three orders 
of magnitude less than the maximum contribution coming from ¥’(é). 
The accuracy of this conclusion can be verified by observing that 
function ¥’(é) is given by: 


YW’ =0'()=13.10-212.55E€ [kJ], (7.7.13) 


as follows by inserting eqs (7.5.8) and (7.5.11) into eq. (7.7.5). This 
function is plotted at the right-hand bottom comer of Fig. 7.7.1, which 
shows that ¥’(€) contributes up to 425.1 kJ to the cell’s free energy. 

Because the values of ¥”(&) are so small, the whole cell’s free 
energy Y%(€) practically coincides with Y’(é). In spite of this, ¥”(€) is 
responsible for the cell’s admissible range. Moreover, ¥’(&) has an 
important role as far as the chemical equilibrium of reaction (7.1.6) is 
concerned. 

To prove this last point, let us observe that, from eqs (7.6.1) and 
(7.6.2), we can write the chemical equilibrium condition dG/dé= 0 as: 


Raa sae 
dé 0&  dO€ 


0. (7.7.14) 


From this equation and eqs (7.7.6) and (7.7.13), the value of € that 
corresponds to chemical equilibrium can be calculated as 


é = 0.2-1.16 10. (7.7.15) 


Although this value is to all practical purposes coinciding with 0.2, the 
fact that it is not exactly 0.2 is important from the conceptual point of 
view. It indicates that, within the domain of the definition of Y(é), 
there is actually a point of chemical equilibrium for reaction (7.1.6), in 
spite of the fact that Y(€) practically coincides with a straight line in 
almost all of that domain. 

When compared to eq. (7.7.15), equation (7.7.12), shows that the 
thermodynamic limit ¢, is extremely close to, but still less than, ¢.,. 
This detail is consistent with the well-known experimental fact that, by 
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electrolytic means, it is virtually impossible to obtain a concentration 
in the solution as low as the concentration that corresponds to a value 
of € almost equal to 0.2. At these concentrations, the emf E”, and 
hence E, would quickly diverge negatively (Fig. 7.7.1). This would 
result in hydrolysis of the solvent and activate a host of other disturbing 
phenomena, which would make it impossible for the cell to operate in 
agreement with eq. (7.1.6), thus preventing ¢ from approaching the 
value of 0.2 any further. 


Electrochemical Cell’s Admissible 
Range: The Concentration Cells 


Concentration-type electrochemical cells, usually referred to as 
concentration cells, take their energy from two solutions that contain 
the same solute at different concentrations. The process that drives the 
cells does not produce any chemical change in the solutions involved; 
rather, it modifies their concentrations. 

If two solutions are separated by a semipermeable membrane that 
allows either the solute or the solvent to pass through it, the 
concentration difference will drive the solute from the more 
concentrated solution to the less concentrated solution, or it will drive 
the solvent in the opposite direction. If the solute is dissociated into 
ions, the phenomenon can be used to produce an electric current. The 
process can also be reversed. An electric potential of the appropriate 
sign can drive the ions or the solvent molecules through the membrane 
from one solution to the other in the direction that increases the 
concentration difference between the two solutions. 


166 THERMODYNAMIC LIMIT TO EXISTENCE 


8.1 Concentration Cells 


In a typical concentration cell, the two half-cells that make up the 
complete cell are identical except for the concentration of their 
solutions. The solution with the higher concentration has greater molar 
free energy. Thus, if the two solutions come into contact, there will be 
a spontaneous migration of the dissolved ions from the higher 
concentration solution to the lower concentration solution. The process 
will liberate the free energy AG, which, if not otherwise used, will end 
up as heat. 

As is true for transformation-type electrochemical cells, concentration 
cells operate at constant volume if they do not involve gaseous phases, 
which we assume to be the case in what follows. Thus, for processes 
that occur at constant temperature and pressure, relation (7.6.1) also 
applies to the present type of cells. It follows that there is no need to 
distinguish between Helmholtz and Gibbs free energy. Accordingly, in 
the present analysis, as in the previous chapter, the symbols Y and G 
are fully interchangeable. 

When operating in the galvanic mode, a concentration cell makes 
AG available as electrical energy. The process ends when the solutions 
of the two half-cells reach the same concentration. In that state, the 
cell’s free energy reaches a minimum, its emf decreases to zero, and 
chemical equilibrium is thereby attained. The cell can also operate in 
the electrolytic mode. In that case, an appropriate electric potential 
difference must be applied to its electrodes to drive the flow of ions in 
the opposite direction to the spontaneous direction. The process 
increases the concentration difference between the two half-cells, thus 
increasing AG and the electric energy that the cell can supply in the 
reverse mode. 

Figure 8.1.1 shows a concentration cell in both modes of operation. 
Here, A indicates the metal or the hydrogen gas that makes up the 
cell’s electrodes. A salt of substance A, say, salt AB, is dissolved in the 
aqueous solution of each half-cell. It is partially or completely 
dissociated into cations A** and anions B® (the superscript a denoting 
their valence). The concentrations of these ions are generally different 
in the two half-cells. In order to indicate that a quantity refers to a 
specific half-cell, we append the index L or R to it, depending on 
whether it refers to the left-hand half-cell or to the right-hand half-cell. 
With this notation, the molality of an ion in the solution of the right- 
hand part of the cells and in the solution of the left-hand part of the 
cells is denoted as 5, and b, respectively. 
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The electrochemical reaction of a concentration cell is 


alvanic 
A“*(soln,bg) 22 A%*(soln,b,), (8.1.1) 
R L 


electrolytic 


where the acronym “soln” indicates that A*” is in solution, not neces- 
sarily an aqueous one. We assume that by < bg. In this case, reaction 
(8.1.1) proceeds from left to right when the cell operates in galvanic 
mode and right to left in electrolytic mode. 


BY 


Act A> 
A“ (aq, bi) 2 A™(aq, ba) 


AS : AX 
A“ (aq, bi) 1 A%(aq, br) 


Fig. 8.1.1. Representation of a concentration cell in galvanic mode (Jeff) and in 
electrolytic mode (right) 


Process (8.1.1) is a redox reaction, as were the processes considered 
in the previous chapter. When the cell operates in galvanic mode, the A 
atoms are oxidized into A“* ions at the cell’s negative electrode. The 
reaction is described by eq. (7.1.1). The electrons collected at that 
electrode are transferred via the external circuit to the positive electrode, 
from which they can combine with another A” ion in order to transform 
it into a neutral atom. The last transformation is actually the reduction 
process (7.1.2). In the electrolytic mode, the above reactions are 
inverted. The reduction process occurs at the negative electrode, while 
oxidation occurs at the positive electrode. 

As the cell operates, other reactions besides reaction (8.1.1) may 
take place, including the transfer of B* ions from one half-cell to the 
other. However, the energy that these reactions liberate or absorb does 
not contribute to the electrical energy produced or absorbed by the cell. 
For this reason, we ignore any reaction other than (8.1.1) when 
calculating the Gibbs free energy of the cell, consistently with what we 
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did in the case of an electrochemical cell of the transformation type. 
This amounts to considering the concentrations of A"* in the two half- 
cells as the state variables of the system, since temperature and pressure 
are assumed to be constant. Because G is linear in 4; [cf. eq. (7.3.1)], 
and reaction (8.1.1) is solely responsible for the cell’s emf, ignoring 
any reaction other than (8.1.1) will not invalidate relation (7.2.4) or 
affect the maximum value of the electrical energy that the cell can 
store or supply. 

With the sign convention used when writing a chemical reaction in 
the form (C.10) (Appendix C.3), the stoichiometric coefficients of eq. 
(8.1.1) have the following values: 


Vv, =1 and Vap=—l. (8.1.2) 


Note that the indices L and R refer to the half-cell, not to the respective 
sides of eq. (8.1.1). By referring to eq. (8.1.1) and by introducing eq. 
(8.1.2) into eq. (7.3.8), we obtain: 
= o + 
My Mas (8.1.3) 


Np=Np-§, 


where m, and ng denote the moles of dissolved A*” ions in the solutions 
of the left- and right-hand half-cells, respectively, and n? and ng are 
their respective initial values. For the solution at hand, the moles of B*” 
and the moles of salt AB are the same as the moles of A®*. Therefore, it 
is unnecessary to identify the particular species in solution to which the 
above numbers of moles refer. Accordingly, the notation used to 
designate these numbers of moles does not contain any indication of 
the particular species in solution to which they refer. 
By setting 


Ae =A tM > (8.1.4) 


oO 
tot 
and by eliminating é from equations (8.1.3), we obtain: 

ny tng =Noy - (8.1.5) 


For the type of concentration cells considered, the quantities n?, np, 
and hence nj, are fixed at the cell’s fabrication time. Therefore, eq. 
(8.1.5) means that the total amount of A°* ions, i.e., the sum of 1, and 


Nr, 1s conserved as the cell operates. 
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8.2 Cell’s Free Energy 


As in the case of the transformation-type electrochemical cell, the 
energy that a concentration cell absorbs or supplies is that of the 
electrochemical reaction that occurs within it. This energy equals the 
change in the free energy, G, of the two-solution system contained in 
the cell. For given values of pressure and temperature, this is a function 
of the concentrations of A®” ions in the two solutions. That is, 


G=G(b,,b,), (8.2.1) 


where b,, and bp are the molalities of A** in the solutions in the left and 
right half-cell, respectively. 

If (Msow)_ and (Msovy)R denote the masses of solvent of the above 
solutions, we obtain from eq. (7.3.3) that 
Ay 


= and by =—_R— (8.2.2) 
(Moy 


(Moy dr 


by 


The amount of solvent in each solution is constant; hence, (mMsoiy)_ and 
(Mov) also are constant. Therefore, from eq. (8.2.2), we can express 
eq. (8.2.1) in the alternative form: 


G=G(n,, np). (8.2.3) 


Of course, when expressed in this form, function G will be different for 
different values of (Mgow)t and (Msol)r- 

We now calculate function (8.2.3) explicitly. From eqs (7.3.2) to 
(7.3.4), we can write the partial molar energy of A®” ions in the left 
half-cell solution as: 


My = Moar +R rin ee ; (8.2.4) 


L 


where y=y(b,) is the mean activity coefficient of the considered ions 
(an appropriate function of their concentration, b,). Likewise, the partial 
molar energy of A*” in the solution of the right half-cell can be written 
as: 


by Yr) 


R 


Hp = Mra +RTIn| | (8.2.5) 
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The quantity Hats which appears in eqs (8.2.4) and (8.2.5), is the 
molar free energy of A*’ in the standard state. This quantity has the same 
value in both equations, since the standard state is independent of the 
actual concentration of the solution. Also, for non-gaseous solutes, 
nee is almost independent of pressure, as observed previously. 
Therefore, for all practical purposes, we can write {?o+ = Lpo+(T). 

To proceed further, we adhere to the usual convention of taking the 
standard state of a solution as its state at unit molality. With this 
convention, we have: 


b? =be =1 [mol/kg™']. (8.2.6) 


Moreover, to simplify the forthcoming formulae, we refer to the case 
in which each half-cell contains a unit mass of solvent, 1.e., 


(Moy i. = (Moy R =] [kg] (8.2.7) 


This makes b; and bg coincide numerically with n, and np, respectively, 
as apparent from eq. (7.3.3). Under these conditions, functions (8.2.1) 
and (8.2.3) become numerically identical, although their independent 
variables have different meanings and dimensions in the two functions. 

With the above assumptions, we can apply eq. (7.3.1) and calculate 
the free energy of each solution of the cell. By using eqs (8.2.4) to 
(8.2.6) and by adding together the free energies of the solutions of the 
two half-cells, we obtain: 


G=G(n, ng) = (n+ Np) pas (T) +n, RT In[n, y(7,)] (8.2.8) 
+npg RT In[ng Yng)I+C, 


where y(7,) and y(”x) are the functions that are obtained from the 
analogous functions y=y(b,) and y=y(bR), once we express by and 
bp by means of eq. (8.2.2). As usual, the arguments of the logarithms 
that appear in the above expression are understood to be divided by 
1 mol to make them dimensionless. Equation (8.2.8) is the expression 
of the free energy of the two-solution system contained in the cell, or 
the cell’s solution for short. Temperature is shown explicitly on the 
right-hand side of that equation to indicate how that equation varies if a 
different value of temperature is considered. 
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8.3. The Admissible Range of Cell’s Solution 


As repeatedly stated in the previous chapters, to determine the 
admissible range of a system we must ignore the presence of non- 
thermodynamic and pure thermo-entropic components in the system 
(Section 3.12). Accordingly, when it comes to calculating the free 
energy of the system, we decompose G into two terms, as in eq. (7.6.3), 
and eliminate the non-thermodynamic/pure thermo-entropic component, 
G’. The remaining part of G is G”’, which is the part of the free energy 
that controls the system’s admissible range (Sections 3.11 and 3.12). 

The first term on the right-hand side of eq. (8.2.8) is only a function 
of temperature, because the sum of (7; + ng) is constant, as stated in 
eq. (8.1.5). This means that the part of G given by 


G'= (ny +Np)Mi os (T) (8.3.1) 


represents the pure thermo-entropic component of the cell’s free 
energy (Section 3.12). This part should be ignored when seeking the 
admissible range of the solution (actually, a system of two solutions) 
that drives the cell. Therefore, from relation (3.7.4), the admissible 
range of the cell’s solution is given by: 


G'(ny, NR) <0 , (8.3.2) 
where 


G"=G"(n, Np) =n, RT In[n, y(n, )I 
Lo@R i LYM (8.3.3) 
+np RT In[ng y(Mpg)I+C « 


According to relation (8.3.2), the solution’s limit surface is the curve 
G" =0. Remember that, for relation (3.7.4) and hence relation (8.3.2) 
to be valid, the constant C that appears in eq. (8.3.3) must be assigned 
the value that makes G’=0 at the boundary of the admissible range. 
The only solution-specific property that enters the above expression 
of G” is the activity coefficient y of the ions involved in reaction 
(8.1.1). It follows that the shape of function G” and the boundary to the 
solution admissible range are determined by y(n). Figure 8.3.1 shows 
the equipotential curves of G” of a silver-electrode concentration cell 
(henceforth referred to as Ag|Ag’ concentration cell) that operates with 
silver nitrate (AgNO3) solutions at different concentrations in the two 
sections of the cell. Thanks to assumption (8.2.7), the concentrations of 
the solutions in the two half-cells are measured by their Ag’ molar 
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content, i.e., m, and np, respectively. The inset in Fig. 8.3.1 shows the 
graph of the mean activity coefficient y=y(n) of the Ag’ ions at T = 
25 °C, as obtained from the available experimental data [25]. 

At the points of the 45°-sloped dot-dash line of the main diagram of 
Fig. 8.3.1, the concentration of the two solutions is the same (n, = nk), 
since the amount of solvent in each half-cell is assumed to be the same. 
This is the locus of all possible chemical equilibrium states at zero 
electric potential between the cell’s electrodes. The point at which the 
same line meets the boundary of the admissible range can be found 
from the solubility data tables. At that point, nm, = Ma and na = Neat, 
where Msat indicates the maximum amount of solute that can be 
dissolved in the solution at saturation at the considered temperature. 
For T = 25 °C, the solubility of AgNO; is 14.16 mol per kg of water. 
This makes na = 14.16 mol, assuming that mo = 1 kg. 


-l 
br [mol kg™] (b) 
Mr 4 [mol] y(n) 
1.0 
25 + 
( ° ’=0 (Limit Surface) 05 
+ — > 
8 20 [mol] 
b [mol kg] 
> 
ny [mol] 
by [molkg™] 


Fig. 8.3.1. Equipotential curves G’(n,, nx) = const at 25 °C for the two-solution 
system of an Ag|Ag” concentration cell. Curve G” = 0 is the limit surface (limit curve) 
of the cell’s solution. The inset shows the plot of y= y(”) for Ag” ions at 25 °C. The 
validity of eq. (8.2.7) is assumed, which also makes the diagrams readable in terms of 
variables by and bp. 
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The equipotential curve G” = const through point (ny = nsa = 14.16, 
NR = Nga = 14.16) is the boundary to the admissible range, since that 
boundary is equipotential for G’’. We arbitrarily assigned that curve the 
value of G” = 0 (Fig. 8.3.1). This means that the admissible rage of the 
cell’s solution is represented by relation (8.3.2). The value of C that 
meets condition G’” = 0 is 


C= 2 nga RT In[ Mat VWMcat I> (8.3.4) 


as follows from eq. (8.3.3). When applied to the present case, eq. 
(8.3.4) yields the value C =—13.01 kJ. The total free energy of the two- 
solution system considered in this example can then be calculated from 
eq. (8.2.8), once we set MPa =Mag+= 77.11 kJ mol", as obtained from 
the thermodynamic tables [36]. 


8.4 The Admissible Range of Concentration Cells 


A concentration cell must always comply with eq. (8.1.5) during 
operation. This means that the variables mn, and mg must move on a 
straight line in the (7, mg) plane. This line is referred to as the ¢-axis. 
Figure 8.3.1 shows a possible placement of this axis. It is orthogonal to 
the 45°-sloped line through the origin, as can easily be verified. Its 
distance from the origin depends on the value of n?,,, which depends on 
how the cell is made. The admissible range of the cell is the portion of 
the ¢-axis that falls within to the admissible range of the cell’s solution. 
The situation is analogous to the one generally described in Fig. 7.6.2. 

From eq. (8.1.5), it follows that component (8.3.1) of the free 
energy of the cell’s solution remains constant during the cell’s operation. 
Therefore, all of the free energy that the cell stores or produces comes 
from component G”, as defined by eq. (8.3.3). This also implies that 
all of the cell’s emf coincides with component E”, defined by (7.6.7). 

By using eq. (8.1.5) and eliminating np from (8.3.3), the free energy 
of the considered concentration cells can be expressed as 


Geet) = Geet (n,) =RT{n, In[ yn) | 


(8.4.1) 
+(nQ.—ny)In[ (ng, — mp )vny — a) |}, 


to within an inessential additive constant. From this and from eq. 
(7.2.4), the cell’s emf as a function of ny and T follows: 
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1 IG oot 
E=E(n,)=-—(—e"| . 8.4.2 
(m1) al ony, ) ( ) 


To exemplify, Fig. 8.4.1 shows the admissible ranges of an Ag|Ag™ 
concentration cell for different values of n?,. In the present case, we 
have z = 1, since one mole of Ag liberates one mole of electrons as it 
ionizes into Ag” ions. Unless the Eaxis happens to cross the G’” = 0 
curve of the (m,, mp)-plane (see Fig. 8.3.1), which is the case 
represented in the top diagram of Fig. 8.4.1, the ends of the cell’s 
admissible range coincide with the intersections of the axis with the 
coordinate axes, m, and npr. The positive branches of the latter axes, up 
to the point where they cross curve G” = 0, are part of the boundary of 
the admissible range of the cell’s solution, simply because n, = 0 and 
Np = 0, as follows from the very definition of mole number. 


G GY) 
EA - 
Ay = 27 mol . 
* Gea) [2Gom= 125 kJ ; 
\E(¢) 
.._ [E= 0.052 V 
> 
of E=-0.052V).,  § [mol] 
4.38 admissible range 33.64 \ 
i: >I \ 


EA 
Aig = 8 Mol 


Geen) ft 


AG max = 4.03 


a & [mol] 


admissible 
range 


T 
E=0.1V 
L 


admissible range 
K >I 


Fig. 8.4.1. Admissible range, free energy, and emf curves of three Ag|Ag’ concentration 
cells made with different values of n},,. The admissible range of each cell results from 
the intersection of its éaxis with the boundary of the admissible domain of Fig. 8.3.1. 
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The same diagrams show that AGinax, i.e., the maximum amount of 
free energy that the cell can store, depends on nj. In every case, 
AGimax 18 much less than the value AG = 17.9 kJ, which represents the 
maximum free energy of the cell’s solution (see Fig. 8.4.1.). When 
configured in this way, a concentration cell is not a very efficient means 
for tapping the energy available from the cell’s solution. 

The slope of the G(é) curves represented in Fig. 8.4.1 is related to 
the emf of the cell, cf. eq. (8.4.2), and thus to its electric power. A 
shallow G(é) curve means that the cell is of little use as an energy 
supplier/absorber, irrespective of the value of AGmax. Due to the cell’s 
internal electrical resistance, the charge/discharge process of the cell in 
this case is too slow to be of practical use. 


8.5 Concentration Cells with Constant Concentration 
Half Cell 


A more effective way to draw energy from the difference in concentra- 
tion of two solutions is to keep one of them at a constant concentration. 
In the main diagram of Fig. 8.3.1, this means that the ¢-axis becomes 
parallel to the concentration axis relevant to the solution of the half- 
cell at variable concentration. If the concentration of the constant- 
concentration half-cell corresponds to the minimum of surface G”, 
then the energy AG,,,, available from the cell will be equal to the 
maximum amount of free energy that can be obtained from the two- 
solution system. This is much more than the energy that otherwise can 
be drawn if the cell is configured as described in the previous sections. 

In practice, a constant concentration half-cell can be created by 
making it much larger than the other half-cell. If the amount of ions 
that the two half-cells exchange with each other is small in comparison 
with the total amount of ions contained in the solution of the larger half- 
cell, then the concentration of the latter will not change significantly as 
the cell operates. 

The constant-concentration condition is rigorously met if the larger 
half-cell has access to an unlimited amount of solution, a situation that 
occurs quite frequently in biological systems. In other cases, the 
volume of biological fluid that surrounds a living cell can be regarded 
as unlimited, because the various components of that fluid are 
regenerated continuously by the organism to which the cell belongs or 
by the complex combination of processes that occur in the biosphere. 
Under these conditions, the concentration of solutes in the biological 
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fluid surrounding the cell remains constant, even if that fluid has a 
comparatively small volume. 

A concentration cell consisting of a half-cell at variable concentration 
and a half-cell at constant concentration is shown in Fig. 8.5.1 in both 
the galvanic and electrolytic modes of operation. The figure refers to 
the case where the constant concentration half-cell has an unlimited 
volume. In the same figure, as in the rest of the present section, the index 
R is appended to the quantities that refer to the constant-concentration 
half-cell. In the present notation, this corresponds to considering that 
half-cell as the right-hand half-cell. Accordingly, the variable- 
concentration cell is considered to be the left-hand half-cell, and the 
index L is associated with the quantities that pertain to it. 


Fig. 8.5.1. Concentration cell consisting of a finite half-cell immersed in an infinite 
solution at the constant concentration by. The complete cell, i.e., the finite half-cell 
plus the surrounding solution, is represented in the galvanic (/eft) and electrolytic mode 
(right). 


As in any concentration cell, the reaction that drives the cell has the 
form (8.1.1). In the present case, we have 


bp = const, (8.5.1) 


since the concentration of A*” in the solution of the constant- 
concentration half-cell does not change. This equation, together with 
eq. (8.2.2)2, implies that, in any finite portion of volume of the constant- 
concentration half-cell, we must have 


Ng = const . (8.5.2) 


For a half-cell of finite volume, this means that more salt AB must be 
added to or removed from the solution in order to keep the concentration 
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of that solution constant as the cell operates in the galvanic or 
electrolytic mode, respectively. On the contrary, the concentration b, 
of the dissociated salt in the solution of the variable-concentration half- 
cell changes as the cell operates. From eq. (8.2.2), it follows that n, 
must change if, as assumed here, (myo), is constant. Therefore, in a 
concentration cell that includes a constant-concentration half-cell, the 
following equations hold true: 


ag Oe 
Np =Nz =Const 
ni=é, 


no matter the operation mode of the cell. Incidentally, in the present 
cell, the variable n, may substitute € as the variable that defines the 
cell’s state during its operation. 

Because the constant-concentration part of the cell can be 
considered to be infinite, there is no limit to the amount of B” ions 
available to the finite part of the cell. Thus, the B® ions are not a limit 
component of the cell’s reaction in the galvanic mode of operation 
(Fig. 8.5.1, left). In that case, the cell’s reaction can proceed until the 
concentration b,, of the A” ions in the variable-concentration part of 
the cell reaches the saturation value, after which point no more A*” 
ions can leave the electrode of this half-cell, and the process must halt. 
Here, we assume that the electrode is massive enough not to be 
exhausted before this state is reached. On the contrary, when the cell 
operates in the electrolytic mode (Fig. 8.5.1, right), the process ends 
when the variable concentration half-cell has no more A*” ions to 
neutralize or, equivalently, no more B" ions to expel. 

The free energy of the cells considered in this section can be 
obtained from eq. (8.2.8) once the variable ny, is assumed as the cell’s 
state variable. Thus, we obtain: 


(8.5.3) 


Goi = Gey (M1) =hy Mya (T) +n, R Tin [a yn,) | a Or (8.5.4) 


This applies to the case in which (mgo1y)_ = 1 kg, as does eq. (8.2.8). In 
this equation, the constant C is assumed to include all terms that 
contain the variable ng in the original expression (8.2.8). In the present 
case, these terms are constants because ne is constant [see eq. (8.5.3); ]. 
From eq. (8.2.8) and from eq. (8.2.2);, the following alternative 
expression, valid for any value of (mgoiy)z, can also be obtained: 


Goo = Geet, (b,) = (Mso1y by ee (T) +RTIn [br v(b,) ]}. (8.5.5) 
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For simplicity, the inessential constant C is omitted from the right- 
hand side of this equation. The arguments of the logarithms in eqs 
(8.5.4) and (8.5.5) are understood to be divided by a unit factor with 
appropriate dimensions to make them dimensionless. 

To illustrate some of the basic features of these cells, let us consider 
the case of an Ag|Ag’ concentration cell, the right-hand half-cell of 
which is kept at a constant concentration. For simplicity, we refer to 
the case in which the amount of solvent in each half-cell is given by 
eq. (8.2.7), so that by and bg coincide numerically with ny and ne, 
respectively. Assume, for instance, that the concentration of AgNO; in 
the solution of the constant-concentration half-cell is bg = 1.77 mol kg", 
which corresponds to the value at which surface G’’(b,, bp) reaches its 
minimum (see Fig. 8.3.1.). The diagrams of the free energy and the 
emf of such a cell are shown in Fig. 8.5.2. Here the graph of Geen(7L) 1s 
obtained from eq. (8.5.4) or, equivalently, from eq. (8.5.5) by referring 
to the values of y plotted in the inset in Fig. 8.3.1. By taking the 
derivative of Ge(mL), as specified by eq. (8.4.2), the graph of the cell’s 
emf, E(n,), is obtained. 

The curves of Fig. 8.5.2 are typical for this kind of cell. Although 
these curves may correspond to different amplitudes of the admissible 
range, all of them have similar features irrespective of the electrolytes 
used and the concentration value of the constant-concentration solution. 
The only exception is when ne is so high that the cell’s admissible 
range is reduced to a small segment of the m,-axis about the point of 
minimum of the function G..y(7,). For the example considered here, 
this would occur for values of ng that are a little less than 24.2 mol. 

Although component G” of the cell’s free energy contributes little 
to the total free energy of the cell or to its emf, it determines the cell’s 
admissible range, as in the case of a transformation cell (Section 7.6). 

An interesting feature of these diagrams is that the cell’s free 
energy is almost linear over a large part of the cell’s admissible range. 
This has the effect of making the cell’s emf constant over the same part 
of the admissible range. Although the value of the emf may be 
comparatively small (E =— 0.8 V in the considered example), the fact 
that it remains constant despite the large concentration changes in the 
variable-concentration half-cell is a highly desirable feature for an 
energy supply/storage system. This means that the system can exhibit 
the same force (e.g., electric, magnetic, or mechanic) irrespective of 
the state of charge of the cell, provided that it is far enough from the 
minimum point of the cell’s free energy function. A system with this 
property can supply the same power irrespective of its state of charge. 
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It can also be charged to the maximum of its capacity without having 
to accommodate for a high emf, which could otherwise undermine its 
integrity. 


a 
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Fig. 8.5.2. Free energy and emf diagrams of an Ag|Ag™ concentration cell with its 
right-hand half-cell at the constant concentration np = 1.77 mol/kg. Top left: Cell’s free 
energy and emf as functions of n,. Top right: Solution admissible range (shadowed) 
and cell’s range. Bottom: Free energy G” and its contribution, E”’, to the cell’s emf. 
All diagrams refer to (mgo1y)L = | kg. 
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8.6 Electrochemical Cells and Free Energy of Cell’s 
Solution 


In this chapter and in the previous chapter, we were concerned with the 
free energy that can be extracted from a system of two solutions that 
differ in composition or concentration and that are separated by a semi- 
permeable membrane. This system is where the redox reactions that 
drive the cell take place. Its free energy function can be expressed in the 
form (8.2.8), which is a particular case of the more general expression 
(7.3.1). From that energy function, we determined the admissible range 
of the above-mentioned two-solution system, which we referred to as 
the admissible range of the cell’s solution (Sections 7.6 and 8.3). 

In the considered cases, the electrochemical cell is the tool by 
which energy is extracted from the cell’s solution. Of course, the 
energy that the cell can tap from the cell’s solution depends on how the 
cell operates. Different cells working along different paths of the 
admissible range of the cell’s solution have different ranges and thus 
different capacities for storing energy. The analysis presented should 
open the way for optimizing the cell’s operation based on its intended 
use. 

As the cell operates, its state moves on a segment belonging to an 
axis on the state variable plane, i.e., the éaxis represented in Figs 7.6.2, 
8.3.1 and 8.5.2 (inset). The endpoints of that segment determine the 
cell’s admissible range, as distinguished from the cell’s solution 
admissible range. The maximum amount of energy that the cell can 
store depends on the length of that segment and, above all, on the 
placement of the éaxis to which it belongs. 

Although derived for electrochemical cells, the results of the above 
analysis are general in character. The admissible range and the 
maximum storable energy of any device that takes its energy from any 
two-solution system of the kind considered here are determined by the 
é-axis (or, more generally by the épath) over which the device 
operates. Whether the device produces electrical energy, mechanical 
energy, heat energy or drives energy-absorbing chemical reactions is of 
no relevance as far as its admissible range and energy-storage capacity 
are concerned. Consequently, most of the conclusions obtained here 
for the electrochemical cells are applicable to any system that is driven 
by a redox chemical reaction, no matter what kind of energy the 
system produces. 
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In particular, the same conclusions apply without essential changes 
when the energy from the above redox reaction is used by a living cell. 
This opens a new window into the realm of biology. In a living cell, 
the two-solution system where the redox reaction takes place may be 
represented by the fluids inside and outside the cell, or it may simply 
be the solution (cytosol) inside the cell. In the last case, the semi- 
permeable membrane that separates the reacting species is replaced by 
a sophisticated system of macromolecules, proteins, and enzymes that 
prevent and control the reaction while maintaining the reactants in the 
same solvent medium. This will be considered in some detail in the 
next chapter. 


The living cell’s admissible range 


When it comes to producing energy, all animals, plants, and—with a 
few rare exceptions—bacteria use the same strategy. They extract 
energy chemically from organic nutrients by one or more oxidation- 
reduction reactions. This energy comes from the potential energy of the 
valence electrons of the reactants. The reaction displaces the electrons to 
a lower electric potential than they had before the reaction. The 
difference in the electric potential is the chemical energy released by 
the reaction per unit of displaced charge. It can either be harnessed 
directly as electrical power or used to drive energy-absorbing processes 
and chemical reactions. 

Electrochemical cells do just that. When operating in the galvanic 
mode, they produce electric power from chemical energy; when 
operating in the electrolytic mode, they absorb electric energy to 
reverse the natural course of a chemical reaction (see Chapters 7 and 8). 
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Living cells use the same principle to move, control their temperature 
and pressure, communicate, and synthesize the whole array of organic 
materials they need to grow, reproduce, defend, and repair themselves. 

Phototrophic organisms, namely plants and some kinds of bacteria, 
also use light energy (photosynthesis) to synthesize organic compounds 
to be used as food. A few bacteria, such as Halobacterium halobium, 
may, under some conditions, transduce light directly into the electric 
energy they need to maintain the electric gradient between their interior 
and the surrounding world. However, even light-harvesting organisms 
resort to redox reactions to access energy from the reserves of nutrients 
they produce by photosynthesis. 

An enormous body of knowledge has accumulated concerning the 
chemical reactions that living systems actually use to extract energy 
from nutrients. Most of this knowledge is in the realms of molecular 
biology and biochemistry. These disciplines are progressing at an 
astounding pace and have unveiled some of the most intricate details of 
the chemistry of life, down to the atomic scale. 

The scope of the present chapter and the following chapter, however, 
is more limited. We are interested in the restrictions that the laws of 
thermodynamics impose on the maximum capacity of a living system 
to store non-thermal energy under isothermal conditions and hence to 
expend such energy when no other energy resources are available. This 
knowledge is macroscopic in character and can be obtained without 
delving into the details of the biochemistry involved. 


9.1 The Living Cell’s Free Energy 


Living cells are the most complex and cryptic systems in nature. Even 
the simplest cells comprise a host of different parts, the structures and 
interactions of which are still not completely understood. Even though 
the cell machinery is quite complicated, the energy that a cell stores or 
produces is simply the energy of the aqueous solution it contains. In 
technical terms, that solution is known as the cytosol, and it is enclosed 
inside the cell, between the external membrane (plasma membrane) 
and the nucleus (if the cell has one). Embedded in the cytosol is a 
multitude of organelles, complexes, and apparatus devoted to all sorts 
of specific tasks in order to keep the cell alive and active. Overall, the 
structure of a cell can be regarded as the engine that draws energy from 
the cytosol and stores any surplus energy in it or in some other suitable 
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reservoir. The engine in itself, as distinguished from the cytosol, may 
not possess free energy of its own; in any case, the engine energy is not 
the energy that the cell uses under normal operating conditions. All the 
energy available to the cell comes from its cytosol. At constant pressure 
and temperature, the cytosol’s energy is just the Gibbs free energy of a 
solution, albeit a very particular solution due to the number and kinds 
of solutes that the cytosol contains. 

Of course, the cell may contain reservoirs of nutrients, and hence 
reservoirs of energy that are not a part of the cytosol. Such reservoirs 
can be considered as systems in their own right, described by their own 
state variables. If these variables are thermodynamically orthogonal to 
the state variables of the cytosol (Section 3.10), they will not affect the 
thermodynamic limits of the latter. In that case, as far as the Gibbs free 
energy of the cytosol is concerned, any nutrient reservoir inside the cell 
should be considered as equivalent to an external source or sink of 
energy. 

On the other hand, if the state of the cytosol is affected by the state 
variables of the internal reservoirs of nutrients, these variables should 
enter the expression of the energy of the cytosol. However, there is 
little evidence that this is actually the case for the living cells we find 
in nature. Thus, the dependence of the energy of the cytosol on the state 
variables of any reservoir of nutrients within the cell can accordingly 
be regarded as having secondary importance. For this reason, we shall 
henceforth consider the reservoirs of nutrients inside the cell on the 
same grounds as external sources of nutrients. 

Invariably, all living cells are enclosed in a semi-permeable 
membrane that allows the free passage of water, the cytosol solvent. 
The membrane is impervious (or almost so) to most of the solutes in 
the cytosol. Under these conditions, osmosis will produce a pressure 
differential between the cytosol and the solution surrounding the cell, 
whenever the osmolarity (i.e., the overall concentration of dissolved 
particles) of the two solutions is different. The expression of the Gibbs 
free energy of the cytosol must take this pressure differential into 
account. 

For a derivation of the general expression of the Gibbs free energy 
of a solution at variable pressure, see Appendix D.2. In the case of 
non-ideal solutions, that energy is a function of the activities of the 
components of the solution, as specified by eq. (D.25). When referred 
to the cytosol at a pressure p = p® + Ap, eq. (D.25) can be written as: 
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Ss 
G=Ny,0 Hg,o(P°.T)+ >) nj Best) 
as (9.1.1) 
Ss 
BE Vap+ RT| Mo In dy,,0 +> n; Ina] +c, 
j=l 


where the index “H,O” has been substituted for the index “‘solv’’ that 
appears in eq. (D.25), given that the cytosol is an aqueous solution. 
The meaning of the quantities included in the above equation is fully 
explained in Appendix D.2. The notation here is the same as that used 
in the previous chapters. 

As discussed in Appendix C.5, the actual expression of the activities 
a; and dy,0, in terms of the concentration of the relevant component in 
the solution, depends on the measure of concentration that we use. If 
the concentrations of the solutes are measured in molalities and the 
concentration of the solvent is measured as a mole fraction, then eqs 
(D.26) and (C.35) are applicable, respectively. In this case, eq. (9.1.1) 
can be rewritten as: 


Ss 
G=My,6 Ma,o(P°.T)+ >, 1; LH} (p°.T) 
jel 


Yu,0 7 . ¥jNj 
+7Ap+ RT| Myo In) n; In—t + 


In both eqs (9.1.1) and (9.1.2), the cytosol is assumed to be a non- 
ideal solution. There are two good reasons for making this assumption 
in spite of the fact that the aqueous solvent in a living cell easily makes 
up 70% or more of the cell’s volume and that the concentration of each 
single solute is fairly low. The first and most obvious reason is that 
many of the solutes are in ionic form, which imparts non-ideal 
behaviour even at low concentrations. The other reason depends on a 
phenomenon known as macromolecular crowding ([{19], [16], [45]). 
This phenomenon is typical of living cells, because their cytosol 
contains thousands of different species of organic macromolecules, 
mainly proteins. Each macromolecular species may be at low concen- 
trations and inert to most of the other species. However, due to their 
sheer size, too many macromolecules in a solution hinder the mobility 
of each. These molecules are thus prevented from coming in contact 
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with a significant portion of the solvent, which increases their effective 
concentration in the solution. This may strongly affect the behaviour of 
a macromolecule, say a protein, to the extent that two proteins may 
react differently in the cytosol and in a test tube, even if their concen- 
trations are the same in both cases. The mere presence of other 
macromolecules in the solution makes the difference, even if they are 
inert. Being of geometric origin rather than physical or chemical 
origin, this phenomenon is classified as a steric effect. 

Macromolecular crowding is also instrumental in producing interac- 
tion between cell volume and cell reactions. This interaction forms the 
basis for the regulation of the volume of the cell, a phenomenon which 
is known as homeostasis ({44], [65], [33]). 

In expressions (9.1.1) and (9.1.2), all of the complication that results 
from the non-ideal behaviour of the cytosol is embodied in the 
activities of its components or, with reference to eq. (9.1.2), in the 
activity coefficients Yu,o and y;. Activities and activity coefficients are 
functions of the state variables of the cytosol, namely p, T, 14,0, 11, 12, 

and ns. They can be determined experimentally by standard 
laboratory procedures. However, the actual expression of these functions 
is generally of little interest when we look for the general qualitative 
features of the limit surface of a living cell. Moreover, the range of 
variability of the state variables of a living cell is in fact rather limited. 
Thus, in many practical cases, the activity coefficients of the compo- 
nents of the cytosol can be considered constant. 


9.2 The Cytosol’s Admissible Range 


In this section, we consider the cytosol as an ordinary solution sepa- 
rated from the cell that contains it and controls its content. Under these 
conditions, the composition of the cytosol can be changed freely, 
simply by adding and removing solutes or allowing them to react with 
each other. 

As for any solution or system, the limit to the maximum free energy 
that the cytosol can store sets the boundary to the cytosol admissible 
range. This limit may reveal itself in a number of different ways, one of 
which is the precipitation of one or more solution components (i.e., the 
attainment of solubility limit of that component). The maximum free 
energy limit determines the admissible range of the cytosol and hence 
the cytosol’s limit surface. In Section 9.5, we discuss how the admissible 
range of a living cell relates to the admissible range of its cytosol. 
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In order to determine the admissible range of the cytosol, the expres- 
sion of its Helmholtz free energy must be obtained. In the present case, 
that energy must be distinguished from the Gibbs free energy, since the 
cytosol of a cell may undergo both pressure and volume changes. This 
is due both to osmotic pressure (since the cells are enveloped in a 
semi-permeable membrane) and the fact that the cell is an open system 
and, as such, it can exchange material with its surroundings. 

The Helmholtz free energy of the cytosol can be calculated from the 
expression of the Gibbs free energy, G, given in the previous section. 
The procedure is the same as the one leading to eq. (D.48), presented 
in Appendix D.4. By applying eq. (D.47) to the case in which G is 
given by eq. (9.1.2), we obtain: 


PF =o HG o(P »T)+ >, 1H; (p°.T)- pV 
j=l 


Yu,0 7 s Nj 
+ RT| yyy n+ Yn] 


= : m 
=I H,0 
Nyot > nj J 2 
jel 


(9.2.1) 


It can be observed immediately that this expression does not contain 
any temperature-independent term, apart from the inessential constant 
C. Therefore, the cytosol does not include any non-thermodynamic 
component in the sense specified in Section 3.11. The proof of this 
statement is the same as the proof referring to the Daniel cell in 
Section 7.7. It can also be observed that the molar Gibbs free energies of 
solvent and solutes have the form specified in eq. (3.12.2), that is 


Hao = Mio(P°.T)+ f,0(P.T.MH,0°%> sey) (9.2.2) 


and 


y= (p°,T)+£(p.T.myo.M>--0Ms) (9.2.3) 


respectively. These equations follow immediately from eqs (9.1.1) or 
(9.1.2) once the terms relevant to the solvent and the solutes are 
extracted from them. Using eqs (D.49) and (D.50) to express V in 
terms of molar volumes, functions fy, 9 and fj, introduced above can 
be written explicitly as: 
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fy,0( PT. Ny,0>Ms ++) = 
Yu,0 1,0 = (9.2.4) 
Mu,0 RT ln— = M,0 Vin,o AP 
M1,0 +): nj 
jel 
and 
£;(D.T,My,0 2M --sM,) = 
ij - 9.2.5 
n, RTIn—“"i_— nV, Ap, ( ) 
Mio 


respectively. Note that the activity coefficients yy, and y; that appear 
on the right-hand side of these equations are functions of the variables 
PD; T, Mu,o, M1, No, ..., Ns. 

According to what we observed in Section 3.12 it can be inferred 
from eqs (9.2.2) and (9.2.3) that the contributions of “%,,. and “? to 
G are due to pure thermo-entropic components of the cytosol. Thus, 
these contributions should be ignored when seeking the cytosol’s 
admissible range (Sections 3.11 to 3.14). Therefore, the part of the 
Helmholtz free energy that determines that range is: 


n Ss nN: 
#7 = RT Myo jp n, ins | pe V+C, (9.2.6) 


Ss 
: m 
=I H,0 
Myo t 2 ni? : 
jel 


as follows from eq. (9.2.1) after the terms that contain “3, and “> 
are dropped. The symbol ¥”, introduced in eq. (9.2.6), is consistent 
with the notation we used in a similar context in Section 7.6. The 
arbitrary constant, C, that appears in the same equation is because the 
actual value of ¥” depends on the reference value that is adopted for 
internal energy. 

Rather than referring to the total free energy, it is more convenient 
to refer to some specific value of it. To do this, we introduce the new 
state variables n;, which represent the number of moles of solute per 
mole of solvent. Since water is cytosol’s solvent, we have that 


7, =— (i=1,2,...,8). (9.2.7) 


NH,0 
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This obviously means that 
1, =1, Ny,0- (9.2.8) 
From eq. (C.42) in Appendix C, it follows that 
My.0 =My,0 MH,0> (9.2.9) 
where M,,. is the molar mass of water (18.015 g mol! = 18.015 10° 
kg mol). Accordingly, using eqs (9.2.7) through (9.2.9), we can put 
eq. (9.2.1) in the following form: 
P = Ny 9 VDT .M,.-%s)+C, (9.2.10) 
where © is the free energy per mole of solvent. It is given by 
P= Upo(P°.T)+ >) 7; MH} (p°,T)— po V+ 


j=l 


(9.2.11) 


The quantity V introduced here is the volume of the cytosol per mole of 
solvent: 


vse 


(9.2.12) 


NH,0 


Care should be exercised in distinguishing V from the partial molar 
volumes V; and V,,,. The reader is referred to Appendices D.1 and 
D.2 for a definition of the latter. 

Function Y can be decomposed into the sum of two functions, i.e., 


Land ”, according to the following relationship: 
P=L+H”, (9.2.13) 


L is linear in the variables 7; and is defined by 


L=L(i%,....7,3P,T) = Mpjo(P°.T)+ >) 7, 7 (p°.T). (9.2.14) 
jel 
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In contrast, Y” is non-linear in the same variables and is given b 
o] 


s in 2 
RT| in—He_ +9) Fi In bas |-2°v. (9.2.15) 


Generally speaking, ¥” is a negative-valued function, because the 
arguments of the logarithms appearing in its expression are, usually, 
less than 1. 

In terms of L and W”, eq. (9.2.10) can be written as 


P = Myo (L(G... 3PTItP' (HG, ...%3P.T)|+C, (9.2.16) 


so that eq. (9.2.6) becomes 


PF” = 1 YM, «igs PT)+C. (9.2.17) 


Incidentally, it may be useful to observe that, if m4,. and 1, ..., 5 
are taken as independent variables, the quantity p°V that appears in 
eqs (9.2.11) and (9.2.15) does not depend on ny, explicitly, in spite of 
the fact that the variable ny,. appears explicitly in definition (9.2.12). 
The reason is that the ratio V/ 1,0, i.e., V, can be expressed as 


Vee Vio + DVR; ; (9.2.18) 


"yH,0 jel 


as immediately follows by applying eq. (D.5) to the present case. The 
asserted independence is a consequence of eq. (9.2.18), because Viz, 
and V; , aS in any molar volume, depend on the concentrations of the 
components of the solution, not on the absolute amount of these 
components. Of course, V will depend on my,o explicitly if the set of 
independent variables is assumed to be ty,0, 1, ..., Ms rather than ny,0, 
Tis s+. 

The expression of the cytosol’s admissible range follows from 
relationship (3.6.7), once the expression of ¥” given by eq. (9.2.17) is 
inserted for Y in the same relationship. After some simple algebra, we 


obtain: 


(y” < (y” 


max ? 


(9.2.19) 
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where Dia is the value of Y” at the boundary of the admissible range. 
In general, Y%,,, is negative, since Y” is negative. By using eq. (9.2.15), 
we can finally put eq. (9.2.19) in the explicit form: 


Rr nH TH,0 ure 


DF i Mi,0 


“Lp OVW 5 (9.2.20) 


Relationship (9.2.20) is the analytical expression of the admissible 
range of the cytosol. The cytosol’s limit surface is the boundary of that 
range. Its expression is therefore: 


max 


s nN: = _ 
rr] n+ 9 i; In Yin |-p7=% ; (9.2.21) 


Functions ¥, Y”, and Y”, as defined by eqs (9.2.1), (9.2.6), and 
(9.2.15), do not depend on Ap directly, but only through the activity 
coefficients ¥,,,. and y;. For non-gaseous species, as is the case for 
the cytosol’s components, the dependence of the activity coefficients 
on pressure is notoriously rather weak and can be neglected unless Ap 
is very large, which is usually not the case. Therefore, since eqs 
(9.2.20) and (9.2.21) do not involve p explicitly, we can conclude that 
the cytosol’s admissible range and limit surface are not strongly depen- 
dent on pressure. 

At any given temperature, the states that belong to the admissible 
range (9.2.20) are the only states that the cytosol can attain while 
complying with constitutive equation (9.2.1). Accordingly, crossing the 
limit surface (1.e., the boundary of that range) produces a permanent 
change of some sort in the constitutive properties of the cytosol. The 
kind of change depends on the process. One possibility is that one or 
more solutes precipitate because their saturation limit is attained. This 
would result in new phases—the solid precipitate(s)—which did not 
exist in the original system. Another possibility is the activation of new 
reactions. This would lead to the formation of new species, the reaction 
products, that were not included in the original expression of % Events 
of this sort are likely to have major consequence for the system and 
produce permanent changes in it. 
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9.3. Simplified Expression of the Cytosol’s Admissible 
Range and Limit Surface 


The solutes account for about 30% of the weight of the cytosol. Since 
the number of species in the solution is very large, the concentration of 
each single solute is fairly low. Most of the solutes are organic 
compounds with molecular weights that easily exceed ten times the 
molecular weight of water, which is the solvent in the cytosol. All of 
these facts come together to make the moles of each solute per mole of 
solvent quite low, perhaps in the range of 10~ or less. In a living cell 
this is the order of magnitude of the quantities n; that appear in the 
cytosol’s free energy expressions given above. 

From the above remarks and from the fact that most of the n; do not 
undergo significant changes during the cell’s life processes, it follows 
that the quantity 1+’; essentially remains constant. The same is 
true for the activity coefficient ¥,,,., since the total amount of both 
ionic and non-ionic solutes is not expected to undergo drastic changes 
in ordinary conditions. 

Under these conditions, the first term within the brackets of eqs 
(9.2.11) and (9.2.15) is almost constant, and, for isothermal processes, 
will remain such after multiplication by RT. At constant 7, therefore, 
this term can be dropped from eq. (9.2.11) and included in the constant 
C that appears in eq. (9.2.10). When we do that, function Y will be 
given by: 


Las 


Ss Ss 
P=Mo(P°.T)+>) BOE RE 7, In : 
jel i Hy 


(9.3.1) 


rather than by eq. (9.2.11). From eqs (9.2.13) and (9.2.14), it then follows 
that under the same conditions function ” can be approximated to 


= S A: = 
@=RTY Fin — pF, (9.3.2) 
jel H,0 
which can be used instead of eq. (9.2.15) above. With this expression 
for ”, the expressions of the cytosol’s admissible range and limit 
surface simplify to 


Gat glen tc 
RTY wn pvc (9.3.3) 
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and 


s Ti: a 
RTD ii, p18 oy aye (9.3.4) 


which replace eqs (9.2.20) and (9.2.21), respectively. The quantity 
Wiax in the last two equations is understood to be the value attained 
by ¥”, as defined by eq. (9.3.2), at the boundary of the admissible 
range. In general, therefore, this value is different from that of the 
homologous quantity Yijax in eqs (9.2.20) and (9.2.21), which refers, 
instead, to the value calculated at the same boundary through the 
rigorous expression (9.2.15). In all of the above equations, T should be 
considered as a constant parameter, because we are confining our 
attention to isothermal processes. 

As stated before eq. (9.1.2), the activity coefficients y; that appear in 
the formulae of the present chapter are relevant to solute concentrations 
expressed in molalities. In terms of these concentrations, coefficients ; 
are related to the activities of the cytosol’s solutes by eq. (D.26), which 
we rewrite as 


a, (9.3.5) 


where 6; is the molality of solute 7. In contrast, the activity coefficient 
of water (the cytosol’s solvent), Yu,0, refers to solvent concentrations in 
expressed in mole fractions. Its relationship with the activity of water 
is given by eq. (D.27). That is 


Yu,o = ~ 5 (9.3.6) 


where Xy,0 is the mole fraction of water contained in the cytosol. 


9.4 Some Basic Features of the Cytosol’s Admissible 
Range 


As apparent from eq. (9.2.15), function Y” can be interpreted as a 
surface of (s + 1) dimensions embedded in space {W”, p, 7, 7,...5 Ms } 
of (s +2) dimensions. This is a formidably large number of dimensions, 
because the cytosol contains thousands of different solutes. While most 
solutes can be ignored because they provide a negligible or a constant 
contribution to ”, there are still hundreds of species that provide 
significant, variable contributions to Y” . 
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To gain some insight into the structure of surface ”, let us confine 
our attention to processes that occur at constant V. In this case, the 
contribution to the variable part of Y” that comes from each solute is 
given, to a good approximation, by 


("),, = RT Ink 7), (9.4.1) 


as immediately follows whether we refer to the approximate expression 
(9.3.2) or to the more rigorous equation (9.2.15). The variable 7; in eq. 
(9.4.1) stands for any of the variables 7,, 7,,...,,, while k, is an 


appropriate factor that depends on the activity coefficient of the solute 
to which 7; refers. It is given by 


ae (9.4.2) 


1 
Mu,0 


as can be inferred immediately from eq. (9.2.15). 

In principle, factors k; (i = 1, 2, ..., s) depend on all of the state 
variables of the system, just as the activity coefficients do. For the time 
being, however, we shall assume that all 4; are constant, although each 
one has a different value. This is not unreasonable because the activity 
coefficients of the solutes are not expected to undergo large changes 
within the cytosol’s admissible range. Under this assumption, each 
contribution (9.4.1) represents a convex function, involving just one of the 
variables 7, 7,,..., N,, and possessing a minimum at a well-defined, 
positive value of that variable. 


The following comments are in order. 


A. The first term in the right hand side of eq. (9.3.2) is the sum of 
convex functions of the form (9.4.1). It is therefore a convex function 
in the variables 7, 7,,..., N,. AS a consequence, for a fixed value of 
V, function ” represents a convex (hyper-)surface in space {W”, 
nN, N>,..., N,}. Being the sum of independent functions of different 
variables, function Y” has a minimum at the point of coordinates 
1, N>,...,,, at which each of the component functions has its 
minimum. The minimum of Y” is an absolute minimum, and no other 
maxima or minima exist since W” is convex. Fig. 9.4.1 represents 
surface Y” symbolically as a set of convex curves. Each curve refers 
to a different constant value of V. 

The importance of the location of the point of minimum of Y” is 


due to the fact that, as is apparent from eq. (9.2.17), Y” also reaches 
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its minimum at that point. Therefore, because ¥” rather than Y 
defines the admissible range of the system, the point of minimum of 
\” is also the exhaustion state of the system. Of course, the functions 
Y and Y” coincide if the system does not contain non-thermodynamic 
or pure thermo-entropic components, cfr. Section 3.14. 


Nn W” 
{ n, ’ n, ’ ’ n, } 
0 > 
admissible 
range — 
yp=aYy 
-jb----------ff---------------_f---------------------- max 
T=const. 
p=const. 
admissible range 
admissible range 


Fig. 9.4.1. Symbolic representation of surface W” as a set of convex curves. Each 
curve refers to a constant value of V.As V increases, the corresponding curve moves 
down, in agreement with eq. (9.2.15), while the width of the admissible range increases. 


B. Condition V=const does not, in any way, mean that the cytosol 
has a constant volume. It simply means that the volume of cytosol per 
mole of solvent remains constant. This is not incompatible with a 
change in V, because the content of both solvent and solutes may 
change while leaving V unaltered. More generally, eqs (9.2.12) and 
(9.2.18) show that condition V=const can be met at various cytosol 
compositions, provided that the sum of all terms on the right-hand side 
of eq. (9.2.18) remains constant. Of course, this is not the case for the 
processes that normally occur in the cell. However, condition V = const 
is useful when analyzing the properties of surface ¥” from a qualita- 
tive standpoint, as Fig. 9.4.1 shows. The same condition is assumed to 
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hold true in the more detailed representation of the admissible range to 
be given below. The effect of a change in V is dealt with briefly at 
point H later in this section. 


C. At constant V, the variable term in the expression of the cytosol’s 
admissible range (9.3.3) reduces to the sum of s addends of the kind 
(9.4.1). The same holds true in the case of limit surface (9.3.4). Each 
addend involves only one of the variables 7, 7,,..., N,, because the 
coefficients 4; are constant. 

Consider a cross-section of the cytosol’s admissible range parallel 
to coordinate plane (n,, 7,3). Here, ny and n, are any two of the 
variables 7, 1,,..., N,. Analytically, the cross-section plane is defined 
by 

n=n, for i#AorB (ny, and 7, unrestricted), (9.4.3) 
where the quantities 7,° are given constants. From eqs (9.3.3), (9.4.2) 
and (9.4.3), it follows that the cross-section in question is expressed by 


RT iy In(ky Ny) + RT Nig In(kg Mg) +Rag—P°VS Vax, (9.4.4) 
where the quantities k, and kg are given by 
k= and ke — 2, (9.4.5) 
Mu,o Mio 
while 
Lg he 
Rap = R Ey soe int ). (9.4.6) 


If the activity coefficients are variable within the admissible range, 
then the values of y, and yg to be introduced in eq. (9.4.5) should be 
appropriate mean values. 

The quantity R,, defined by eq. (9.4.6) is the contribution to Y” 
from the variables (9.4.3). The notation used in eq. (9.4.6) emphasizes 
that the terms relevant to i= A and i=B should be excluded from the 
summation. Although R,, is constant in each cross-section parallel to 
plane (7,, ng), the quantity R,, assumes different (negative) values 
in different parallel planes, i.e., for different values of constants 7°. 
Thus, R,, can be taken as a parameter of the family of all of the cross- 
sections that are parallel to plane (”,, n,). Fig. 9.4.2 shows some 
them. 
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Smaller Rag 
(more negative) 


Larger Rag 
(less negative) 


ct i Tangent point (if any) to 
O ee gee surface B= Wr 


Fig. 9.4.2. Cross-sections of the cytosol’s admissible range parallel to coordinate 
plane (7, , 7, ) for different values of Rap, cf. eq. (9.4.4). 


D. The boundaries of all of the above cross-sections belong to the 
limit surface. Therefore, they are all at the same potential 7... The 
value of ” at a generic state S within the admissible range is denoted 
as WY. Clearly, Pg < V%,,. . The equipotential curve passing through S 
is Y”= W¢ and is represented as a dash-dotted line in Fig. 9.4.2. Point 
Q of the same figure indicates a state on the limit surface where the 
tangent plane parallels plane (n,, ,). At Q, therefore, the considered 
cross section reduces to a point. Because Q belongs to the limit 
surface, we have that Y”= 1, at it. Of course, depending on the 
shape of the limit surface and the pair of variables 7, and 7, that are 
considered, there may not be points like Q. 


E. In the space of variables m, 7,,...,7,, there are « different 
coordinate planes (7,4, 7,3). Hence, there are « different families of 
parallel cross-sections of the kind (9.4.4), one family of cross-sections 
for each coordinate plane. The number « equals the number of different 
pairs {7,, 7,} that can be drawn from set {7, 7,..., 7,}. This is the 
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so-called two-combination number associated with that set (cf. e.g. 
[32, §24.4]). In the present case, therefore, « is given by 


S s! 
K (5) TENE (9.4.7) 
where s is the number of elements of the set. 

Fig. 9.4.3 represents four possible cross-sections parallel to four 
different coordinate planes through the same generic state S. The dashed 
curves in these cross-sections are the intersections of the considered 
planes with the equipotential surface Y”=¢ through S. Point O 
denotes the exhaustion state. It is the point of minimum of ” and thus 
of Y”. It is shown in grey, because it generally does not belong to the 
considered planes. Clearly, point O is quite another thing than point Q 
of Fig. 9.4.2. (Cf. also the example considered in Fig. 9.4.4, which gives 
a three-dimensional representation of the admissible range in the 
hypothetical particular case of three independent state variables.) 

Of course, the position of points S and O is different in different 
cross-sections, because each cross-section is relevant to a different pair 
of variables n,. Accordingly, the distance of state S from the limit 
surface may be different depending on the variable n; along which 
such distance is measured. For a given state S, therefore, this 
representation allows us to determine at a glance the most critical 
variable n, as far as the attainment of the thermodynamic limit is 
concerned. 


F. An increase in a coordinate 7; of a given state S does not necessa- 
rily displace that state nearer to the limit surface. In the case depicted 
in Fig. 9.4.3, for example, an increase in the variable ng will increase 
the distance of point S from the limit surface, while a similar increase 
in the variables n, or n, will bring the same point nearer to that 
surface. This is consistent with the fact that adding a solute to a 
solution will affect the solubility of the other solutes differently, 
depending on the added solute and which other solute is considered. 
This phenomenon is well known but rather complicated. It is of 
significance in many fields, including pharmacology. It depends on the 
effect that the added solute has on the interactions between solvent and 
solutes and between the solutes themselves. In other words, it all 
depends on the effect of the added solute on the free energies of the 
other components of the solution. It is reassuring that the present theory 
accounts for this phenomenon. 
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Fig. 9.4.3. Four different cross-sections of the cytosol’s admissible range, relevant 
to four different pairs of variables 7, and 7, . All the cross-sections are assumed to 
pass through state S. 


G. To illustrate what the complete s-dimensional admissible range of 
the cytosol might look like, in Fig. 9.4.4 we represent the case where 
the state of the cytosol is defined by just three state variables: 7,, 75, 
and 7,. Although the state of minimum of ” (point O in the above 
figures) may coincide with the state at which the cytosol’s free energy, 
Y, is at its minimum value, this need not be so in general. Thus, 
depending on the system and on the process, % may decrease as Y” 
increases, or vice versa. 
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nN, 


Limit surface 
Ww” = Ww” 


max 


Fig. 9.4.4. Example of an admissible range of a cytosol with just three independent 
state variables, n,, n, and n,. At point Q, the tangent plane to the limit surface 
parallels plane (7,, 7, ). 


H. The present representations of the cytosol’s admissible range 
apply at constant V. From relation (9.4.4), we see that, as far as this 
range is concerned, a decrease in V has the same effect on that of 
making Rag larger (i.e., less negative). In both cases, the admissible 
range will shrink as a result (cf. Fig. 9.4.1 and 9.4.2). This will reduce 
the distance of any state S from the limit surface and may even make 
that state attain the limit surface. In contrast, an increase in p° has the 
same effect as an increase in V. Thus, an increase in ambient pressure 
will enlarge the cytosol’s cross-sections, thus increasing the distance of 
any state from the limit surface. 


I, If the dependence of the activity coefficients y,,. and yj; on the 
variables 7; cannot be ignored, the quantities k, and kg (and, more 
generally, k;) cannot be treated as constants. As a consequence, the shape 
of admissible range and limit surface will change with respect to the one 
described above. With due changes and unavoidable complications, 
however, the main results of the present section still apply to this case, 
provided that the activity coefficients do not vary too extensively 
within the cytosol’s admissible range, which is a reasonable expectation 
in practice. 
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9.5 Admissible Range and Limit Surface of the Living 
Cell 


According to relation (9.3.3), the admissible range of the cytosol is 
determined by its solutes. It does not matter whether the cytosol is a 
closed or an open system. Since the admissible range is the set of all 
compositions or states that the cytosol can attain at the considered 
temperature, it is of no relevance whether any particular composition is 
reached by internal transformations or by exchanging material with the 
surroundings. 

The free energy of a living cell is essentially that of its cytosol. Of 
course, the other parts of the cell also possess free energy. That energy, 
however, can be ignored, because it is either negligible with respect to 
that of the cytosol or hardly interacts with the surroundings. This applies, 
in particular, to the free energy of cell’s skeleton and cell’s membrane, 
which constitute the cytosol’s container. As a consequence, the primary 
state variables of the cell are those of its cytosol. Thus, the cell’s 
admissible range must be consistent with that of its cytosol. 

However, when confined within the cell, the cytosol is not free to 
cover all of the admissible states that it can attain as a free solution. 
The only states that the cell’s cytosol can reach are the ones that are 
compatible with the physical-chemical machinery of the cell and with 
the permeability properties of the cell’s membrane. This reduces the 
cell’s admissible range to a subset of the analogous range of the 
cytosol. Consequently, the limit surface of a living cell will coincide 
with that part of the limit surface of the cytosol that is attainable by the 
cytosol when confined within the cell. 

Fig. 9.5.1 illustrates this point by referring to a generic (”,, N,) 
cross-section of the cytosol’s admissible range, relevant to solutes A 
and B. If the amounts of these solutes change as a result of a chemical 
reaction, then 7, and 7, will change in proportion to the extent of 
reaction, ¢ (cf. Appendix C.3). In the plane of the considered cross- 
section, the point representing the values of ny, and ng, will move 
along a straight line. Axes €, and & of Fig. 9.5.1 represent two 
different instances of these lines. Their slope is determined by the 
stoichiometric coefficients of the reaction to which they refer. Their 
actual position depends on the initial values of 7, and n,. The points 
at which the each axis intercepts the boundary of the cross-section 
belong to the cell’s limit surface. In the examples considered in the 
figure, the intersection points are points M and N for the ¢,-axis and 
points P and R for the -axis. 
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Fig. 9.5.1. (1, ,7, ) cross-section of the cytosol’s admissible range. Axes , and & 
are two examples of lines along which the concentration of solutes A and B varies during 
a reaction. The intersection points of these axes with the boundary of the cross-section 
belong to the cell’s limit surface. For the three-dimensional case considered in Fig. 9.4.4, 
the cell’s limit surface (which is part of the cytosol’s limit surface) may look like the top 
right diagram. 


A different example is represented by axis & in the same figure. It 
refers to the case in which n, varies while 7, remains constant. This 
occurs when component A reacts with some other solute, say solute C 
(the concentration of which cannot be represented in the considered 
plane) or when solute A, but not solute B, is exchanged across the 
cell’s membrane. A more general case occurs when the concentrations 
of A and B change as a result of exchange of material with the 
surroundings. In that case, the variables n, and 7m, may vary along any 
curve in the cross-section plane. 

As observed, when the cytosol is confined within the cell, not all of 
its admissible states can be accessed. Some of these states cannot be 


204 THERMODYNAMIC LIMIT TO EXISTENCE 


reached by the cell and others are either not used or better avoided. For 
this reason, most of the cytosol’s admissible states are out of the reach 
of the cell. In general, this will make the cell’s limit surface a subset of 
the cytosol’s limit surface. The cell’s limit surface may consist of 
different separate regions, some of which are just one single point (the 
limit points of the reaction lines). The diagram at the upper right-hand 
comer of Fig. 9.5.1 illustrates this situation with reference to the 
hypothetical case already considered in Fig. 9.4.4. 

In spite of all its discontinuities and irregularities, the cell’s limit 
surface is a part of the cytosol’s limit surface. Thus, since the latter is 
equipotential for Y”, the limit surface of the living cell also must be 
equipotential for W”. At the cell’s limit surface, function ” attains the 
largest of all the values it attains in the admissible range of the cell, 
because Y”= WY" .. at the cytosol’s limit surface. This applies to any 
point on that surface, even if it is an isolated point. Therefore, the 
quantity Y*,, can be regarded as a property of the cell. Interesting 
enough, its value can be calculated as in any chemical solution, by 
referring to the cytosol’s limit surface rather than the living cell itself. 

Different regions of the cell’s limit surface refer to different modes 
of the cell’s operation. For instance, a muscle cell can exert force 
quickly, e.g., during a weight-lifting exercise, or maintain the force for a 
long time, e.g., when sustaining the body’s weight. The two alternatives 
are powered by different chemical processes, and they involve and 
produce different substances in the cell’s cytosol. Fast muscle action, 
which is powered by anaerobic glycolysis, does not require oxygen 
and produces lactic acid as a by-product. Prolonged exertion of force, 
which depends on aerobic glycolysis, consumes oxygen and produces 
CO. Both processes can start from any state in the admissible domain 
of the cell if the right reactants are available. The maximum free energy 
output is obtained if they end at the exhaustion state and start at the 
point where the reaction line from the exhaustion state intercepts the 
cell’s limit surface. In the case of anaerobic and aerobic glycolysis 
considered above, the reaction starting points on the limit surface lie on 
quite different regions of that surface because the relevant reaction lines 
leading to the exhaustion state are quite different. 

The existence of a limit to the free energy that the cell can store 
makes all the processes and chemical reactions of the cell energetically 
interrelated. It does not matter if these processes are independent of 
each other when they occur outside the cell, e.g., when they take place 
in vitro. As the cell approaches its energy-storage limit, the progress of 
any process that increases the cell’s energy requires that another process 
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of the cell releases energy to the surroundings at the same time. If that 
does not happen, then the free energy of the cell soon exceeds the cell’s 
energy-storage limit. This indirect energetic interaction between other- 
wise independent processes is likely to play a primary role in the cell’s 
life, due to all the processes that teem in its restricted space. 


9.6 Determining the Maximum Storable Free Energy 
of a Living Cell 


According to relation (9.2.19), the admissible range of a living cell is 
determined by function Y” once the value Y%,,, is given. However, as 
should be apparent from eq. (9.2.16), if the system includes non- 
thermodynamic and/or pure thermo-entropic components, the state at 
which the cell’s free energy, % reaches its minimum is different than 
the analogous state of function ¥”. To calculate the minimum value of 
Y and the corresponding state, we first observe that the variables 7; 
take comparatively small values in the living cell. Accordingly, we can 
assume that the quantity of solvent in the cell, i.e., Ny,0> is independent 
of n;, which is strictly valid for diluted solutions. 


The cell’s free energy minimum 


With the above assumption, by taking the derivative of eq. (9.2.16) 
with respect to n; and by using eqs (9.4.2), (9.2.14), and (9.2.15), we 
can infer that the following relation 


LY (p+ RT [Ink H)+=0 6.1) 
On, On; 


or, equivalently, 


In(k, 7%) = au (9.6.2) 


should hold true at the point of minimum of ¥% Accordingly, the 
coordinates of that minimum will be given by: 


Fl xin= ———— G=1,2,....8). (9.6.3) 
Hi 

k; | 

(ae ) 
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These coordinates may differ from those of the cell’s exhaustion state. 
In the presence of non-thermodynamic and/or pure thermo-entropic 
components, the exhaustion state corresponds to the point of minimum 
of ” rather than % 

The value of the minimum of the cell’s free energy can be calculated 
from eqs (9.6.3) and (9.2.10): 
5p,T)+C. (9.6.4) 


LM 


m S ae 


vy in — 1,0 YI... °° 
From eqs (9.2.15), (9.2.14), and (9.2.15), we can write the above 
equation more explicitly as 


Ponin an Ny,0 [L(7, bas oe Ny [oao it) pe W’'(n, oe oe Mg Lap T yl +C 


min 


= [mole +¥ _w(p°.T) 
jel 


y 8 YI. = 
+ RT (In— 2" — +>° Fig nin) _ pW |. 


(9.6.5) 


Note that the exponential function that appears in eq. (9.6.3) is 
expected to assume quite large values, because the standard Gibbs free 
energies, f°, of the cytosol’s solutes are in the range of tens to 
hundreds of kJ/mol; at room temperature, the factor R T is just about 
2.48 kJ/mol (cf. e.g. Tables 2.5 and 2.6 of [2]). This locates the point 
of coordinates (7, ee sac Malas ), 1.e., the point of minimum of ¥% near 
the origin of the 7; axes. For 7) in =0, we can approximate eq. 
(9.6.5) as 


Fin = "1,0 | H,0 (p°,T)-p°V | +C, (9.6.6) 


because in this case Yy,9= 1. This also means that in this case Mnin 
coincides with the free energy of the pure solvent, as eq. (9.6.6) shows. 


Determining a point of the limit surface 


To determine the limit surface, we need the coordinates of one of its 
points. Any point will do, since that surface is equipotential for y”. 
The value of Y*.. can then be obtained from eq. (9.2.15) as the value 


max 
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of ” at that point. The experimental procedure to find a point on the 
limit surface may start from any state of the cell’s admissible range. 
From that point, we must make the cell follow a process that leads 
farther and farther from the exhaustion state. The occurrence of some 
permanent changes in the cell’s constitutive properties will indicate 
that the limit surface has been crossed. The transition may be more or 
less conspicuous, depending on the process. Death of the cell and its 
splitting into two daughter cells are among the most dramatic and 
common outcomes. 

Most cells do not tolerate desiccation. They can only withstand 
moderate dehydration, e.g., water loss of 20 to 30%. For these cells, 
removing water from the cytosol is a fairly simple method to bring them 
to the limit surface. In practice, a desiccation process can be 
implemented by embedding the cells in a hypertonic solution, thus 
withdrawing water from them through osmosis. Every cell has some 
osmoregulatory capacity to oppose the loss of water. Dehydration, 
however, is bound to ensue if the hypertonic environment is strong 
enough and the cell is in contact with it for a sufficiently long time. As 
the cell dehydrates, the variables n; increase, in agreement with eq. 
(9.2.7). Eventually, the state of the cell reaches the limit surface. 

From that point on, further dehydration will bring the cell to a state 
of free energy in excess of the maximum free energy that the cell can 
store. Therefore, if the limit surface is crossed, a change in the 
cytosol’s constitutive properties must occur that makes the new state of 
the cell compatible with the energy increase that the process entails. 
The kind of change depends on the state at which the limit surface is 
crossed. Generally speaking, it may be a sudden change in the 
constitutive response due to phase changes or the activation of new 
state variables, energetically orthogonal to the original ones. This may 
be due to the activation of new reactions and/or the formation of new 
aggregations of solutes. In any case, since the constitutive response has 
changed, the cell will be incapable of recovering its original state on its 
own (i.e., through an unloading process without absorbing non-thermal 
energy from the surroundings while keeping its constitutive equations 
unchanged). In the case of dehydration processes, this means that, once 
the limit surface is crossed, the cell cannot be brought back to its 
original state simply by rehydrating it. 

The values of the variables 7, that correspond to the point at which 
the cell’s limit surface is crossed can be determined by monitoring the 
composition of its cytosol in a sequence of dehydration/rehydration 
cycles at increasing levels of dehydration. The limit surface is reached 
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when additional dehydration produces changes in the cytosol’s 
properties that are not reversed by subsequent rehydration. By inserting 
the coordinates n; corresponding to this limit into eq. (9.2.15), the 
value “ia. of the considered cell is obtained. Of course, experiments 
are generally performed on a whole colony of identical cells, since 
working with a single cell is impractical. 

For desiccation-tolerant cells, the above procedure is inapplicable. 
These cells use strategies that prevent them from reaching the limit 
surface when they are desiccated. Thus, they can survive a water loss 
of 90% or more. The argument will be briefly considered in Section 
9.10. 


Free energy at the points of the limit surface 


Although the limit surface is equipotential for Y”, the cell’s free 
energy ¥ will vary from point to point on that surface. This can be 
seen from eq. (9.2.16). When applied to a point of the limit surface, 


let’s say point (7, are y+++Mg|,.), the equation yields: 


Lim 


Prim =F im 2-7 im) = 


i (9.6.7) 
M50 [LCi pimn 9++>Fshrim) + Pax |+C: 


where Yim is the value of Y at the considered point. In the above 
equation, the dependence of “im on p and T is ignored, because we 
are considering processes at constant temperature and pressure. 

As observed in Section 9.4, the function Y” is convex. From eq. 
(9.2.16), it then follows that function ¥% which is the sum of a convex 
function (W”) and a linear function (L), also is convex. The fact that ¥ 
is convex implies that the largest value of the cell’s free energy occurs 
at the boundary of the admissible range, 1.e., at the points of the limit 
surface. Function ” determines this surface but not the free energy 
that the cell can store. However, once the limit surface is known, the 
values of Y at the points of that surface can be obtained from eq. 
(9.6.7). 


Maximum amount of free energy of a cell 


The maximum amount of free energy that a cell can release in a 
process that starts from the limit surface is given by 


A Prrax = Yim ~ Fni : (9.6.8) 
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If ¥ does not coincide with ¥”, then AY, may differ for different 
points of the limit surface. More explicitly, by subtracting eq. (9.6.5) 
from eq. (9.6.7), we obtain 


A Pinax = AYinax (M4 lLim > «+25 ltim ) 


= Myo (LO Ninn 2 +9 %s !Lim) — LCAlnin 2 --+9%s min ) 


+ oe 7 D(H lenin ars »Mslmnin)] 
= My0 | x (A, lL im —TAylmin Le (PD? >T ) 
r 
Y % 
+RT| In a In a 


(9.6.9) 


Here, eq. (9.2.21) has been used to express Y%,,, in terms of the 
variables 7;|, ,,,. Equation (9.6.9) gives the free energy, A Max, that the 
cell can release in an unloading process (actually a chemical reaction) 
that starts from any given point of the limit surface and ends at the 
point of the cell’s minimum free energy. The quantity A Mnax 1s also the 
maximum amount of free energy that the cell can store in the reverse 
process. 

The first and the last summations within the curled brackets in eq. 
(9.6.9) are confined to the cytosol components that participate in the 
considered process. Generally, the chemical reaction that produces the 
process will involve only a few of the cytosol’s solutes. For this 
reason, the index, r, of the above summations will run over just a few 
terms, thus making the practical use of eq. (9.6.9) much simpler than it 
first appears. 

Moreover, if the point of minimum of ¥ happens to be near the 
origin of then; axes, then approximation (9.6.6) applies. In this case, 
from eqs (9.6.8), (9.6.7), and (9.6.6), we can express AYhax in the 
following simpler form: 
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AY ax =Ny,0 » Ayleim Ly (p°,T) 
r 


+ RT (In—22 — 2m [ps % Pelkim }}: 


: Mi,0 
I+ $i nh leit 
jel 


(9.6.10) 


The role of A Pax in the cell’s life 


Frequently, living systems must expend energy on very short 
notice. They must do so to catch food, avoid predators, and process 
whatever information happens to hit their senses. Any delay in these 
activities could mean death. Reacting to external stimuli requires the 
expenditure of energy. To react quickly enough, the cells cannot take 
energy from their internal energy reserves (mainly glycerol deposits 
inside the cell). The energy needed for the cell’s instantaneous response 
is taken directly from the free energy of the cytosol itself. In this case, 
the cytosol does not behave much differently from the electrolytic 
solution of a rechargeable battery, which is ready to supply electric 
energy as soon as the circuit to which it is connected is closed. 

To recharge the free energy of the cytosol, the energy reserves 
inside the cell are first summoned. The energy transfer process from 
these reserves to the cytosol is a fast process, but not as fast as the above 
mentioned process that takes the energy directly from the cytosol. 
Anyway, the recharging of the cytosol consumes the cell’s internal 
reserves. Thus, the cell starts to take energy from the surroundings to 
replace the energy that it loses. This part of the recharging process 
involves a complex of chemical transformations from the external 
sources of nutrients, and is referred to as cellular respiration. The 
energy transfer by cellular respiration takes more time than the transfer 
of energy from the cell’s internal reserves to the cytosol. However, the 
combination of all the above processes enables the cytosol not only to 
supply the almost instantaneous amount of energy that the cell needs 
for its immediate response, but also to keep supplying energy to the 
cell for a comparatively long time, or even indefinitely. In this way the 
cell manages to obtain from the cytosol all the energy that it needs to 
operate, in spite of the fact that the maximum amount of free energy 
that the cytosol can store is rather limited and cannot exceed A Pax. 
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The energy A¥iax is what gives the cell the capacity to act 
instantaneously. It also gives the cell the time to activate the other 
energy sources that allow the cell to obtain all the energy that it needs. 
The value of AY, may be different for different processes and for 
cells of different kind and size. For example, nerve cells and muscle 
cells may well possess different values of A Minax. 

Spending all of A Ynax may make the cytosol’s state reach the limit 
surface. This may mean death for the cell, if further energy is drown 
from it. It is expected, therefore, that a cytosol will normally use only a 
fraction of the energy A Yinax. The greater the value of A Max, the larger 
its usable fraction will be. The energy A Mnax can thus be viewed as an 
indicator of the maximum instantaneous power with which the cell can 
respond. It is also an indicator of the cell’s ability to deal with quick, 
repetitive stresses. Formulae (9.6.9) and (9.6.10) show that A Max can 
be determined from the cytosol’s composition. This provides a way to 
evaluate the state of charge (or state of health) of a living cell from the 
composition of its cytosol. 


9.7. Approximate Formulae for A Yaax 


In order to assess the relative contribution of the various terms involved in 
eq. (9.6.9), let us first observe that at ambient temperature the quantities 
4? relevant to most of the solutes involved in the cell’s reactions are 
one or two orders of magnitude greater than the factor RT. 

Let us focus our attention on the first two terms of the part in square 
brackets of eq. (9.6.9)3 i.e., the part that is multiplied by RT. These 
two terms are logarithms of a quantity that is not too far from unity and 
have opposite signs. Therefore, they do not provide much contribution 
to A ¥%,,, and tend to cancel each other. 

Now consider the last summation in eq. (9.6.9)3, within the same 
square brackets. It consists of the sum of pairs of terms of the general 
form 


xIn(ax)-yln(by), (9.7.1) 


where a and b are appropriate constants. The two terms of each pair 
tend to cancel each other. Moreover, each term approaches zero as the 
relevant variable, x or y, does. In the case in question, x and y stand for 
the variables ts |Lim and 7; |,,in> respectively. In a living cell, their values 
are usually comparatively small. 
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From all of these observations, we conclude that the terms that are 
multiplied by RT in eq. (9.6.9)3 generally contribute much less to 
AY nax than the other terms in the same equation. Therefore, in many 
practical cases, eq. (9.6.9) can be approximated as 


AT ak =My,0 > (Fil im =n,|. 2 ie (pF) ? (9.7.2) 
r 


where the coordinates sin are given by eq. (9.6.3). When the latter 
coordinates are near enough to the origin of the 7; axes, then formula 
(9.7.2) can be further simplified as 


AP roax ="y,0 a Poel tae He E) : (9.7.3) 


The above approximations are consistent with what we found in 
Section 7.7 concerning the Daniell cell. In that case, the terms of the 
cell’s free energy expression that were multiplied by RT [i.e., function 
Y” eq. (7.7.6)] afforded a negligible contribution to the total free energy 
of the cell. This is also apparent from the values of Y” and Y in Fig. 
7.7.1. Though concerning a non-biological system, the result is essen- 
tially the same. 

Comparison of the right-hand side of eqs (9.7.2) and (9.7.3) with 
definition (9.2.15) shows that, in a living cell, the contribution that ¥” 
makes to Y may be so small that it can be ignored altogether when 
evaluating its free energy. No matter how small its contribution, 
however, ” determines the limit surface of the cell and thus the 
coordinates (7 |Lim +7 |Lim > +++» Ms|Lim ) Of its points. By limiting the cell’s 
admissible range, function ” also limits the whole free energy, % of 
the cell. 


9.8 Power Regulation: How Cells Make Choices 


As previously discussed, the maximum amount of energy that any 
system can store under isothermal conditions is determined by the laws 
of thermodynamics. It depends on system’s internal energy and entropy 
functions or, equivalently, on Helmholtz free energy function. In the last 
two sections, the maximum amount of storable energy was calculated, 
in particular, for a living cell. 

Although the rate at which a system absorbs thermal energy cannot 
exceed the rate of its entropy change multiplied by the system’s absolute 
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temperature (second law, Section 1.8), there is no limit to the time rate 
at which a system can give off its internal energy. Living systems 
exploit this fact to regulate to their advantage the rate at which they 
spend energy. Inanimate systems lack this regulatory capacity; which 
puts their energy exchanges at the mercy of their surroundings. 

To control the time rate of their energy exchanges, living cells 
regulate the time rates of the reactions that they use to produce energy. 
To do so, they synthesize special organic catalysts (enzymes) that 
accelerate specific reactions. Or they use other substances (inhibitors) 
that inhibit the enzymes, thereby damping the reactions that the 
enzymes catalyze. Without enzymes and inhibitors, a cell could not wait 
for favourable changes in the environment or oppose hostile situations. 
Before long, the cell would be driven to its minimum free energy state 
and die. 

Under isothermal conditions, the non-thermal energy, Wou, that a 
system supplies to the surroundings must meet limitation (1.11.6). By 
dividing it by dt, the latter becomes 


tae 


<-—_., 9.8.1 
out dt ( ) 


where W,,, is the (non-thermal) power released by the system. For 
simplicity, the indication T= const is omitted from the above relation 
and from the formulae that follow. 

For isothermal processes at constant pressure and volume, the 
change in Helmholtz free energy coincides with the change in Gibbs 
free energy (Section 1.11). For the same processes, therefore, relation 
(9.8.1) can also be written as 


Ww .<s¢ 


out=" 4, 9.8.2 
aaa (9.8.2) 


In the case of cytosol, the Gibbs free energy depends on variables p, 
T, nm, Mo, ... and ns, cf. eqs (9.1.1) or (9.1.2). Therefore, under 
isothermal conditions at constant p and V, we have that: 


dG GoGdn dn 
=>. ae eee 9.8.3 
dt = on dt 3 scare Oe 


the last equality in this sequence of equations following from eq. (C.8). 
Because the cytosol contains hundreds of different 
components, the number (s) of terms entering eq. (9.8.3) is quite 
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large. Only a few of these components, however, are involved in 
each single chemical reaction that takes place in the cytosol. In 
the notation of Appendix C.1, each of these reactions can be 
written as 


>, YaAc =9, (9.8.4) 


where the quantities A, indicate the cytosol components that are 
involved in the reaction. The stoichiometric coefficients, v,, entering 
the above equation are understood to be negative or positive depending 
on whether component A, is a reactant or a product. In the same 
equation, index o is assumed to run over the particular subset of values 
of i which refers to the cytosol components that take part in the 
reaction. 

Each variable ng is related to the extent of reaction, ¢, as specified 
by eq. (C.11). This means that 


dn, dé 
=V,—. 9.8.5 
de “dé ee) 


In a homogeneous system, we have that ny = [Ag] V, where [Aq] is the 
molar concentration (mol/dm? or mol/L) of component A, and V is the 
system’s volume. For homogeneous systems, therefore, eq. (9.8.5) can 
be written as: 
1 d[A,]_ 1 dé 
de Vide 


(9.8.6) 


The left-hand side of eq. (9.8.6) represents the reaction rate and will 
be denoted by r. That is: 


1 d[Ag] 


9.8.7 
V, dt ( ) 


f= 


For a given reaction at a given pressure, temperature, and cytosol 
composition, the quantity r is independent of the particular component 
Aq to which we refer when applying eq. (9.8.7). The value of 7, 
however, depends on pressure, temperature, and cytosol composition, 
non-reacting solutes included. Observe that, due to the sign convention 
we adopted for the stoichiometric coefficients, r is a non-negative 
quantity, because the time derivatives d[A,]/d¢ are positive for products 
and negative for reactants. 

If we consider a single chemical reaction, all of the cytosol 
components that are not involved in the reaction are to be considered 
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as constant. Thus, their time rates, dv;/dt, is to be put equal to zero. In 
this case, from eq. (9.8.3) we obtain 


dG 
SM =rV YS Valles 9.8.8 
a yeh (9.8.8) 


as immediately follows from eqs (9.8.5)-(9.8.7). The summation on the 
right-hand side of eq. (9.8.8) represents the reaction’s Gibbs energy, as 
defined in Appendix (C.18). Thus, eq. (9.8.8) can be written as 


oO ey es (9.8.9) 
di 


When introduced into relation (9.8.2), this equation yields 


Wes 


-rvAa.G, (9.8.10) 


which sets a limit to the maximum power that the cell can supply from 
the considered reaction. 
In terms of power per unit volume, w 


out> this limitation can be 
written as 


-rA,G. (9.8.11) 


Wie 


Reaction rates in vivo 


The rates of most of the chemical reactions taking place in a living 
cell are controlled by the cell itself or by the organism to which the cell 
belongs. In some kinds of cells, e.g., skeletal muscle cells, certain 
reactions are controlled at a distance via the organism’s nervous system. 
Depending on this control, the cell synthesizes, absorbs, liberates, or 
expels appropriate material to accelerate or inhibit the appropriate 
reaction(s) as needed to carry out its function in its ever-changing 
environment. 

Of course, the laws of physics apply to living cells just as they do to 
any other system in nature. These laws, however, do not suffice to 
predict how the cell will react to external actions, unless there is 
complete microscopic knowledge of cell’s state and properties, which 
is clearly not possible. Therefore, on the macroscopic scale that we are 
using in the present thermodynamic approach, the cell’s response to 
external inputs is not always predictable. 

As discussed in Section 2.3, both physical and subjective variables 
should be known in order to define the state of a living system in a more 
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complete way. However, the subjective variables are not addressed in 
the present purely physical approach, because they are not relevant to 
it. The values of the subjective variables are controlled by special 
molecules, proteins, and organs inside the cell and by the organism’s 
nervous system if the cell belongs to an organism. These variables are 
responsible for what will be referred to as the ‘cell’s choices’, i.e., the 
particular way that a cell responds to a given stimulus among the many 
alternative ways that are compatible with the values of the physical 
state variables used to describe the cell itself. To condition cell’s 
choice, the subjective variables selectively activate, increase, or reduce 
the reaction rates of some of the biochemical reactions that take place 
within the cell. For this reason, the value of the in vivo time rate of 
these reactions cannot generally be predicted by the present physico- 
chemical model, as it can when the same reactions take place in 
inanimate systems, e.g., in vitro. 

A cell cannot boost or reduce the rate of a reaction unconditionally, 
though. It takes energy for the cell to produce a catalyst or to 
acquire/expel selected materials. Moreover, the amount of additional 
substances that can be accumulated within the cell is limited. This 
restricts the extent to which a cell can accelerate or inhibit a reaction. 
Within these limits, the time rates of the reactions rest upon the cell’s 
subjective variables. For this reason, the value of the reaction rate of 
most of the biochemical reactions that occur within the cell cannot be 
predicted from theory, and must be determined experimentally. 


The value of A,G for reactions taking place in the cytosol 


The situation concerning the value of A,G is different from that 
concerning the reaction rate. The quantity A,G can be determined quite 
accurately from eq. (C.18) once reaction and concentration of reacting 
components are specified. The environment in which the reaction takes 
place may affect the reaction rate, but it is of no relevance at all as far 
as the value of A,G is concerned. 

The determination of A,G for a given chemical reaction is a 
classical exercise of chemistry. It can be calculated from eq. (C.18) 
once the chemical potentials of the reacting components are expressed 
in the form (C.23). Alternatively, we can apply eq. (C.52) or eq. 
(C.53), once the standard molar reaction Gibbs energy, A,G°, is 
calculated from thermodynamical data tables, cf. eqs (C.21) or (C.22). 
The most delicate part in this kind of calculations is assigning the 
correct values to the effective concentrations (activities) of the reacting 
components in such a complex environment as the cytosol. In practice, 
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however, A,G may not be strongly dependent on them, so that even a 
rough estimate of their values is often acceptable. 

Of course, the concentration of the reactants of any reaction that 
occurs in the cell must be small enough to keep the cytosol state within 
the cell’s admissible range. The greater the amount and number of 
solutes, the closer the value of Y” to the limit value ¥%,, [cf. eqs 
(9.2.15) and (9.2.19)], and the smaller the concentration increase that is 
allowed to a solute during a reaction. Accordingly, the value of A,G of 
any reaction that takes place in the cytosol’s admissible range is 
limited by the presence of other solutes that are not involved in the 
reaction. As relation (9.8.10) makes apparent, this limit to A,G entails a 
limit to the maximum power that the cell can supply, because r is 
finite. 


Example. The ATP cost of muscle power 


Almost all mechanical energy produced by animal muscles comes 
from the hydration of adenosine triphosphate (ATP) into adenosine 
diphosphate (ADT) according to reaction: 


ATP (aq) +H20 (1) = ADP (aq) + Pi (aq) + H30"(aq), (9.8.12) 


where Pi denotes an inorganic phosphate group, such as H2PO, . In the 
standard state [i.e., at 25 °C (298.15 K) and unit concentration of all 
reaction components], the Gibbs free energy of this reaction is A,G° = 
+10 kJ/mol. This means that the reaction absorbs energy, rather than 
releasing it as it does in physiological conditions. 

Let us refer to the following molal concentration [moles per kg of 
solvent (cytosolic water)]: [ATP] =5 10° mol/kg; [H2O] = 55 mol/kg; 
[ADP] = 0.6 10° mol/kg; [Pi] = 10 10° mol/kg; [H;0°] = 10°’ mol/kg 
(corresponding to pH =7). These are indicative values extrapolated 
from [5], and they refer to the cytosol in human skeletal muscles (see 
[11, p. 502] for other kinds of cells). The relevant reaction quotient, as 
obtained from eq. (C.56), is: 


_ [ADP][PiJ[H;0*] 
[ATP][H,0] 


=2,18 107". 
The corresponding value of A,G can be calculated from eq. (C.55). At 
T= 310 K (ve., blood temperature, 37 °C), we obtain: 
A.G=A,G°+RT InQ= 
10 + 8.314-10%-310-In(2.18 107!7)=-59.2 kJ mol, 
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since R = 8.314 10° kJ K"' mol. In writing this formula, we neglect a 
small change in A,G° due to the increase in temperature from 25 °C to 
OT ig Oe 

According to the data reported in [1], the mechanical power per 
body weight that an athlete expends in level running varies from 20 
W/kg to 70 W/kg, corresponding to velocities from 2.5 m/s to 6.5 m/s, 
respectively. For example, let us refer to an athlete who weighs 75 kg. 
The total mechanical power that he or she must expend in order to run 
varies from 1.50 kW to 5.25 kW depending on velocity. Most of this 
power is produced by the extensional muscles of the athlete’s knees, 
mainly the quadriceps femoris of both legs. This amounts to the 
involvement of a muscle mass of about 3.2 kg per leg, if we accept the 
anthropometric data reported in [5]. Since the density of skeletal 
muscle averages about 1.1 g/cm’ (cf. [43]), it follows that the volume 
of the muscle cells producing that power is about V = 2.91 dim’. 

From these data, we can calculate the power output per unit volume 
of muscle cells as 


Wout =0.52~1.80 kWdm®. 


From the value of A,G given above and from relation (9.8.11), we infer 
that, in the velocity range 2.5 m/s ~ 6.5 m/s, the time rate of ATP 
hydrolysis in the athlete’s muscles must meet the following relation: 


p 2022 _ 180 8.78.10 ~30.40-107 mols"! dm, 
59.2 59.2 

By multiplying these values by muscle volume and by recalling that 
the ATP molar mass is 507.18 g mol’, from eq. (9.8.10) we can 
conclude that the minimum amount of ATP that the athlete must 
consume in his running varies from 12.95 to 44.87 grams per second 
depending on athlete’s velocity. This is the ATP cost of the mechanical 
power that the muscles must supply. It does not include the ATP that 
the muscle cells consume to perform the ordinary biological tasks that 
keep them alive. These tasks are estimated to require an additional 
expense of 0.7 grams of ATP per second [9]. 


The value r= 30.49 -10° mol s/ dm ® calculated above provides an 
indication of the maximum value that 7 may attain in a muscle cell. 
From this value, the maximum power that a muscle can release can be 
determined from eqs (9.8.10) or (9.8.11). In these equations we must 
insert the largest value that A,G can reach in the considered cells. 
Similarly to what we did in the example, this value of A,G can be 
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obtained by inserting into eq. (C.55) the value of Q that corresponds to 
the state at which the concentration of ATP in the cell reaches its 
largest value. This ATP concentration can be measured experimentally 
by taking samples from a well trained muscle. Also, by setting a limit to 
the overall content of solutes, eq. (9.3.4) can help to find out the best 
cytosol composition that allows a muscle cell to have the largest 
possible concentration of ATP. 


9.9 Dissolved Gases and Pressure Changes 


The amount of gas dissolved in the cytosol is quite low. This applies to 
both polar and non-polar gases. Polar gases, such as ammonia (NH3) 
and hydrogen sulfide (H2S), are highly soluble in aqueous solvents and 
thus in the cytosol. The cell membrane, however, is impervious to 
these gases, which hinders their access to the cytosol. In contrast, non- 
polar gases, such as Oo, CO», and N> are allowed free passage through 
the cell’s membrane. However, they are poorly soluble in water. 
Therefore, the amount of gas dissolved in the cytosol is small in both 
cases, but for different reasons, and can usually be neglected when 
determining the free energy of the cytosol. 

Many vital reactions that occur within a living cell consume or 
produce substantial amounts of gases, which the cell takes from or 
supplies to the medium that surrounds it. To bring gases to/from the 
cytosol, many organisms use special proteins that bind to the gas, pass 
through the cell’s membranes, and are soluble in the cytosol [11, pp. 
47-49]. Examples of this kind of protein in mammals are hemoglobin 
and myoglobin. They transport O. and CO, to/from the cytoplasm of 
red blood cells and muscle cells, respectively [11, Ch.5]. Thus, the 
molecules of these low-solubility gases become available in the cytosol 
in the form of protein-gas complexes. This is quite different from having 
the same gas dissolved in the cytosol, and it is the reason why the 
contribution of these gases to the cytosol’s free energy can be ignored 
despite that the cytosol absorbs/produces consistent amounts of them. 

Another question concerns the effect of external pressure on the 
cytosol’s free energy and thus the cell’s limit surface. The effect of 
pressure on the free energy of a liquid solution is treated at length in 
Appendix D. Equation (D.60) shows that that energy is a function of 
the pressure change, Ap. If dissolved gases are ignored, which in eq. 
(D.60) means setting both n,,,; and index g equal to zero, the same 
equation reduces to eq. (D.48). When applied to the cytosol, eq. (D.48) 
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coincides with eq. (9.2.1), which we considered in the previous sections. 
Thus, neglecting the dissolved gases makes the explicit dependence on 
Ap disappear from the cytosol’s free energy. 

The cytosol’s free energy also depends on Ap in an implicit way, 
because the compressibility of the solution makes the cytosol’s volume, 
V, depend on pressure. The same applies to V due to eq. (9.2.12). 
Therefore, as far as the cytosol’s limit surface is concerned, a change 
in pressure is tantamount to a change in V . This will affect the cytosol’s 
limit surface in a way similar to that depicted qualitatively in Fig. 
9.4.1. 

However, due to the small compressibility of the aqueous solution 
in question, pressure changes of several orders of magnitude are 
required to produce any notable volume effect. The wealth of results 
available from the literature concerning the capacity of single cells or 
simple organisms to thrive under elevated changes in pressure appears 
to support this conclusion (see [6] for a review). Of course, the same 
conclusion does not necessarily apply to a living organism as a whole. 
In that case, the amount of gases dissolved in the fluid that surrounds 
the cells varies with pressure. This may require that the pressure should 
not change too much or too fast for the organism to function properly. 


9.10 Desiccation and Anhydrobiosis 


Water is the solvent for almost all biological reactions that occur in a 
living cell. It also is essential for the maintenance of the lipid bilayer 
that makes up the membranes of cells and organelles. Dehydration 
below a few ten percent of normal water content is lethal for most 
living organisms, so it should be no surprise that living cells counteract 
desiccation actively. Doing so, however, usually consumes the cell’s 
energy reserves. Thus, if dehydration lasts long enough, most cells are 
incapable of surviving. In terms of the present theory, this means that 
dehydration finally succeeds in bringing the cytosol’s state beyond the 
limit surface. 

There are remarkable exceptions. Most seeds and pollens, a few 
plants, some small aquatic animals, and many bacteria, yeasts, and fungi 
are desiccation tolerant. They can survive almost complete desiccation 
while remaining in an inert state for years, decades, and, at least in 
principle, centuries. Anhydrobiosis is the state they acquire as a result 
of partial or total desiccation. In this state, they stop their vital 


LIVINGCELLS 221 


functions almost completely and stay dormant to recover normal life 
when rehydrated. 

While in the dehydrated state, the organism is much like inanimate 
solid matter. Thus, it shares with solid matter the capacity to resist very 
harsh environmental conditions as far as pressure, temperature, 
radiation, and physicochemical attacks are concerned. This confers 
anhydrobiotic organisms an obvious survival advantage (for a review, 
refer to [22], [27] and [72]). 

In order to interpret desiccation and anhydrobiosis within the 
framework of the present theory, we first multiply both sides of 
relation (9.2.20) by mu,o. By using eqs (9.2.7) and (9.2.12), we obtain: 


Y 114/7 
RT| mo es +> n; In———— | PV Sts Vrass 
y,0™'n,0 


j=l 
1H,0 +> fe 
Jel 


(9.10.1) 


The above relation expresses the admissible range of the cell in terms 
of nj and V rather than 1; and V. The latter are meaningless in the 
dehydrated state (11,0 = 0), as apparent from (9.2.7) and (9.2.12). 

A reduction in my, makes increase the terms within the brackets 
and the term —p°V in relation (9.10.1); i.e., these terms become less 
negative. The increase in —p°V is caused by the decrease in V due to 
the loss of water. As a result the left-hand side of the relation increases 
aS Ny,0 decreases, 1.e., as the cytosol desiccates. At the same time, the 
reduction in 11,0 makes the right-hand side of relation (9.10.1) decrease, 
since, at constant T, the quantity Y%,,. is constant. It can be concluded 
that dehydration, if not stopped in time, will quickly drive the cytosol 
to a state that is incompatible with relation (9.10.1), 1.e., beyond the 
limit surface. This may permanently damage the cell and even cause it 
to die. 

Moreover, the loss of water produces an increase in the concentration 
of the cytosol’s solutes if the amount of solutes is kept constant. This 
may in turn activate or accelerate unwanted chemical reactions, the 
rates of which are negligible or acceptably low at normal concentrations. 
Furthermore, a reduction in the cell’s water content also brings about 
changes in the cytosol’s pH and reduces the polarizing actions that the 
water molecules exert on the cellular material. This may lead to protein 
and enzyme denaturation and may damage the cell membranes. 
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Normal cells use various strategies to counteract desiccation. They 
expel solutes from the cytosol, thus reducing the contribution of the 
second addend within the brackets in relation (9.10.1). This keeps the 
cytosol’s state away from the limit surface despite the decreasing 
values of ny,0 and V. It also helps to maintain the solute concentration 
within acceptable values. Clearly, there is a limit to this strategy since 
the cytosol’s solutes cannot be eliminated at will, because they are vital 
to the cell. 

The cells also oppose the loss of water by closing the water channels 
of their membrane or by producing osmoprotectants in the cytosol to 
reduce the osmotic water transfer to the surrounding medium. All of 
these measures are at the expense of the energy reserves of the cell (as 
distinguished from the free energy of the cytosol) and/or reduce the 
cytosol’s functionality. When the energy reserves are exhausted, the 
cytosol’s water content no longer can be preserved. Then, dehydration 
will drive the cytosol beyond the limit surface and damage the cell. 

Knowledge of the cytosol’s admissible range helps to single out the 
solutes that are more critical to the cell’s survival during dehydration. 
As apparent from eq. (9.2.7), desiccation makes the variables i; 
increase in proportion to the amount of the water loss. The variables 
n, that are closest to the limit surface will be the first to cross it. By 
referring to the case depicted in Fig. 9.4.3, from eq. (9.2.7) we can see 
that variables 1, and 7, are the closest to the limit surface. Therefore, 
aS Ny,0 1s reduced, the increase in these variables will drive the state of 
the cell across that surface, thus making the same variables the first 
variables that may produce damage in the dehydration process. 

Apart from any damage it may produce, desiccation leads the cell to 
a state that is not dissimilar from that of a mixture of solid components. 
In such a state, the material that comprises the cell is almost completely 
inert due to the lack of a medium in which its various components can 
interact. This means that, in the desiccated state, the activities of the 
cell’s components tend to be rather small, which makes the free energy 
of the desiccated cell approach the sum of the standard free energy of 
its pure desiccated solutes, which is similar to what happens in a 
mechanical mixture. The small reactivity of desiccated biological 
matter has been known for ages and exploited to preserve food. It is the 
basis of one of the most successful technologies of the modern food 
industry. 

In general, the free energy of the hydrated cell is less than the free 
energy of the desiccated cell plus the free energy of the pure water of 
hydration. Therefore, the cell’s rehydration process tends to occur 
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spontaneously. Whether it will bring the cell back to its original state 
depends on whether the dehydrating process and subsequent rehydration 
occur entirely within the cell’s admissible range, because constitutive 
changes (i.e. damages) are unavoidable if the limit surface is crossed 
during any phase of the process. In that case, it will be impossible for 
the cell to resume its original state through rehydration. The 
rehydration process would then lead the cell into a new state, usually a 
lifeless one. 

If the damages are comparatively mild, the rehydrated cell may 
regain some of its original capacity to draw energy from its surroundings 
and repair itself to its pristine condition. Any repair, however, modifies 
the constitutive equations of the system. This means that the repair 
process cannot be an unloading process, because the unloading 
processes occur entirely within the system’s admissible range and thus 
cannot produce any constitutive change. Therefore, without receiving 
energy from the outside, the cell cannot recover its original state once 
the limit surface has been crossed (cf., Sect. 3.8). 

To survive dehydration, anhydrobiotic organisms use a special 
strategy. They replace water with another appropriate substance, usually 
a non-reducing disaccharide such as trehalose or sucrose [12]. The 
substance is synthesized by the organism in large amounts, because it 
has to replace a lot of water. It must be at least as inert as water and 
possess a polar molecule capable of replacing water in the forces that it 
exerts on lipids and cell membranes and in the bonds that it makes with 
proteins and other bio-molecules. Such a water substitute will keep the 
cellular material stable even when the stabilizing action of water is lost 
due to dehydration [29]. 

The substances that anhydrobiontes produce in order to survive 
desiccation are highly soluble in water, but they are solid in the pure 
state. As the water content of the cytosol decreases, they solidify to a 
prevalently amorphous, vitreous state. This avoids damage from 
crystallization forces, freezes the cellular molecular setup into a glassy 
matrix, and favours a chemically-inert condition by reducing molecular 
mobility. When water is available again, the matrix dissolves; water 
resumes its place in the cell structure; and life resumes its normal pace. 


Admissible range of anhydrobiotic cells 

The best way to describe cell dehydration and rehydration within 
the framework of the present theory is to consider the cytosol as a multi- 
solvent solution. In this case, the solvent is made of two co-solvents: 
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water and the non-reducing disaccharide that replaces water in the 
desiccated state. Here, we assume that trehalose is the second co- 
solvent, but the following analysis applies to any other appropriate co- 
solvent. 

As the cell dehydrates and rehydrates, the composition of the water- 
trehalose solvent mixture can vary continuously from almost 100% 
water (the cell’s normal state) to about 100% trehalose (the dehydrated 
state). The general expression of the free energy of a two-solvent 
solution is discussed in Appendix D, Section D.6. When applied to the 
present case, the overall mole number of the solvent, as defined by eq. 
(D.61), is expressed as: 


Assi lices = 1H,0 + Nyy» (9.10.2) 


where yp is the mole number of trehalose in the solvent mixture. In the 
present case, eqs (D.64) - (D.67) can be rewritten as: 


Tigo =——2—; (9.10.3) 


Tg = =——__, (9.10.4) 
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The variables 1, and V defined by eqs (9.10.5) and (9.10.6) replace 
the analogous variables defined by eqs (9.2.7) and (9.2.12), which 
apply to the one-solvent solution case. All of the new variables in 
(9.10.5) and (9.10.6) are meaningful for both m,,, = 0 and mun= 0. This 
makes them well suited to represent all states that an anhydrobiotic 
system can attain. 
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In terms of the new variables, the cell’s Helmholtz free energy per 
overall mole number of solvent can be obtained from eq. (D.69): 
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where M,,. and M,,, denote the molar masses of water and trehalose, 
respectively. From eq. (9.10.7), by repeating the same analysis as the 
one leading from eq. (9.2.11) to eq. (9.2.15), we have 
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From this and from eq. (9.2.19), the following expression of the cytosol’s 
admissible range is finally obtained: 
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This expression is equivalent to previous expressions (9.2.20) and 
(9.10.1), but it is now in terms of the state variables (9.10.3)-(9.10.6). 
This enables us to follow the state of the cytosol up to complete 
desiccation, because all state variables remain finite and meaningful 
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until complete desiccation. Note that the condition ny,. = 0 is a rather 
theoretical one, some trace of water, albeit with reduced mobility, is 
always present in the cell as a remnant of the hydration layer of some 
protein. 

The activity coefficients yj, Yu,o, and Yn in expression (9.10.9) 
must be understood as functions of the state variables (9.10.3)-(9.10.6). 
Therefore, these functions are different from the analogous functions 
that enter the expressions of the cytosol’s admissible range in terms of 
other independent variables, namely relations (9.2.20) and (9.10.1). 

Relation (9.10.9) helps to clarify the role of trehalose in anhydro- 
biontes. As 1y,0 approaches zero, the first term within brackets in that 
relation tend to vanish, while the term —p° V outside brackets increases 
due to the volume reduction due to the loss of water. Trehalose 
contrasts the overall increase of the left-hand side of relation (9.10.9), 
thus keeping the cytosol state within its admissible range. It does so by 
introducing a negative term in the left-hand side of the above 
expression (the second term within the brackets), by limiting the 
contributions to Y” coming from the cytosol’s solutes (the third term 
in the brackets) and, finally, by replacing the lost water, thus limiting 
the reduction of V and slowing the increase of —p° V. 

In addition, by vitrifying the cytosol, trehalose hampers the 
molecular mobility of its solutes and hence their reactivity. In the 
dehydrated state, the solute activity coefficients also are expected to 
decrease, because trehalose is not as reactive as water. This helps to 
reduce the left-hand side of relation (9.10.9) in spite of the increased 
concentration of the solutes and to preserve the cell’s status quo thanks 
to the low chemical reactivity of trehalose. 


10 


The Formation of Living Systems 


The gap between the functions U and TS is generated when the system 
is formed. In a homogeneous system, this gap determines the system’s 
admissible range and the maximum amount of free energy that the 
system can store and supply. Similar results apply to each homogeneous 
part of non-homogeneous systems. In the present chapter, we examine 
how that gap varies during the process that transforms inanimate 
matter into a living organism. 

The formation of living systems, as it occurs in nature, is invariably 
an autonomous process. This means that no significant external 
work—whether generalized or not—is done on the system as it evolves 
into a living organism. Instead, the process uses energy resources that 
are freely available to the system. They may either be part and parcel 
of the system itself, as is usually the case with seeds and eggs, or be at 
the system’s disposal from its maternal or natural environment. This 
makes the occurrence of life in nature a spontaneous, unavoidable, if 
quite special, complex process. 
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In spite of the daunting intricacy of the structure of even the simplest 
living system, the thermodynamics of the formation of its admissible 
range is comparatively simple. It affords important clues about the 
system’s capacity to survive and reproduce. 


10.1. Formation and Subsistence Processes in Living 
Systems 


Living systems are in constant activity. First, they continuously 
produce new cells for maintenance and growth. It has been calculated 
that about 11 million cells grow and replicate each second in a human’s 
body. This is a staggering rate even if it is considered that the human 
body contains some 10'* cells (one hundred trillion cells). Second, 
living systems constantly exchange energy with their surroundings to 
move, eat, breathe, cool or heat themselves, etc. Every activity of a 
living system can be classified either as a formation process or as a 
subsistence process. 


Formation processes. These processes were discussed at length in 
Chapter 5. They are the processes that modify the constitutive equations 
of the internal energy and entropy of the system. These two quantities 
are so fundamental to the system’s life that one should expect that any 
non-trivial change in the properties of the system should also affect 
them. Any constitutive change that does not affect the constitutive 
equations for internal energy and/or entropy is of minor relevance to 
the system—whether living or inanimate—in that it leaves its admissible 
range unchanged. 


Subsistence processes. These are all the processes that do not fall into 
the previous class. Accordingly, they leave the constitutive equations 
for U and S unaltered. The class of subsistence processes includes, in 
particular, all processes in which the system interacts with the 
surroundings while keeping its constitutive properties unaltered. 


By modifying the constitutive equations for U and S, a formation 
process modifies the admissible range of the system and/or the 
maximum amount of non-thermal energy that it can store or supply 
(Chapter 3). In contrast, a subsistence process must take place within 
the admissible range of the system, because that is the range of all 
states that the system can attain while complying with its actual 
constitutive equation. 
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A living system usually performs both kinds of processes at once; 
e.g., a lamb keeps growing (formation process) while, at the same time, 
bleating or suckling at its mother’s udders (subsistence processes). 
However, there may be periods in the life of a system in which it 
prevalently performs just one of the above kinds of processes. 
Compare the pupal and the adult stages of a honeybee worker. In the 
pupal stage, the insect hardly moves. It stays confined to a sealed brood 
cell while the formation of its organs and tissues is being completed. 
This is entirely a formation process. The adult worker bee that results 
from that stage is an accomplished biological engine. It takes energy 
from the surroundings in the form of food and oxygen and uses it to 
fly, transport material, and attend to a few other related chores in the 
hive. At that stage, practically all processes of the bee are subsistence 
processes. 

Formation and subsistence processes can usually be studied 
separately, even when they take place simultaneously. The reason is 
that formation processes are generally much slower than subsistence 
processes. Therefore, the latter can, in practice, be analyzed while 
considering the formation of the system as frozen. It should be noted 
that the dependence of a formation process on the concomitant 
subsistence process is often rather weak. Thus, for many practical 
purposes, a formation process can be studied while ignoring any 
concomitant subsistence process. Accordingly, we simplify our approach 
by considering formation and subsistence processes as independent of 
each other. 

The distinction between formation and subsistence helps dissipate 
much of the intricacies of the thermodynamics of living systems. 
Formation processes are not subjected to the limitations related to the 
admissible range, because they modify that range. Conversely, 
subsistence processes must take place within the admissible range of 
the system, because that is the only place where a process compatible 
with the system’s constitutive properties can occur. Although both kinds 
of processes are fundamental to a living system, the thermodynamic 
restrictions discussed in Chapter 3 apply only to subsistence processes. 


10.2. Life in an Isothermal Environment 


Life, as we know it on Earth, thrives under isothermal conditions. 
Although temperature changes normally take place in the habitat of a 
living system, they are confined to a few tens of centigrade degrees. 
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From a thermodynamical standpoint, the temperature difference between 
a living system and its surroundings is even less significant, and, with 
rare exceptions, it essentially vanishes in fishes and plants. Moreover, 
the inside temperature of a living system is almost uniform, although it 
may undergo some minor changes in time. 

This all stems from the fact that the biochemistry of living systems 
is highly sensitive to temperature. Temperature changes of just a few 
centigrade degrees make some biologically important proteins fold or 
unfold, thus triggering different vital processes. For instance, avian 
eggs must be brought to their mother’s temperature to start developing, 
and then they have limited resistance to being kept below or above that 
temperature. To give another example, a cell culture in the lab must be 
at a constant temperature to grow—typically around 37 °C for animal 
cells and 25 °C for plant cells. When brought to a temperature that is 
too far above or below its natural temperature, every living system 
stops activity or dies. No wonder that life thrives at constant temperature 
or in temperate climates but is almost absent in environments where 
strong temperature excursions occur. To better adapt to the temperature 
changes of their environment, many living systems, from some 
monocellular organisms to the most evolved animals, have developed 
special regulatory capacities to keep their temperatures at the right 
values. 

The thermodynamic consequences of this state of affairs are 
profound. In particular, they exclude that a living system could thrive 
by extracting non-thermal energy from the heat of the surrounding 
world. The small temperature difference between the system and its 
surroundings excludes that any significant amount of heat could be 
transformed into non-thermal energy by the system. Such a 
transformation requires absorbing heat from a source at a higher 
temperature and transferring part of it to a sink at a lower temperature. 
This is next to impossible in the almost uniform temperature 
environment that life requires. 

Granted that it could be done, the efficiency of such a process 
would be ridiculously low. From Carnot’s theorem, we know that the 
maximum theoretical efficiency of the transformation of heat into work 
is given by the temperature difference between the heat source and the 
heat sink divided by the absolute temperature of the source. In the case 
of terrestrial life, this would mean dividing the already meagre 
temperature difference available to a living system by a quantity as large 
as about 300 K, the temperature of the living system’s environment. 
Although low, this efficiency can not even be achieved in practice due 
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to the heat losses and irreversibilities involved in any real transformation 
process. Therefore, although the mere possibility of an organism 
thriving on temperature gradients is a physical possibility, this would 
undoubtedly require a biological setup that is foreign to this world. 

It can be concluded that the bias of life toward isothermal 
conditions makes temperature play a minor role in the thermodynamics 
of the processes of living systems. Biological processes are isothermal 
or almost so. Although they can take place at different temperatures, the 
temperature changes have little effect on the response of living 
systems, provided that the changes are within the comparatively 
narrow range within which the systems can operate. This makes 
temperature an unnecessary state variable in most of the applications 
concerning living systems. 

On the other hand, the isothermal character of biological processes 
makes the notion of admissible range (Chapter 3) particularly well suited 
to a living system or part thereof. It refers to systems under isothermal 
conditions, which is the natural condition for a living system. 


10.3. Overall Thermodynamics of the Formation of a 
Living System 


We generally distinguish between two main parts of a living system in 
formation: the living part and the inanimate part. The former may be a 
single cell, a multicellular embryo, or a complete organism in 
transformation. The inanimate part consists of the nutrients that the 
living part needs for its transformation and growth. In real systems, the 
nutrients are available in the most disparate forms. They can either 
occupy a definite portion of space around the embryo, as is the case for 
eggs and seeds, or be freely available from the natural substrate that 
surrounds the developing organism, as is usually the case for bacteria, 
fungi, and yeasts. The pupae of many insects feed on their own cells, 
while mammalian embryos take the nutrients from maternal blood. In 
most cases, gaseous phases, such as oxygen, carbon dioxide and water 
vapour, also should be included among the nutrients. 

In defining the materials that make up a living system in formation, 
one should include at least as much nutrient as is strictly needed for the 
formation of the organism. This is the stoichiometric minimum. 
However, the following arguments are still valid if more than that 
minimum is included in the system. The reason is that any surplus 
nutrient will remain unaltered and thus will not affect the changes in 
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the internal energy and entropy of the system during the formation 
process. 

The formation process also will produce waste material. Although 
the waste material will not be part of the final organism, it will 
contribute to the total internal energy and entropy of the system. Thus, 
the waste material should be considered as included in that system 
when considering how its internal energy and entropy change over 
time. 

Living organisms are invariably highly non-homogeneous systems. 
This means, in particular, that their internal energy and entropy are 
different for different parts of the system. Internal energy and entropy, 
however, are extensive quantities. Therefore, it makes sense to speak 
of internal energy, U, and entropy, S, of the whole system as the sum 
of the internal energies and entropies of its parts. The following 
general considerations apply to these overall values of U and S. 

In addition to being isothermal, the natural process of formation of 
a living system invariably is autonomous, i.e., no work is done on the 
forming material to bring it to life (W,,< 0). However, in the process, 
the system may supply work to the surroundings. This is essentially 
volume work and, at atmospheric pressure, it usually can be neglected. 
Thus, no harm is done if we assume that: 


W,, =0. (10.3.1) 
From the first law (1.4.8), it then follows that 
U =O. (10.3.2) 


In view of the second law (1.6.6), this implies that the following 
relation holds true in the formation process of a living system: 


U<TS. (10.3.3) 


On the other hand, all available evidence indicates that the 
formation of a living system is an irreversible process. Therefore, the 
equality sign should be dropped from relation (10.3.3). Accordingly, 
the latter should be written as: 


Y=U-TS<0, (10.3.4) 


where ¥ is defined by eq. (1.11.3). Thus, in addition to being 
autonomous and isothermal, the natural processes of the formation of 
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living systems produce a decrease in the free energy of the system that 
undergoes the formation process. This means that they are processes 
that occur spontaneously. 


The sign of the entropy changes 

It is often maintained that the formation of a living system from 
inanimate matter should involve a decrease in the entropy of the 
system that undergoes the formation process. This expectation is 
related to the idea that entropy can be interpreted as a measure of the 
microscopic disorder of the system and that a living system, being so 
well organized, should possess less entropy than the inert material 
from which it came. Some researchers have questioned the general 
validity of this standpoint. They have concluded that the formation of a 
living system may also result in an increase in entropy or no change in 
entropy at all ([8], [26]). The present analysis, however, is valid 
irrespective of how this issue may be settled, which requires further 
experimental work. 

If the formation of a living system makes the total entropy of the 
system decrease, the process must be exothermic (Q< 0), as follows 
from relation (1.8.1). Then, from relations (10.3.2) and (10.3.3), it can 
be inferred that, during the process, the internal energy of the forming 
material should decrease (U < 0). However, due to relation (10.3.3), 
the decrease in entropy cannot exceed the decrease in the ratio of U 
over 7. On the other hand, if the formation process makes S increase, 
then QO, and thus U, can be either negative or positive. However, 
when these quantities are positive, they cannot exceed the value of 
T S, as immediately follows from relations (10.3.3) and (10.3.2). 

Because of condition (10.3.4), the formation of a living system is 
always a spontaneous process, irrespective of whether it makes the 
entropy of the forming material decrease or increase. However, the 
resulting entropy change is bound to be small, as will be shown in 
Section 10.7. 


10.4 The Routine of Formation: A One-Variable 
Process 


A very important characteristic of all natural processes of formation of 
living systems is that they take the forming system through a fixed 
sequence of states, ending up with the complete organism. The 
sequence is strictly the same for every organism of the same species, 
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but it is different for different species. So much so, that one can tell 
which parts of the organism have been formed—and to what extent— 
simply by knowing how much time has elapsed since the formation 
process began. 

It follows that the state of a living organism during its formation 
can be identified by just a few parameters. One of them defines the 
progress of the formation process from the time it started. This can be 
taken as the main variable of the process. The other parameters only 
have to be considered when the conditions under which the formation 
occurs diverge from those that are typical for the living species to which 
the forming system belongs. The conditions may be temperature, 
pressure, and other physical quantities related to the environmental or 
pathological conditions of the developing system. 

When formation occurs under typical conditions, time can be taken 
as the variable that measures the progress of the formation. This means 
that during the process, the values of internal energy and entropy of the 
forming system are functions of ¢ only. Fig. 10.4.1 shows some possible 
scenarios for the functions U(t) and T S(t) during the formation process 
of a living system. In the figure, the formation process is assumed to 
start at time ¢ = 0 and end at ¢ = ¢y. 

As shown by these diagrams, the free energy, (4), of the forming 
system, i.e., the distance between curves U(f) and T S(t), can either be 
positive or negative. The sign of that distance is of no relevance, because 
it depends on the reference value we use for U. What matters is the 
sign of the free energy rate, Y%, which must always be negative, in 
agreement with relation (10.3.4). It follows that ¥ must decrease over 
time. Therefore, if <0 at a certain time of the process, then the width 
of the gap between U(t) and 7 S(t) will increase as the formation 
proceeds. 

The free energy cost, AYou, of the formation process is given by: 


AY, =-AY =¥(0)-Y(t,). (10.4.1) 


out ~~ 


In general, this quantity is greater than the free energy of formation of 
the living organism, because some free energy is spent in the 
metabolism of the living material that is formed before the process is 
complete. For example, in the process of forming a chick from an egg, 
A¥oux 1s the overall free energy lost by the egg in the incubation 
process. That energy is greater than the energy that is needed to 
produce the material making up the chick, since it includes the energy 
that the formed cells spend to stay alive before hatching occurs. 
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Fig. 10.4.1. Examples of time diagrams for U and 7S during a spontaneous formation 
process (¥% <0 in all diagrams). Top /eft: entropy decreasing formation process. Top 
right: entropy increasing formation process. Bottom diagrams: same as the top diagrams, 
but with a reference value of U such that Y%=0 for t=0 (this makes “negative but 
leaves Y% unaltered). All diagrams refer to the total values of U, S, and Y% 


10.5 Heat of Formation 


Much of the experimental information concerning the values of U 
during the formation of a living system comes from calorimetric 
experiments. A typical experiment is to place the forming system into a 
calorimetric chamber and measure the amount of heat that is produced 
by the formation process. Due to the small amounts of heat involved, a 
differential-type calorimeter usually is used. Thus, what is actually 
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measured is the time rate of heat produced, which also is referred to as 
thermal power. We denote it as Q.,,, which has a positive value when 
representing an amount of heat that, per unit time, leaves the system. 
Since Q denotes an amount of heat absorbed by the system, we have 
that: 


O=-Qyut- (10.5.1) 


The curves Oout(t) that are obtained from these experiments are 
similar to the bottom diagram of Fig. 10.5.1. The formation process 
starts at time ¢; and ends at time ¢;. For ¢ < 4, the heat production rate, 
i.e., —O,, is constant. This represents the metabolic heat, if any, that is 
needed to keep the living part of the forming system alive during the 
process. In some cases, the system remains dormant up to time ¢,. That 
is the case, for instance, for seeds before germination or for eggs 
before incubation. In that case, O; =0 


A OQout 


> 
t 


Fig. 10.5.1. Lower diagram: Outline of a typical heat power curve, Q,,,(¢) , during 
the formation process of a living system. Top diagram: Amount of heat released, 
Qou(d), by the forming system obtained by integrating curve Oot) in time. The 
quantity AQou is the total heat released in the interval [¢,, ¢;]. The quantity Ap Qou is the 


part of AQ,,, that is due to the formation of new material. 
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The process between f¢, and ¢; usually is composed of two parts, which 
are indicated as J and JI, respectively, in Fig. 10.5.1. In part J, the 
quantity Qout increases and reaches its maximum value at point C. In 
this part, the increase in Q,,; is due to the heat released by the formation 
process and to the increase in the heat of metabolism of the living part 
of the system as new cells are formed. 

Part JI of the formation process takes place from C to D. The heat 
production rate, Q,u:, decreases in this part of the process, because the 
formation of the system is nearing completion. From point D on, the 
heat production rate will remain constant at the value of —O, that is 
relevant to the metabolism of the formed system at rest. 

The top diagram of Fig. 10.5.1 is a plot of the heat, Qout, released 
by the process. It is obtained from a time-integration of the plot 
O,(t) represented in the lower diagram of the same figure. For t< f, 
and t> t, the plot of Qout vs. tis a straight line, since Q,,, is constant in 
these intervals. Of course, the greater the value of Q,,,, the steeper the 
corresponding line of the Qou diagram. 

The total amount of heat, ArQout, due to the formation process is the 
difference between the total amount of the heat, AQou, that the system 
releases in the interval [¢,, t;] and the amount of heat due to metabolism 
relevant to other concomitant activities that may be taking place in the 
system. The latter amount of heat varies in time as new cells are formed. 
It can be evaluated approximately as the product of (t; — 4) times the 
mean value between —O; and —Q,. A similar approximation can be 
used to evaluate the heat ArQout. This amount of heat is represented by 
segment DK in the top diagram of Fig. 10.5.1. Point K of that diagram 
is obtained as the intersection between the vertical line through ¢; and 
the line starting from B, sloped at the angle on = (a; + o)/2, which 
represents the average slope between line AB and line DE. 

Depending on the system and on the formation process, the heat 
power diagram, Qou(t), may reduce to part J or I of the diagram of 
Fig. 10.5.1. It may also be a sequence of branches in which the above 
two parts repeat themselves subsequently, one or more times. The 
amplitude, width, and slope of each part generally will be different for 
different branches. 

A good example of a multi-branched heat power diagram is the 
Qpy:(t) curve relevant to the formation of the honeybee, Apis mellifera. 
This diagram is shown in Fig. 10.5.2, which was freely adapted from 
[60]-[62]. For precise quantitative data, the reader is referred to the 
original papers. 
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Fig. 10.5.2. Heat production rate during the formation process of one honeybee from 
the larval stage (immediately after the capping of the brooding cell) to the hatching 
into an adult worker (adapted from [60]-[62]). 


The formation of the chick from an egg affords an instance of a heat 
power diagram made by just one single branch of the J type. Fig. 10.5.3 
reports a typical Qout(t) diagram relevant to a hen’s egg (see, e.g., 
references [59], [37], and [38] for more details). 
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Fig. 10.5.2. Heat production rate during the formation process of a chick from a 
hen’s egg (adapted from [38]). 


_ The germination of seeds affords another instance of an /-type 
Qsur(t), though with some minor variants. Fig. 10.5.3, taken from the 
experimental results reported in [58], represents the heat power curves 
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of the germination of malting barley (Hordeum vulgare L.) and winterfat 
(Krascheninnikovia lanata) seeds. In the present case, the steepest 
portion of the diagram is preceded and followed by two low rising 
parts where Q,,, grows at a rather reduced rate. The low rising part at 
the end of the diagram indicates that the formation process continues 
beyond the steepest part of the diagram. This is due to the formation of 
more cells to complete the seedling. 

On the other hand, the increase in Q,, in the low rising portion at 
the beginning of the diagram is due to the initial, water-imbibition 
phase of the germination process. In that phase, the seed embryo is still 
dormant, and the process concerns the non-living part (nutrients) of the 
seed. In this part of the process, Q,,; is due to the physical and 
chemical processes that control the imbibition process rather than the 
growth of the seed embryo. 
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Fig. 10.5.3. Heat production rate (per embryo original weight) during germination of 
malting barley seeds, curve a, and winterfat seeds, curve b (adapted from [58]). 


10.6 The Determination of U(4) 


Equation (1.10.6) applies to all the natural processes of formation of 
living systems, because these processes occur at constant pressure 
(dp = 0) and do not exchange work with the surroundings (W,,= 0). 
When the same processes involve gaseous phases, the moles of absorbed 
gases and the moles of produced gases are consistently the same. 
Therefore, since isothermal chemical reactions that involve solids and 
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liquids produce quite small changes in volume, we can conclude that 
the formation of a living system is, to a good approximation, isochoric. 
As a consequence, eq. (1.10.11) is applicable to them. From that 
equation and from eq. (1.10.6), it is not difficult to conclude that the 
equation 


U =-Onn- (10.6.1) 


holds true to a good approximation in any process in which a living 
system is being formed or, for that matter, in any isothermal biological 
process that occurs at constant volume and pressure and does not 
exchange work with the surroundings. 

Of course, the constant volume hypothesis in no way means that the 
volume of the forming system cannot change during the formation 
process. It simply means that the change in the volume of the system is 
equal to the volume of the material that the system takes from the 
surroundings for its formation. 

Equation (10.6.1) enables us to interpret the heat power curves 
described in the previous section as the time-rate of the internal energy 
of the material involved in the formation process. By time-integrating 
that equation in the interval [¢,, ¢], we obtain: 


UW) =U(t) ~ [Ogu (0) — Qour (4) (10.6.2) 
or 
AU(t) = UW)—-U(t) = Qo (t)- Qa). (10.6.3) 


Expressed in words, these equations state that the heat produced by the 
system during any time interval of the formation process is equal to the 
loss of internal energy by the system in the same time interval. This 
result reduces the experimental determination of U(f) and AU(#) to the 
experimental determination of Qou. 

Both U(¢) and AU(?) can also be determined theoretically from the 
enthalpy, H, of the forming system. To do this, we need to observe that 


AU(t) = AH(t), (10.6.4) 


as immediately follows from a time integration of eq. (1.10.11), once it 
is recalled that, in the present case, dp=0. The enthalpy change, AH, 
that appears in eq. (10.6.4) can be calculated by well-established 
procedures of thermochemistry. One of these procedures refers to the 
equation: 


AH (t) = ApH (t)—Arp H(t) , (10.6.5) 
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where A;H(t) and A;H(t,) are the enthalpies of formation of the 
considered system at time ¢ and time ¢;, respectively. 

However, the application of eq. (10.6.5) to the present case tends to 
be laborious, in that it requires the knowledge of the composition of 
the forming system at each time, ¢, at which the above equation is 
applied. Generally speaking, the procedure requires that the values of 
the enthalpies of formation of each component must be extrapolated 
from the standard values taken from thermodynamic tables to account 
for the actual condition of the components at the time at which their 
enthalpies of formation are calculated. (Not to mention that the standard 
values of the enthalpies of many organic compounds of biological 
interest are not always readily available. In some cases, they cannot 
even be determined by direct experimentation, because their formation 
process is too intricate or not completely understood.) 

Another way to determine the quantity AH appearing in eq. (10.6.5) 
would be to measure the heat of combustion (also called calorific 
value) of the forming system. This is a well-established procedure, 
which is routinely followed in the laboratory by means of a bomb 
calorimeter. The difference between the heat of combustion of the 
forming system measured at time ¢ and the same quantity measured at 
time ¢, is equal to —AH(t). This procedure is especially suitable for 
systems, such as eggs, that possess a well-defined boundary. The 
drawback is that, in order to obtain a meaningful graph of AH(#) over 
the whole formation process, the experiment must be repeated at 
comparatively short time intervals during the formation process. 


10.7 Almost Isentropic Character of Formation 
Processes 


The entropy changes brought about by the formation process of a 
living system are bound to be rather small. This is a consequence of the 
fact that the formation of these systems can take place only within a 
very narrow range of temperatures. (In the case of hens’ eggs, for 
instance, that range is from 37 to 40 °C.) This claim can be proved as 
follows. First, it must be observed that, in any isothermal, constant 
pressure, constant volume process, we have: 


AG|,,= AU|,, -TAS|.., (10.7.1) 
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as follows from eq. (1.11.14) and eq. (1.11.3). (The notation used here is 
to emphasize that the increments AG, AU, and AS actually depend on 
the temperature, 7, at which the process occurs.) For a given living 
system, let (Tinin, Tmax) be the temperature interval at which its isothermal 
formation is possible. If the temperature is outside that interval, the 
living system will not form. Since the formation of a living system is a 
spontaneous process, it must lead to a decrease in the free energy of the 
forming system. Therefore, for values of T inside the above interval, 
the formation process results in AG| male 

Because no spontaneous formation process can take place outside 
the temperature interval (Tinin, Tmax), 1t must be argued that for T > Tmax 
or for T < Tin the same process would make AG|.. >0. Assume then 
that AG| ,18 a continuous function of temperature. Since AG|.. < Oinside 
the temperature interval (Tinin, Tmax), it must vanish for T= Tin and for 
T = Tmax. That is 


AG|, =0 (10.7.2) 


and 
AG 


=0. (10.7.3) 


T max 


From eqs (10.7.3) and (10.7.1), it then follows that 


AU]. —Tinax AS|_. = 0. (10.7.4) 


T max T max 


Since U and S are state functions, in a simple heating process from 
T min tO Tmax We have 


AU | Fe =AU | osin +cAT (10.7.5) 


and 


1 
AS| T max - AS| T min a Fr AT : (10.7.6) 


In these expressions, c is the thermal capacity of the system, 7 is an 
appropriate value of 7 in the interval (Tinin, Tmax), and AT is the amplitude 
of that interval: 


is ees (10.7.7) 


Obviously, all increments in U and S that appear in eqs (10.7.5) and 
(10.7.6) should be relevant to the temperature change, AT, with all the 
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other state variables of the system kept constant. By introducing eqs 
(10.7.5) and (10.7.6) into eq. (10.7.4), using eq. (10.7.7), applying eq. 
(10.7.1) to T = Tin, and recalling eq. (10.7.2), we obtain: 


T. 
cAT-ATAS|,__— 7 CAT =0. (10.7.8) 
min 
That is, 


(1-2) c= AS| pin = 0, (10.7.9) 


At this point, to show that the entropy change brought about by the 
formation process of a living system is comparatively small, we may 
observe that the temperature of formation of most living systems is 
around 300 K, while the amplitude AT of the temperature changes that 
are tolerated for the formation to take place is a few tens of centigrade 
degrees at best. Under these conditions, the ratio Tmax/T is approxi- 
mately equal to unity, given that Tinax 2 T > Tmax — AT and that AT is 
small when compared to Tinax. Thus, the first term on the left side of eq. 
(10.7.9) tends to be small. The same equation can therefore be written, to 
a good approximation, as 

lenin = 0° (10.7.10) 
Also, since the value of the ratio AZ/T is small, we have that 
AS] + max =AS|r min > 28 immediately follows from eq. (10.7.6). Thus, for 
an appropriately small value of AT, simple continuity arguments lead 
us to conclude that 


AS|,. =0 (10.7.11) 
for every value of 7 in the temperature interval (Tinin, Tmax) 19 which the 
formation process can take place. This completes the proof. 

In other words, the fact that the natural process of formation of a 
living system can occur only within a comparatively narrow range of 
temperatures implies that the entropy changes that the process produces 
are comparatively small. The formation of living systems that occurs in 
nature is therefore an almost isentropic process. Accordingly, its driving 
force is the decrease in the internal energy of the forming system rather 
than the increase in its entropy. 

While the formation process is almost isentropic, it is not adiabatic, 
as heat is produced in the process (Section 10.5). This is consistent 
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with the fact that the process must be irreversible, in order to produce a 
non-vanishing admissible range in the organism that is being formed 
(Section 5.1). 


Remarks 


A. Because the formation process is approximately isentropic, the 
following identities hold true to a good approximation: 


AW=AU =AH =AG. (10.7.12) 


The first of these identities follows immediately from definition 
(1.13.3). The remaining identities are nothing but a consequence of eqs 
(1.11.13) through (1.11.16). 


B. Though small, the actual values of the entropy changes 
produced by the formation process can be determined by the usual 
methods of thermochemistry and, in particular, by the calorimetric 
method discussed in Section 1.7. That method has the advantage of not 
requiring that the composition of the system be known. However, it 
requires cooling the system to temperatures of only a few degrees Kelvin 
and extrapolating the results to 0 K. 

As an alternative, the entropy change could be determined from the 
relation: 

_AG-—AH 


AS 10.7.13 
. ( ) 


which follows from definition (1.11.10), and from the fact that the 
process is isothermal. The quantities AS, AG, and AH that appear in eq. 
(10.7.13) are the differences between the values of S, G, and H at time 
t and their respective values at the beginning of the process. To apply 
this method, however, one must know the initial composition of the 
system and its composition at time ¢. The values of G and H of each 
component can be obtained by extrapolating its standard values reported 
in the thermodynamic tables to the values that correspond to the actual 
state of the same component at each stage of the formation process. 
However, as observed in the previous section, the standard values of 
some organic compounds of biological interest may not be available. 
Moreover, the need to know the composition of the system at each 
time of the process makes this procedure quite laborious. 

Irrespective of the procedure that is used, the determination of S(¢) 
or AS(#) in the formation process of a living system is a particularly 
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demanding task, because the process is almost isentropic. This requires 
high precision in measurements and calculations to acquire sufficiently 
accurate values for the small changes in entropy. 


10.8 Unconditional Reserve of Energy: The Quiddity 
of Life 


All living systems, from bacteria to humans, must interact with the 
surrounding world to survive and reproduce. To do so, they collect 
information about their environment by means of appropriate receptors. 
These are particular organs, or even single molecules, that are sensitive 
to touch, light, special chemicals, and the like. The energy that is 
required to activate a receptor is extremely small and therefore cannot 
fuel the complete reaction of the organism in response to the stimulus 
that it receives. Generally, much more energy is required simply to send 
the information from the receptors to the appropriate organs within the 
cell to which the receptor is attached, let alone to produce the complete 
reaction of the living organism. 

Once a signal is elicited from a receptor, a fast reaction is essential 
to the living system’s survival and reproductive success. Fast 
communication between cells also is required to coordinate even the 
simplest tasks of a multicellular organism. All of these activities absorb 
energy. They usually are carried out by chemical or electrochemical 
means, and, to occur quickly, they demand immediate access to a ready- 
to-use source of energy. 

Every living system carries various reserves of energy. Most of 
them are in the form of nutrients, such as glycerol and lipids, within 
the system itself or attached to it in separate reservoirs. However, the 
chemical reactions required to liberate energy from these energy 
reserves take more time than the fraction-of-a-second that is needed to 
a typical instantaneous response of a living system. The nutrient 
reserves cannot provide that immediate supply of energy. Think about 
an animal as it reacts to escape a sudden attack by a predator or a 
predator pouncing upon a moving prey as soon as it comes into reach. 
In similar situations, the reserves of nutrients are of little use, as there 
is simply no time to draw energy from them. 

To respond promptly, the cells within the system must have access 
to a source of energy that is capable of being used immediately, with 
no notice and for whatever task it may be needed. In a living cell, this 
ready-to-use, unconditional energy is the free energy of its cytosol. In 
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Chapter 9, we studied this energy at length and determined its main 
properties and limits. For some important aspects, the cytosol’s role in 
the living cell is analogous to that of an electric battery in an electrical 
appliance: it stands waiting, ready to power any connected circuitry as 
soon as the latter is switched on. 

To emphasize the importance of the cytosol as a source of energy, it 
should be added that the process of energy production from nutrients 
and, in particular, from the reserves of nutrients within the cell, cannot 
start without some initial expenditure of energy. (For more details on 
this point, refer to any textbook on biochemistry, e.g. [11, Ch. 14] or 
[42, Ch. 13]). The energy that the cell uses to start the energy 
production process is taken from the cytosol’s free energy. In the end, 
the process returns more energy than the energy that is needed to 
initiate it. However, without the initial investment of energy from the 
cytosol, the cell could not exploit the reserves of nutrients available to 
it, no matter how large they are. In other words, it could not be alive. 

However, the cytosol does not store unlimited amounts of energy. 
So, if the external demand of energy from the cell ceases, then the 
energy produced from the nutrients remains in the cytosol. When the 
free energy of the cytosol reaches a limit value, which may not 
coincide with the cytosol’s maximum storable energy, the process of 
producing energy from nutrients must be stopped. Thus, no matter how 
much energy was supplied by the cell following its instantaneous 
response, the process ends up by leaving the cytosol recharged with 
energy, ready for further demands for instantaneous supplies. 

It should be clear by now that it is the unconditional, instantaneous 
source of energy from the cytosol that makes life possible. That energy 
should, accordingly, be considered as the essence of life. The cell 
machinery, or the whole organism, for that matter, would simply be 
inert matter if the cytosol’s energy were not available. 

Much of the energy cost, AYou, to build up a living system is due to 
the inert machinery that composes it. The unconditional energy that 
gives life to the system is the free energy of the cytosol of its cells. 
This energy is only a small fraction of AY. It can be determined from 
eqs (9.2.9) and (9.2.10) after the cytosol has been isolated from the 
organism and its composition has been determined. 

How much unconditional energy does an animal need? It depends 
on the quickest event with which it must deal. Being herbivorous and 
protected by heavy armature, a tortoise can afford to ignore most of the 
fastest events that threaten other animals. Then, its unconditional energy 
may be limited to that needed to control metabolism of food and 
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nutrients and to power its brain and nervous system. The amount of 
unconditional energy contained per unit weight of its muscular tissues 
would clearly be unfit for the lifestyle of a killer whale or, for that 
matter, to that of a mosquito. 

The analysis in Chapter 9 enabled us to determine the maximum 
amount of free energy that the cytosol can store and to assess the effect 
that a change in the cytosol’s composition has on its free energy. This 
should provide an interesting aid to interpret the rich body of 
knowledge on the molecular and atomic machinery of the living cell 
that biochemistry is providing at a tremendous pace. It also should be of 
significance in many fields of life sciences. The mass and composition 
of the cytosol of the biceps of a weightlifter, for instance, may suffice 
to predict his maximum lifting power, because his exercise is so fast 
that it must be done primarily at the expense of the unconditional free 
energy in the cytosol of the athlete’s muscles. Or, the changes in the 
cell’s cytosol composition with age may suggest how to better 
understand and control the cell’s aging and, ultimately, the cell’s 
lifespan. 


11 


The Onset of Turbulence 


An important feature of viscous fluid flow concerns the kind of motion 
of the fluid particles. If the velocity gradient at the points of the fluid is 
small enough, no eddies or swirls are formed and the fluid particles 
move along parallel pathlines. All layers of fluid parallel to the pathlines 
glide over one another, such that the fluid does not mix. This kind of 
flow is called laminar. 

This situation is bound to change, often abruptly, as the flow 
velocity and hence the velocity gradient at the points of the fluid 
increases. Eventually, the flow reaches a threshold velocity, above 
which the motion of the fluid becomes turbulent. Turbulent flow is 
characterised by irregular fluctuations, both in direction and intensity, 
of the velocities of fluid particles. The pathlines become irregular and 
entangled and the total angular momentum of the fluid increases 
markedly because of the formation of a host of small vortices. The 
fluid particles mix and energy dissipation grows due to the increase in 
the fluid’s kinetic energy being turned into heat. In these conditions, to 
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maintain a given flow rate, more energy is expended than in laminar 
flow conditions. The practical implications of this are evident; hence, the 
importance of understanding the origin of turbulence in order to achieve 
a better control of the transition from laminar to turbulent flow. 

This chapter shows that the onset of turbulence is a consequence of 
the limit to the maximum amount of internal energy that a fluid—gas or 
liquid—can store isothermally. This result is yet another consequence of 
general relation (3.6.5). 

To highlight the essence of the present arguments, the analysis is 
confined to linearly viscous fluids—also called ideal Newtonian fluids. 
Moreover, the fluid is assumed incompressible, consistently with what 
is usually done in classical fluid dynamics. Linearly viscous fluids are 
important because they represent quite well, under a wide range of 
conditions, the behaviour of many fluids of practical interest, notably 
water and air. Although, strictly speaking, all liquids and even more so, 
all gases are compressible, compressibility proves negligible when the 
velocity of the fluid does not exceed about 1/3 of the velocity of sound 
within the same fluid. This makes the assumption of incompressibility 
a valid approximation in most ordinary applications. 

Of course, there are situations where compressibility cannot be 
neglected. There are also many fluids, such as paints and some kinds of 
polymer solutions, that are non-Newtonian and thus require a more 
general analysis than the one presented here. Such an analysis, 
however, is beyond the scope of this book. 

In what follows, the reader is assumed to be familiar with the basic 
concepts of classical fluid dynamics, as can be learnt, for instance, 
from Chapters 40 and 41 of [18]. 


11.1 Viscosity and Viscous Forces 


Consider an incompressible, isotropic, homogeneous, nonpolar fluid in 
steady motion through a certain region of space. Similar arguments can 
be pursued for more general classes of fluids. Isothermal conditions are 
assumed. The space in which the fluid flows is referred to as a 
rectangular Cartesian system of coordinates (x, x2, x3). These are the 
spatial coordinates that we adopt to describe the fluid motion. The fluid 
is acted upon by body forces per unit volume and distributed forces per 
unit area on the fluid’s surface. Body couples and distributed couples 
per unit surface are absent. Because the flow is steady, the fluid’s 
velocity, v = [V1, V2, V3], at any point, x = [x1, x2, x3], of space does not 
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depend on time. Under these conditions, the velocity field, v = v(x) = 
V(X1, X2, x3), of the fluid particles is determined by the following well- 
known equations of classical fluid dynamics. These equations are the 
consequence of the general laws of mass conservation, momentum 
conservation and angular momentum conservation, respectively. They 
apply to any point of the fluid in steady motion and, in the present 
form, they are valid in the considered reference system: 


divv= 0, (11.1.1) 
Ox, OX Ox, 
Oo: 

etl $F pe ov; (11.1.2) 
Ox; Ox, 

0. =0;. (11.1.3) 


Here, oj are the components of the stress tensor o, while p is mass 
density and fj are the components of the body force f per unit volume 
of fluid. For a derivation of these equations, the reader is referred to 
[18] or any other standard textbook on continuum mechanics or fluid 
dynamics. Equations (11.1.1) - (11.1.3) suffice to determine the velocity 
field v(x), once appropriate boundary conditions are specified. 

To solve the above equations, the relation between o and v must be 
specified. This relation describes a constitutive property of the fluid 
and, therefore, it must be determined from experiment. We may observe 
that, generally speaking, fluids are characterised by their inability to 
sustain shear stresses when in equilibrium conditions. Thus, if velocity 
vanishes at every point of the fluid, the stress tensor must be spherical. 
That is, o=—pT or, in components, oj =—p6,. Here, p denotes 
pressure (assumed positive when representing a compression), J is the 
unit tensor, and 6; is the Kronecker delta. Outside equilibrium, however, 
the fluid motion may generate shearing forces on the surface of a fluid 
element and the stress at that element must balance their action. We 
want to determine the shearing forces that are created by motion and 
relate them to the stress at each point of the fluid. 

Shearing forces are produced by friction when two adjacent parts of 
the fluid are in relative motion over their contacting surface. In fluid 
dynamics, friction forces are known as viscous forces. As with any 
force resulting from friction, viscous forces are tangential to the 
surface upon which sliding occurs and they are dependent on the sliding 
velocity. Viscous forces are measured experimentally by means of 
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appropriate instruments (viscometers), all of which produce a shearing 
flow of some sort in the fluid. The simplest experiment from the 
conceptual standpoint—although not necessarily the easiest experiment 
to perform—consists of setting an indefinite layer of the fluid to be 
tested into a steady homogeneous simple shearing motion. This can be 
achieved by confining the fluid between two parallel plates maintained 
in relative motion with respect to each other. The resulting flow is 
referred to as a plane Couette flow. A modern instrument to produce 
this motion is presented in [67]. 

Figure 11.1.1(a) provides a sketch of this experiment. The lower 
plate is stationary, while the upper plate is driven at a constant velocity 
Vv in the direction of the x)-axis by force F in the same direction. Body 
forces can be neglected because the distance d between the plates is 
comparatively small. Pressure can have any constant value throughout 
the fluid, because constant pressure does not affect the motion of an 
incompressible fluid. The x3-axis is normal to the plane of the figure. 
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Fig. 11.1.1. (a) Homogeneous simple shearing flow between two parallel plates (plane 
Couette flow). (b) Viscous forces at the surface of a cubic element of fluid. (c) Shearing 
stress 06>; needed to balance the element’s angular momentum. 


For a large class of fluids, which are referred to as simple fluids and 
include linearly viscous fluids as a particular case, the steady flow that 
is produced by this experiment is a simple rectilinear shearing. In this 
flow, the fluid particles move along parallel straight pathlines, directed 
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along the x;-axis. The speed in each pathline has a constant value that 
depends on the distance from the lower plate. In the present case, if 
perfect adherence of the fluid to the plates is assumed, the velocity of 
the fluid particles varies linearly, from zero at the lower plate to Vv at 
the upper plate [see Fig. 11.1.1(a)]. The velocity field of the fluid is, 
therefore, 


where V denotes the modulus of V. This result applies to simple fluids, 
no matter the particular fluid under test [70]. In this test, the quantity v 
suffices to determine the velocity at every point of the fluid. The 
attainment of such velocity field has been verified experimentally (see, 
e.g., [67]). 

The tangential force F that is needed to keep the velocity of the 
upper plate constant depends on the viscosity of the fluid. Its 
determination is a major task of the experiment. In linearly viscous 
fluids, F is found proportional to ratio v/d and, of course, to the area, 
A, of the sliding plate. The ratio V/d is equal to dv,/dx, , as immediately 
follows from eq. (11.1.4). In steady flow conditions, therefore, the 
force per unit area that acts in the x-direction upon fluid plane x. =d 
can be expressed as: 


=7—=N ; (11.1.5) 


Constant 77, introduced in this equation, is the viscosity coefficient of 
the material. 

In steady flow conditions, the fluid above any plane normal to the 
X2-axis applies to the underlying fluid the same force per unit area as 
that given by eq. (11.1.5). This can easily be proved by considering a 
cubic element of material, in motion with the fluid, with sides parallel to 
the coordinate planes (Fig. 11.1.1). The momentum of such element is 
constant during the motion, while body forces are zero and pressure is 
constant or vanishes. From the momentum balance equation it follows 
that the resultant force acting on the element must be zero. In particular, 
the x|-component of the forces acting on the sides normal to the x-axis 
must be equal and opposite. 

Let us refer to the above volume element, represented isolated in 
Fig. 11.1.1(b). The surface forces per unit area acting on the faces of 
the element are the stress vectors relevant to these faces. Let t™ be 
the stress vector relevant to the face of unit normal n. The stress tensor 
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at the point of the fluid where the element is located is related to 1 
by the well-known Cauchy’s theorem on stress: 


™e=on or t™=o,,n,. (11.1.6) 


In the present case, the stress vectors acting on the faces of the element 
are known; therefore, we can use eq. (11.1.6) to determine the 
components of o: In particular, if j=[0,1,0] denotes the unit vector of 
the x2-axis, the component in the x direction of the stress vector on the 
face of the element normal to the x-axis is given by_ 1) =n(dv,/dx) , 
according to eq. (11.1.5). Therefore, by setting n=j and r=1 in eq. 
(11.1.6). we obtain 


(11.1.7) 


However, as is apparent from eq. (11.1.4), the velocity of the fluid 
has no tangential components along the faces of the element that are 
normal to the x-axis. This means that no shearing motion occurs along 
those faces and, therefore, no viscous force acts on them. Thus, if 
i=[1,0,0] is the unit vector of the x)-axis, the component 4s) of the 
stress vector on that face is zero. Therefore, by setting n =i and r=2 
in eq. (11.1.6)2, we obtain: 


G20: (11.1.8) 


Results (11.1.7) and (11.1.8) apply irrespective of the value of the 
pressure that may act on the fluid. They show that viscous forces alone 
are insufficient to meet eq. (11.1.3) and, thus, the angular momentum 
balance law in the simple shearing flow considered in the experiment. 
Other surface forces must come into play to satisfy that law. 


11.2 Viscous Stress 


To find the missing forces, we begin by observing that, as with any 
material that allows the propagation of elastic waves, all fluids can 
exhibit elastic response to stress. In fluids, as in solids, the external 
actions modify the relative positions of the atoms of the material. The 
interatomic force that acts between two adjacent atoms changes as a 
consequence. If the change in the interatomic distance is sufficiently 
small, the process is elastic. In this case the normal distances are 
recovered as the external forces are removed. However, if the inter- 
atomic distance exceeds a certain limit, the interaction between two 
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adjacent atoms is lost. In solids, this produces rupture or plastic 
yielding. In fluids, however, the outcome is different. In this case, the 
interatomic forces are much weaker than they are in solids, permitting 
greater mobility of atoms and molecules. Thus, any interatomic inter- 
action that breaks is almost immediately replaced by a similar new 
interaction with nearby atoms. In other words, a fluid repairs itself as it 
breaks. For this reason, no macroscopic rupture is exhibited by a fluid, 
unless a portion of it is actually removed from the rest of the fluid. 

For sufficiently small stress, the elastic strain of any isotropic 
material—and of an isotropic fluid, in particular—is related to stress 
by the same relations (6.1.3) that apply to isotropic linear elastic solids. 
A way to determine the elastic constants of a fluid is to measure the 
speed of the different kinds of elastic waves that travel through the fluid. 
The following well-known equations relate wave speed to the elastic 
constants of the material. They apply to any medium through which 
elastic waves can propagate. For every elastic medium, if c, denotes 
the speed of propagation of pressure waves, we have that 


c= petio- | = po. (11.2.1) 
p 4 p(l+v)-2v) p(-2v) 


where K is the bulk modulus, F is the Young’s modulus, G is the shear 
modulus and v is the Poisson’s ratio of the material. 

Similarly, the speed cy of transverse waves is related to the shear 
modulus G of the material by the following equation: 


pan ae (11.2.2) 


p 


Constants K, E, G and v above are related to each other by eqs (6.1.8). 
and (6.2.21),. Thus, the ratio between cy and cy can be expressed as 


ee ae) (11.2.3) 
cr V(1—2V) ° = 


These formulae are standard and can be found in many textbooks 
on continuum mechanics. They are usually applied to solids, on the 
grounds that in fluids G=0, implying that no shear wave can travel 
through a fluid. However, such a conclusion is, in fact, an assumption. 
It is acceptable in many cases but, strictly, it is not supported by exper- 
iment. A growing body of experimental evidence has been accumulated 
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in the last few decades, which shows that not only can shear waves 
propagate in liquids [30] but also, albeit with strong attenuation, in 
gases [14], [40]. For this reason, formulae (11.2.1)-(11.2.3) are to be 
considered as applicable, in particular, to fluids. 

It should be observed, however, that in fluids—and above all, in 
gases—the quantities K, EF, G, v and p depend strongly on pressure and 
on temperature. This is at variance with what happens in solids, where 
the above quantities are to a large extent independent of pressure. It 
should also be remarked that the values of the elastic constants K, E, G, 
and v that appear in formulae (11.2.1)-(11.2.3) refer to adiabatic condi- 
tions, as the frequency of elastic waves is so high that heat conduction 
has no time to occur as the wave propagates. For this reason, the values 
of the above constants, as obtained from measurements of cy and cr, 
may differ from the values of the same constants under isothermal 
conditions. 

These details can be ignored as far as the main results of this 
chapter are concerned. However, the existence of wave propagation in 
a fluid is crucial to indicating that, in general, the deformation of the 
fluid may include an elastic component, even when the fluid is not in 
static equilibrium. No matter how small, this component is essential to 
the analysis that follows. It enables us to prove a formula, to be pres- 
ented in Sect. 11.5, which determines the transition to turbulence of the 
laminar flow of any incompressible linearly viscous fluid. Fortunately, 
that formula turns out to be independent of the elastic moduli of the 
fluid, which frees us from needing to know their actual values. 

Because the speed of propagation of elastic waves is usually quite 
high, the values of K, E and G of most materials are comparatively 
large. This implies that small elastic strains are produced, even for high 
values of stress. Thus, it is obvious that the total relative displacement 
of any two adjacent points of a flowing viscous fluid will generally be 
many orders of magnitude greater than the part of that displacement 
which is due to any elastic deformation of the fluid in the same flow. 
For this reason, when studying subsonic motion of viscous fluids, 
elastic deformation is ignored by the current approach to fluid 
dynamics. For a vast majority of applications, this is quite sensible. 
However, small though it may be, elastic deformation can be vital for the 
flow of a viscous fluid to be compatible with the laws of motion. As 
discussed below, this applies in particular to the steady simple shearing 
flow considered in the previous section. 

But how is it that a viscous fluid can maintain a constant elastic 
strain while flowing steadily through space, i1.e., in the absence of a 
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rapidly time-varying velocity field such as that created during wave 
propagation? To answer this question, let us consider the constitutive 
model made by a spring and a dashpot joined in series, known as 
Maxwell’s model (Fig. 11.2.1). 

When a constant force F is applied to the model, the dashpot 
elongates at the constant rate x, = F/b. Here b and x, are the viscosity 
coefficient and the length of the dashpot, respectively. The same force 
also acts on the spring and elongates it by the amount Ax, = F/k, where 
k is the spring constant. Although the dashpot keeps elongating under 
the action of F, the length of the deformed spring remains constant in 
time, as long as F is applied to the model. The spring elongation may 
be ignored if k is appropriately large. In any case, the spring elongation 
is bound to become negligible with respect to the elongation of the 
dashpot, because the length of the latter grows steadily at the rate x,. 


F 


F, k b 
aN ae B Cc 
—— 


x 


Fig. 11.2.1. Maxwell’s constitutive model of viscous fluid. 


In steady motion, relation x=x, applies. In this condition, the 
spring does not offer any contribution to the time rate at which the 
length of the model increases. The spring, however, plays a crucial role 
in keeping the motion steady. If the spring is removed or breaks, the 
dashpot accelerates under the applied force and a steady motion is not 
possible. 

A similar situation occurs in the simple shearing flow considered in 
the previous section. As observed experimentally, that flow is steady. 
The experiment shows, moreover, that a viscous force F/A is applied 
per unit area to the faces of a fluid element parallel to the flow, as 
indicated in Fig. 11.1.1(b). An analogous shearing force must be acting 
on the element faces that are normal to the flow direction [cf. Fig. 
11.1.1(c)], otherwise the element could not meet the angular momentum 
balance equation and the considered motion would be impossible. 
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However, viscosity cannot generate that force because there is no 
shearing flow over an element face that is normal to the flow direction. 
Where does the shearing force applied to such faces come from? 

The answer is obtained by observing that, as with any other force 
applied to a deformable material, the viscous forces applied to faces 
AD and BC of the cubic element represented in Fig. 11.1.1 deform the 
element. The shearing stress o;, that these forces produce is given by 
eq. (11.1.7). If we do not ignore the fact that the fluid can deform 
elastically, the elastic strain due to oj, is given by: 


ee _On_ 1 aon 
9G 2G "ox; 


(11.2.4) 


which follows from the general linear elastic stress-strain relation 
(6.1.3) and from eq. (6.1.8)2. In eq. (11.2.4) and in what follows, the 
quantity e° denotes the elastic part of the total strain tensor. G is the 
elastic shear modulus of the fluid, which can be determined from eqs 
(11.2.1) or (11.2.2). Because the strain tensor is symmetric, we have 
that €5, =e). Thus, from the linear elastic stress-strain relation 
recalled above, we obtain 


Gp IO Seay pis (11.2.5) 


ox 2 


This replaces eq. (11.1.8) and eliminates the inconsistency with the 
angular momentum balance. Analogously to what happens to the spring 
of Maxwell’s model, in the considered flow the angular momentum 
balance of the viscous forces is only possible because of the elastic 
deformation of the element. This deformation is bound to be very small 
because 77 is small and G is large. Yet, it is this elastic deformation that 
makes the considered laminar motion physically admissible. 

The above analysis refers to homogeneous simple shearing motion. 
However, any continuous motion can be approximated, in the 
neighbourhood of any point, by a homogeneous motion. Moreover, any 
homogeneous strain can be decomposed into a uniform dilatation and 
three simple shears in mutually orthogonal planes. (The reader may 
refer to Sects. 46 and 142 of [69] for more details on these classical 
issues.) By applying eqs (11.1.7) and (11.2.5) to each simple shearing 
motion that composes a general homogeneous flow, we conclude that 
in any flow of a linearly viscous fluid the following equation must hold 
true: 
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oy =n(St+— | for G7. (11.2.6) 
xj IX 

This equation generalizes eq. (11.1.7) and can be taken as the 


constitutive equation for the shearing components of the viscous stress 
of a linearly viscous fluid. From eq. (11.2.6) it follows that: 


O; dv. OV; 
eel (e+ ‘} for i#j, (11.2.7) 
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because eq. (11.2.4) applies to each shearing stress component. 

Because c,, and cy must be finite and real, we must have that v < 0.5, 
as is evident from eqs (11.2.1) and (11.2.3). This means that the elastic 
deformation of the fluid cannot be isochoric (which would require v = 
0.5). However, because the elastic deformation is several orders of 
magnitude less than the overall deformation that is produced by the 
flow, any volume change due to elastic deformation can be neglected 
when studying the gross motion of the fluid. Thus, no contradiction 
arises between assuming that the value of v introduced in eqs (11.2.1) - 

(11.2.3) is less than 0.5 and treating the fluid as incompressible when 
determining its flow. 

In the classical approach to linearly viscous fluids, eq. (11.2.6) is also 
applied, though with a different coefficient, to the diagonal components 
of the stress tensor, i.e., for i=j. If the fluid is incompressible, the deriv- 
atives Ov;/dx, for i= (1, 2, 3) and, thus, the diagonal components of o, 
are restricted by condition (11.1.1). The same components must also 
meet restriction p =— tr(o)/3, which can be proven to hold true in any 
linearly viscous fluid, compressible or not. In the incompressible case, 
therefore, only one of the three diagonal components of o is independent 
of the others. However, p can be assigned arbitrarily, because a constant 
pressure does not affect the motion of incompressible fluids. It is 
concluded that the stress constitutive equation of an incompressible 
linearly viscous fluid can always be expressed in the form: 


OV: Ov; 
~-=—pd.t 14+ 11.2.8 
Ses ce | Ox; Ox, ) ( ) 


or 


o=-p1+2nD. (11.2.9) 
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Here D denotes the rate-of-deformation tensor. Its components are 
defined as: 


_ 1 (ev; Ov; 
D, eae (11.2.10) 
Equations (11.2.8) and (11.2.9) are the classical constitutive 
equations of an incompressible linearly viscous fluid. They are fully 
compatible with eq. (11.2.6) and provide a relationship between stress 
and the space derivatives of the velocity of fluid particles. Once these 
equations are introduced in field equations (11.1.1)-(11.1.3), the 
velocity field can be determined for given boundary conditions. In the 
solution of this problem, the elastic deformation (11.2.7) of the fluid 
plays no role. Accordingly, the interrelation of viscous and elastic 
response in a viscous fluid flow is ignored in classical fluid dynamics. 
The consequence is, however, that the theory is incapable of predicting 
the onset of turbulence. 


11.3. Limit to the Laminar Flow 


Every force that deforms a material elastically makes the material store 
internal energy—elastic energy, in this case. As discussed in the pre- 
vious section, the viscous forces acting on the fluid during laminar 
flow deform the fluid elastically. The elastic shearing strain that they 
produce is given by eq. (11.2.7). If that strain is sufficiently small, the 
associated elastic energy can be calculated using the same expression 
that applies to any linear elastic material, solid or not. Under isothermal 
conditions, this energy coincides with the free energy of the material, 
to within an inessential additive constant. In the notation of Chapter 6, 
the specific value per unit volume of this energy is yw. Introducing eq. 
(6.1.4) into eq. (6.3.4), we can express w in the general form: 


_it+v V 


Tp ION oe 0. (11.3.1) 


Ww Ir~ SS °* 
Here and in what follows, we are assuming that y = 0 when the fluid is 
at rest. 

For linearly viscous fluids we have that p =—-tr(o)/3 =—oy, /3, as 
recalled in the previous section. Therefore, for the same fluids, eq. 
(11.3.1) can be written as 
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This equation applies to all linearly viscous fluids, incompressible or 
not. Every real fluid is elastically compressible. Strictly speaking, 
elastic incompressibility would require v = 0.5. This value of v must be 
excluded, though, because it would produce an infinite speed of 
propagation of longitudinal waves in the fluid, as evident from eq. 
(11.2.1). As previously observed, however, in incompressible fluids 
any volume change produced by elastic deformation is so small that it 
can be ignored when solving the motion equations of classical fluid 
dynamics. For this reason the fluid can be treated as incompressible, 
even though it is, in fact, elastically compressible. 

From eqs (11.3.2), (11.2.9), (6.1.8). and (6.2.21). we obtain, after 
simple algebra: 

pag el (11.3.3) 
2K Gere: SG ~ 

If the fluid is incompressible (in the usual sense of fluid dynamics, i.e., 
ignoring the elastic deformation), then from eqs (11.1.1) and (11.2.10) 
we can write that Dj = 0. In this case, eq. (11.3.3) simplifies to: 


y=—p*+_D. D.. (11.3.4) 


For small values of p, an approximate expression for this equation 
is the following: 


y=—p, p,. (11.3.5) 


This result applies rigorously for p=0, even if the fluid is 
compressible, cf. eq. (11.3.3). 

The maximum amount of free energy that a system can store in 
isothermal conditions cannot exceed the limit imposed by inequality 
(3.6.7). This applies, in particular, to the viscous fluids under 
consideration. When expressed per unit volume, that inequality becomes 


WS Wimax > (11.3.6) 
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where Wimax 1s the maximum amount of free energy that, per unit 
volume, the fluid can store at the considered temperature. Wmax 1S a 
property that depends on the fluid and it has to be determined 
experimentally. Introducing eq. (11.3.4) into inequality (11.3.6), we 
obtain: 

1 2 


are ce eG pt ae (11.3.7) 
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This relation introduces a limitation to the values that tensor D can 
assume in an incompressible linearly viscous fluid. The same relation 
also restricts the velocity field attainable by the fluid, because D is 
related to the velocity gradients by eq. (11.2.10). 

An alternative expression of result (11.3.7) can be found by intro- 
ducing eq. (11.3.2) into inequality (11.3.6). Thus, we obtain: 


693 - <Wanax - (11.3.8) 
This shows that the limitation that follows from inequality (11.3.7) is 
due to the fact that the stress of an incompressible linearly viscous 
fluid, as the stress of any other material, cannot exceed the values that 
correspond to the maximum amount of free energy that the material 
can store. 

The restrictions to the fluid motion imposed by inequality (11.3.7) 
or (11.3.8) are quite general. They apply to any incompressible linearly 
viscous fluid in any flow. In a turbulent flow, however, the velocity 
field is so irregular and varies so quickly in time that it is practically 
impossible to determine the velocity gradient at the points of the fluid 
with the accuracy that is required for the above inequalities to be of 
practical use. 

The situation is different when the flow is laminar. In this case the 
velocity field can be predicted theoretically and it is measured quite 
easily. Inequality (11.3.7) or (11.3.8) can then be used to predict the 
maximum speed of the flow beyond which laminar flow ceases to be 
admissible. If that limit is exceeded, the viscous forces applied to the 
faces of a fluid element cannot be balanced by the elastic stress. As 
explained in Section 11.2, this means that eq. (11.1.3) and, thus, the 
angular momentum balance law cannot be met. Unbalanced angular 
momentum generates vortices and the flow turns to turbulent. 
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11.4 Free Energy Limit in Fluids 


Plane Couette flow is particularly useful for determining the value of 
Wmax Of a fluid. This flow is homogeneous, which makes the transition 
to turbulence particularly evident because it occurs simultaneously at 
all points of the fluid. This section shows how the value of Wmax can 
actually be determined from a plane Couette flow test. 

The velocity field in a plane Couette flow is given by eq. (11.1.4). 
From eq. (11.2.10), we calculate that for such flow 


lv 
0 rd 0 
2a ew, 
D= rd 0 Oj}. (11.4.1) 
0 0 O 
Thus, from eq. (11.2.9), we have that 
z= Vv 9g 
P Ny 
o= 17 -p 0O|. (11.4.2) 
0 0 -p 


For simplicity, we assume that the test is performed at p =0. This is 
not unrealistic when dealing with liquids. Therefore, from relations 
(11.4.2) and (11.3.8), we obtain, upon setting p = 0: 


ae ae (11.4.3) 


Here, Winax indicates the value of Wimax for p = 0 and use has been made 
of eq. (6.1.8)... The main variable entering relation (11.4.3) is the 
velocity V of the upper plate (Fig. 11.1.1). 

The test under consideration is usually done to determine the value 
of the Reynolds number 


R, = (11.4.4) 


264 | THERMODYNAMIC LIMIT TO EXISTENCE 


at which the laminar to turbulent transition occurs. Let R, be the 
transition value of R,. What is actually measured in this experiment is 
the value, V", of the velocity V at that transition. It is related to R. by 
the relation: 


ah R, 
pd 
which follows from eq. (11.4.4). This is the limit velocity of the upper 
plate of the plane Couette flow apparatus, beyond which the flow starts 
becoming turbulent. Therefore, for V=V", the equality sign applies in 


relation (11.4.3) because the elastic energy of the fluid reaches its 
maximum value. Thus, if V" is known, wy,,, can be calculated as 


(11.4.5) 


Vox ==: (11.4.6) 


Also, by inserting V° for V into eq. (11.4.2), we find the maximum 
value that shear component oj}, can attain in the considered fluid. This 
value will be referred to as Tax and is given by: 


vv 
tT) 11.4.7 
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In terms of Tax, eq. (11.4.6) assumes the simpler form: 


, 1 2 
Wimax = 5 Fimax > (1 1.4.8) 


2G 
which follows from eqs (11.4.6) and (11.4.7). 

As an example of the application of the above formulae, let us take 
the value of R~ from the literature and calculate the value of Tmax for 
water at ambient temperature (20 °C). We refer, in particular, to the 
experimental results reported in [67], where the laminar to turbulent 
transition occurs at R, = 360. The apparatus used in these experiments 
and the accuracy of experimental method adopted suggest that this 
value of R; is likely to be quite correct. However, as observed in the 
same paper [67], the Reynolds number relevant to the laminar to 
turbulent transition in a plane Couette flow is variously reported in the 
literature to fall anywhere between 280 and 750. 

The viscosity coefficient of water at 20 °C is 7=10° N sec/m’, 
while water density is p = 10° Kg/m’. The results reported in [67] refer 
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to a distance d = 5 mm between the moving plane and the plane where 
the fluid velocity is zero (Fig. 11.1.1). By introducing these values into 
eq. (11.4.5) and by taking R; = 360, we calculate that: 

3m 


Vv =72-10 : (11.4.9) 
sec 


If we insert this value of V" into eq. (11.4.7), we find that for water at 
20S: 


Tmax =14.4:107> Pa. (1.4.10) 


This value is a characteristic of water at the considered temperature. It 
is, therefore, independent of the particular flow that is considered. 
Such a tiny value of Tax should come as no surprise because it 
represents the elastic limit in shear of water. Similar tests would show 
that Tnax is generally quite small in all fluids. It is no wonder, then, that 
the elastic part of the response of a fluid is usually ignored. Yet, small 
though it is, Trax controls the transition from laminar to turbulent flow, 
as will be shown in the next section. 


11.5 Transition to Turbulence for General Laminar 
Flows 


To extend the results of the previous section to the case p#0, we 
observe that for incompressible fluids the deviatoric (or traceless) part 
of o is: 


F , Ov; Ov; 
o =27nD or of, = 2nDy =n(Si+—4). (11.5.1) 
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This can be verified immediately from eq. (11.2.9) because the incom- 
pressibility condition (11.1.1) implies that tr D = 0. Consequently, the 
spherical part of o is: 


o=-pl or 6, =—-po,.. (11.5.2) 
Because the deviatoric and spherical parts of any symmetric tensor are 
independent of each other, it is not difficult to verify using eqs (11.3.4) 
and (11.2.9) that y can be decomposed into two independent parts 
according to the relation: 
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w=Vt+y’. (11.5.3) 


Here, W is the part of y that depends on @, while wy’ is the part of y 
that depends on o’. More precisely: 


ere ey, 
= 11.5.4 
ae ( ) 
and 
y_ 1 yoy 11 
y ae es (11.5.5) 


The independence of these two parts of y means that the value of 
Wmax When p #0 is simply obtained by adding part (11.5.4) to the 
maximum value that the deviatoric part (11.5.5) can attain. This value 
is given by eq. (11.4.8). Thus, for an incompressible linearly viscous 
fluid at p #0, the value of Wmax is given by: 


_ ; Te.) yo od 
Vmax = VW Wax = 59 P + 5G fmax: (11.5.6) 
By introducing eq. (11.5.6)2 into inequality (11.3.7) we obtain, after a 
few passages: 
Dy DD. 2 


max ° 


(11.5.7) 


This expresses, quite generally, the condition that must be met by the 
laminar flow of an incompressible linearly viscous fluid to comply 
with condition (11.1.3). 

By means of eq. (11.5.1), inequality (11.5.7) can also be expressed 


as 
ee ae 
3 Pi S Fmax (11.5.8) 
or 
dv. OVi\2 9 
2? (s+ | ~ Fmax (11.5.9) 
d 1 


Inequalities (11.5.7), (11.5.8) and (11.5.9) are equivalent to each other. 
A velocity field that does not meet them cannot meet the angular 


ONSET OF TURBULENCE 267 


momentum balance law and, therefore, is not physically possible (cf. 
Section 11.3). 

In particular, if the velocity field of a laminar flow is given as a 
function of a certain characteristic velocity, then by applying any one 
of these inequalities we can determine the maximum value of the 
characteristic velocity beyond which the considered laminar flow 
cannot meet the angular momentum balance law. The unbalanced 
angular momentum produces vortices in the fluid and the motion 
becomes turbulent. Thus, the above inequalities govern the transition 
from laminar to turbulent flow. 

None of the said inequalities involve the elastic constants of the fluid. 
This means that to determine the transition from laminar to turbulent 
flow the actual values of these constants can be ignored. What matters 
is that the fluid possesses a limit to the maximum elastic shear stress 
that it can sustain or, equivalently, to the maximum elastic energy that 
it can store. 


11.6 Turbulence Threshold in Taylor-Couette Flow 


Taylor-Couette flow refers to the steady motion that is established in a 
fluid confined between two coaxial circular cylinders, when the 
cylinders rotate at different angular velocities about their common 
axis z (Fig. 11.6.1). Let 7; and @; be the radius and the angular velocity 
of the inner cylinder. The analogous quantities relevant to the outer 
cylinder are 7, and @. In steady flow conditions, the solution of the 
field equations (11.1.1)-(11.1.3) shows that the fluid particles move in 
laminar motion along concentric circles on planes normal to the z-axis. 
The angular velocity @ of the particles in each circle is given by 


o=o(r)=-——+B, (11.6.1) 


27 


where r indicates the circle radius, while A and B are defined by 


2 2 2 
2n° 7 ry O,—-1,O 
A=, (@- 0) and Bao. Sa (11.6.2) 
tM, oe 


cf., e.g., [68], [18] or [7]. 
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Denoting by v the velocity vector of any fluid particle and by 
v = v(r) the magnitude of v, we have that 


er eas (11.6.3) 
r 
From this and from eq. (11.6.1), we obtain 
PS = 4 Be. (11.6.4) 
2r 


By taking the axes x and y as in Fig. 11.6.1, the components of v are 
given by: 


V,=-r@sine@t=-ay, v,=racoswt=ox and v,=0. (11.6.5) 


p= 


Fig. 11.6.1. Laminar flow of a fluid between two coaxial cylinders in relative rotation 
about their common axis (Taylor-Couette flow). Insets: fluid velocity diagrams in 
steady conditions. 


The symmetry of the flow implies that all fluid particles that belong 
to the same circle of radius r possess the same specific free energy and, 
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thus, the same value of wy’. Therefore, in order to calculate the values 
of y’ in the fluid, we can refer to the points (x = r, y = 0) on the x-axis. 
We identify x,, x. and x3 with x, y and z, respectively, so that for y=0 
eq. (11.6.1) can be written as w= w(x)=— A/(2 x’) +B. Thus, for y = 0 
we have that dw/dx.=da@/dy=0 and x,;d@/dx,;=rda/dr, because 
x, =x=rify=0. The components of o’ at a point (x =r, y=0) can 
therefore be expressed in the form 


da 
0 ees 0 
, , da 
Flyo= FM yo=]775~ 9 Of, (11.6.6) 
0 0 0 


as follows from eqs (11.6.5), (11.6.3) and (11.5.1). From eqs (11.6.6), 
(11.5.5) and (11.6.1), we infer that y’ attains its maximum value for 
r =r}, 1.e., at the surface of the inner cylinder. 

By applying relation (11.5.8) to a fluid element in contact with that 
surface, we obtain the condition for the considered laminar flow to be 
compatible with the angular momentum balance equation: 


nrn— Say selran (11.6.7) 


In view of eq. (11.6.1), this relation can also be written as 


na Stas (11.6.8) 


A 


which, in view of eq. (11.6.2),, can be used to determine the value of 
the difference (@ — @,) at which the considered laminar flow reaches 
the turbulence threshold. 

To exemplify, let us refer to the case in which the outer cylinder is 
maintained at rest (@ =0). From eq. (11.6.2),, it can be inferred that 
in this case: 


2.22 
24 t 


——— Oo. 
a aa 
Peal 


A=- (11.6.9) 
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The threshold value @; of @ is obtained by inserting this equation 
into relation (11.6.8) and taking the equality sign in the same relation. 
Thus, we obtain: 


2: 09 
a= 2 Finax (11.6.10) 
oF 7] 
Note that we dropped a negative sign in front of the right-hand side 
term of this equation because the sense of rotation of the cylinder is 
immaterial. 

The Reynolds number associated with the considered flow is 
usually defined as: 


o,nd 
R=? mal 


e > 


7 


(1.6.11) 


where d =r — 1; is the gap between the two cylinders. By inserting @, 
for @, in this relation, we obtain 


* 
» pand 


7] 


(11.6.12) 


This is the limit value of the Reynolds number beyond which a full 
laminar Taylor-Couette flow is not possible if @ = 0. 

Let us apply eq. (11.6.12) to predict the value of R, in the case of 
the experiments considered in [64]. These experiments refer to an 
apparatus in which 7; =3.81 cm, r2=4.21 cm, and d=0.4 cm. The 
fluid is water at room temperature, which means p = 10° Kg/m* and 
n=10° Nsec/m*. According to our result (11.4.10), we take 
Tmax = 14.4 10° Pa. With these values, we calculate from eq. (11.6.10) 
that @;=1.7 rad/sec. By inserting this value into eq. (11.6.12), we 
obtain R.= 197. Compare this with the experimental value R, = 239, 
determined in [64] for @. =0 in the absence of any axial flow. The 
value of R. predicted by the present theory appears satisfactory because 
it refers to the initiation of turbulence, whereas the experimental value 
refers to full turbulent flow. Obviously, in a non-homogeneous flow, as 
is the present one, the full turbulent flow is reached for an angular 
velocity @, and, thus, a value of R, that is slightly in excess of the 
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threshold value. Notice also that no precise indication of the temperature 
at which the experiments were done is given in [64]. This may be a 
further reason for the discrepancy between the experimental results and 
the theoretical values obtained here. 

Similar results were obtained by the present author for some other 
data on Taylor-Couette flow taken from the vast literature on the subject. 
However, the argument will not be pursued further, because a complete 
assessment of this topic is beyond the scope of this book. 


11.7. Turbulence Threshold in Hagen-Poiseuille Flow 


Laminar flow of an incompressible linearly viscous fluid through a 
rectilinear circular pipe is a classic topic of fluid mechanics. Assuming 
adherence of the fluid to the pipe’s walls, the steady flow of fluid, as 
obtained by integrating eqs (11.1.1) - (11.1.3), is laminar. In this flow, 
all fluid particles move along rectilinear paths, parallel to the pipe axis. 
In a cylindrical coordinate system (7, 6, z) in which the inner wall of 
the pipe is r=d/2 and the z-axis is directed as the flow, the velocity 
field of this laminar flow is given by: 


4 
V/=Vg=0, Vv, =V(1)=Vmox — —~ mx. r (11.7.1) 


(cf., e.g., [7]). The notation adopted here is explained in Fig. 11.7.1. 
The maximum velocity Vmax depends on the viscosity coefficient and 
on the pressure gradient Ap/L along the pipe axis. It is attained for 
r= 0 and it is found to be 


1 Ap 2 
Vmax =——— dd. 11.7.2 
aca (6) ae \ 
The flow’s mean velocity, as calculated from eq. (11.7.1), is 
1 
Vm =—V (11.7.3) 


This kind of flow is known as the Hagen—Poiseuille flow. 
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Fig. 11.7.1. (a) Velocity profile in the steady laminar flow of an incompressible 
linearly viscous fluid in a circular pipe (Hagen-Poiseuille flow). (b) Pipe cross section. 


The rate-of-deformation tensor D relevant to this flow is obtained by 
applying definition (11.2.10) to the velocity field (11.7.1). The only 
non-vanishing components of D in the cylindrical coordinate system (7, 
6, z) turn out to be D,, = D,,. Therefore, by making use of eq. (11.7.3), 
we obtain: 


Vn 
0 0 -8——r 


D= 0 0 0 ; (11.7.4) 


This shows that D is not uniform throughout the fluid. Apart from an 
inessential sign, which depends on the orientation of the axes, the 
largest value of the non-vanishing components of D is attained at the 
pipe walls and it is equal to 


D.,=D,=-_. (11.7.5) 


From this equation and from eq. (11.5.1), we infer that the only 
non-vanishing components ofo’ are o,, =0%,,. They reach their largest 
absolute value at the pipe wall (r = d/2), where o” is given by 
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0 0 -87-™ 
Lor 


o = 0 0 0 ; (11.7.6) 


8n-™ 0 0 
Lae 


As observed in Section 11.5, any laminar flow must meet inequality 
(11.5.8). Therefore, by introducing eq. (11.7.6) into relation (11.5.8) 
and taking the equality sign in that relation, we can determine the upper 
limit of v,, for the considered laminar flow to be compatible with eq. 
(11.5.8). Denoting this limit as v;,, we obtain, after some simple 
algebra: 

* d 


Vm =—— 
87) 


ee (11.7.7) 


As the mean velocity of the flow exceeds this value, the shear stress in 
the fluid layer adjacent to the pipe walls becomes greater than the 
maximum elastic shear stress that the fluid can exert. Consequently, eq. 
(11.1.3) cannot be met and some rotational motion must be produced 
in order to satisfy the angular momentum balance law. The original 
laminar motion is no longer possible and the flow begins to exhibit 
some turbulence. 

In Hagen-Poiseuille flow, D and o’ are not uniform; thus, as Vm 
exceeds limit (11.7.7), turbulence is produced initially at a thin layer of 
fluid near the pipe walls where o’ exceeds the elastic limit. However, 
aS Vm 1s increased, the depth of that layer grows until full turbulent 
flow is established throughout the pipe. This explains why, in this 
flow, the transition to turbulence is comparatively gradual. 

For fluid flow in circular pipes, the Reynolds number is usually 
defined as 


R,=/™*, (11.7.8) 


The Reynolds number at which the flow ceases to be fully laminar can 
be calculated from eq. (11.7.8) by substituting for v,, the value v,, 
given by eq. (11.7.7). Thus, denoting this value by Rg, we obtain: 


* PVm d P Tmax d? 
R,= = 5) 
1) 87 


(11.7.9) 
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This gives the threshold Reynolds number above which full laminar 
flow through the pipe is no longer possible. 

To exemplify, for water at 20 °C we have that p = 10° Kg/m? and 
n= 10° N sec/m’. We also have that tnax = 14.4 107 Pa, according to 
result (11.4.10). By inserting these values into eq. (11.7.9), we 
calculate: 


R. =18-10° d? (with d expressed in [m]) (11.7.10) 
or 


R, =180d" (with d expressed in [cm]). (11.7.11) 


For instance, for d = 3 cm, this formula yields R. = 1620, which is not 
unreasonable if compared with experiment. The plot of Fig. 11.7.2 
gives the value of R, for other values of d, as obtained from eq. 
(11.7.11). 
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Fig. 11.7.2. Threshold Reynolds number R. as a function of the pipe diameter d, as 
predicted by eq. (11.7.9) for water at 20 °C. 


No limit to laminar flow is predicted by classical fluid dynamics 
and Hagen-Poiseuille flow is known to be linearly stable for every 
value of R.. However, experiments show that for sufficiently large 
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values of R, the flow is turbulent. The limit Reynolds number above 
which pipe flow is turbulent is usually considered to be somewhere 
between 2,000 and 4,000. However, experiments have reported laminar 
flows in pipes for values of R, that are orders of magnitude greater 
than these (cf., e.g., [57], [15]). Moreover, in pipes of very small 
hydraulic diameter, turbulence has been detected for values of R, as 
low as 200-400, cf. [56]. What all this means is that the transition to 
turbulence is not controlled fully by the Reynolds number. 

The present approach shows that R, , Le., the value of R, at which 
the flow ceases to be fully laminar, depends on the elastic limit @nax . 
This limit is a property of the fluid that does not enter its motion 
equations. Of course, for any given value of R, less than R, , all flows 
in pipes of different diameters are similar for every linear viscous fluid 
because, when expressed in dimensionless variables, they are all 
governed by the same dimensionless equations. However, the 
transition to turbulence depends on the maximum value of the shear 
stress component reached in the fluid, a quantity that does not enter the 
flow equations. 

For the kind of flow considered in the present section, the shear stress 
component in question is o;, and its maximum value is reached at the 
pipe walls. This value is different for pipes of different diameters, which 
makes the transition to turbulence depend on d in any fluid and for any 
value of R,. The dependence on d of the maximum value of 073 is 
explicitly shown by the following expression of the components of o” at 
the pipe walls: 


0 0 87 5 
pd 
o’= 0 0 0 : (1.7.12) 
-8 1" — 0 0 
pd 


which follows from eqs (11.7.8) and (11.7.6). When the magnitude of 
013 exceeds Tax, the laminar flow ceases to be admissible because the 
angular momentum balance condition (11.1.3) can no longer be met. 
Classical theory ignores that there is a limit to o/;. As a consequence, 
it is unable to predict when a laminar solution of the flow equations 
(11.1.1) - (11.1.3) ceases to be admissible. 


12 


Intrinsic Heat 


Internal energy can be decomposed into two parts: a temperature 
dependent part and a temperature independent one. In this chapter, the 
temperature dependent part is referred to as intrinsic heat and it is 
shown to determine the entropy of the system. The consequence is that 
the entropy of a system cannot be assigned independently of the system’s 
internal energy. 

The general relation between entropy and internal energy is derived 
in Section 12.5. The very fact that this relation turns out to be 
somewhat involved explains why entropy is such a useful quantity to 
be used, although the information it conveys is already contained in the 
internal energy function. Incidentally, intrinsic heat could be a more 
direct quantity to use than entropy. Historically, however, entropy has 
been used, and, at this stage of development of thermodynamics, there 
appears to be little chance for a change. 

The present analysis provides a full macroscopic explanation of the 
nature of entropy and of its physical meaning. Thermodynamics is a 
macroscopic theory. Therefore, all quantities it uses should be 
understood and justified in macroscopic terms. However, the physical 
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meaning of entropy is usually sought outside of the macroscopic 
approach, since a simple macroscopic explanation is lacking. Quite 
often, reference is made to statistical mechanics. In that case, entropy 
is related to the state of microscopic disorder of the system, a concept 
that, in macroscopic terms, is still more obscure than the one it aims to 
explain. Order and disorder have no citizenship in macroscopic 
physics, which makes these explanations far from satisfactory even 
from a logical standpoint. The present chapter should help liberate 
thermodynamics from such unwarranted dependence on statistical 
mechanics, which, in principle, is no more general than the macroscopic 
approach. 

The existence of a relationship between entropy and internal energy 
opens the way to check their reciprocal consistency. In the last sections 
of this chapter, we check for consistency the expressions of internal 
energy and entropy that are in use for systems as different as 
thermoelastic materials, photon gases, and ideal gases. In the case of 
ideal gases, the expressions turn out to be inconsistent with each other. 
The origin of the inconsistency is traced back to the fact that the theory 
of ideal gases ignores thermal radiation. Thermodynamic equilibrium 
should take thermal radiation into proper account. This cannot be done 
in the ideal gases theory, because any interaction of the gas particles 
with radiation is excluded at the outset. The consequences of this may 
not matter for most applications. However, there are some specific 
situations in which the interaction between gas particles and radiation 
is vitally important in order to describe the physical phenomenon 
correctly. One such situation is when a precise assessment of the 
temperature change of a low pressure gas that expands in a vacuum is 
sought [53]. 


12.1 Simple Heating and Cooling Processes 


When two uniform-temperature systems are brought into thermal 
contact, the hotter system cools down and the colder system heats up. 
The process comes to an end when the temperatures of the two systems 
become the same. This phenomenon is a basic pillar of thermodynam- 
ics. It justifies the physical definition of heat as that which is transferred 
from the hotter to the colder system simply by virtue of their difference 
in temperature [74, p. 73]. 

If the heat exchange takes place while all of the system’s state 
variables except temperature are constant, we say that the system 
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undergoes a simple heating or a simple cooling process, depending on 
whether its temperature increases (7>0) or decreases (7 <0), 
respectively. When applied to a system that undergoes a simple 
heating/cooling process, the first law (1.4.8) requires that, at any time 
during the process, the following equation should hold true: 


dU= dO (12.1.1) 


or, equivalently, 


UO: (12.1.2) 


This is because W;, =—W,,,=0 in the process, since all of the system’s 
state variables, other than 7, are constant. 

Of course, no work can be dissipated in a process in which no work 
is done. Yet a simple heating/cooling process is irreversible if it takes 
place at a non-vanishing temperature gradient. In this case, irreversibility 
arises because a finite temperature gradient means a temperature diffe- 
rence between the system’s parts. In principle, this could be exploited 
to turn some of the heat that flows from the hotter to the colder parts of 
the system into useful work. Simple heating/cooling does not produce 
such work. For all practical purposes, this is equivalent to producing 
that work and dissipating it as heat as soon as it is produced. This 
makes simple heating/cooling a dissipative and hence an irreversible 
process when it occurs at a non-vanishing temperature gradient. 

On the contrary, if a simple heating/cooling process takes place at 
uniform temperature, no work can be produced from the heat transfer. 
Thus, no work can be dissipated, and the process is reversible. Though 
rather ideal, the uniform temperature condition can, in practice, be met 
to any degree of accuracy by the appropriate reduction of the time rate 
at which the heat transfer to/from the system takes place. 

It is interesting to observe that eqs (12.1.1) and (12.1.2) apply 
irrespective of whether the simple heating/cooling process takes place 
reversibly. This is because these equations are a direct consequence of 
the first law, which holds true irrespective of the reversibility of the 
process. It follows that any amount of heat, QO, which is transferred 
to/from the system through a simple heating/cooling process, always 
produces the internal energy change, AU, given by 


AU=O, (12.1.3) 


whether or not the process is reversible. 
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12.2 Intrinsic Heat 


Internal energy is a function of the system’s state variables, namely € 
and 7. That is, U= U(&, 7). In a simple heating/cooling process, the 
variables € are constant. Then, from relation (12.1.1) or (12.1.2), it 
follows that the amount of heat that the system absorbs/releases during 
a simple heating/cooling process between any two given temperatures 
is also a state function. 

In this chapter, we are interested in the amount of heat that the 
system will release if cooled at constant § from a given temperature 7 
to absolute zero (0 K). This is equal to the amount of heat, I’, that the 
system absorbs when heated at constant € from 0 K to 7, because, as 
just observed, the heat absorbed/released during a_ simple 
heating/cooling process is a state function. Of course, depends on T 
and the considered values of §. Thus, we can write: 


ig 
Parery= J GO|, oiuh (12.2.1) 
From eq. (12.1.1), we then have 
T 
r=I(&,7)= J dU | const (12.2.2) 
However, 
dU= OU seg Oa (12.2.3) 
0g oT 
This means that 
dU| = OU ar. (12.2.4) 
§=const oT 
Therefore, eq. (12.2.1) can be expressed as 
T 
T=T(§,7)= oUET) ap (12.2.5) 
oT 
0 


This enables us to determine state function [ =I(&,7) from the internal 
energy function U= U(§,7). 
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Heat I’, as defined above, will be referred to as the intrinsic heat of 
the system. It is the amount of heat that is needed to increase the 
temperature of the system from 0 K to 7 at constant &. Incidentally, the 
notion of intrinsic heat introduced here gives a precise meaning to 
what is sometimes referred to in the literature, although rather vaguely, 
as the amount of heat that a system must possess to exist at a given 


state (§, 7). 
By differentiating eq. (12.2.5) with respect to 7, we obtain 


oU 


dU | geconst = 5 AT (12.2.6) 
or 
ae = a (12.2.7) 
oT oT 
This implies that 
US, 1) = (8 1) + £8), (12.2.8) 


where f(§) is a differentiable function of € This function can be 
determined by observing that from the definition of T, or, equivalently, 
from eq. (12.2.5), it follows that 


Tg, 0) =0 for every §. (12.2.9) 
From eq. (12.2.8), this means that f(€) is given by 
f(€) = U(E, 0). (12.2.10) 
From eqs (12.2.8) and (12.2.10), it can be concluded that 


M8, 7) = UG, T) — UE, 0), (12.2.11) 


which is a useful formula for determining the intrinsic heat after the 
internal energy function is given. 


12.3. The Purely Mechanical Part of Internal Energy 


Rewriting eq. (12.2.11) in the form 


UG, 0) = UE, 1) - M8 1) (12.3.1) 


makes it apparent that U(&, 0) is the internal energy in excess of I. We 
shall refer to it as U,,. That is: 
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Uy = Uy(§) = UE, 0). (12.3.2) 


The internal energy of the system can then be expressed as 


Ug, 7) =, 7) + Uy(§). (12.3.3) 


By differentiating both sides of this equation we obtain: 


dU=dr+duy, (12.3.4) 
where 
dr = “+5 +<ar 
i (12.3.5) 
= (WED _ WE) gg , VEN a 
0 0 oT 
and 
0U€,0) | du,,(§). 
dU,, = aE dg = —*~ rr dg. (12.3.6) 


U,=U,(§) is a state function that does not depend on temperature. It 
represents the component of the internal energy of the system that is 
not affected by the temperature of the system or by the amount of heat 
that the system absorbs or loses. Of course, U,,, like any non-thermal 
energy, can be dissipated, entirely or partially, into heat. However, 
because it is independent of both temperature and absorbed heat, U,, 
can be regarded as the purely mechanical part of U, and referred to as 
the non-thermal part of the internal energy of the system. 

From eq. (12.3.3), it can be concluded that the internal energy of 
any system can always be decomposed into two parts, i.e., a thermal 
part or intrinsic heat, I’, and a non-thermal part, U,,. Both T and U, are 
constitutive properties of the system. As apparent from eqs (12.2.5) and 
(12.3.2), both of these constitutive properties are determined by the 
system’s internal energy function, which is a constitutive property itself. 


12.4 Maximum Absorbable Heat 


As recalled at the beginning of Section 12.1, heat is defined as the 
physical entity that two uniform temperature systems in thermal 
contact exchange only by virtue of their temperature difference. Thus, 
heat is a thermostatic quantity in that both its definition and the 
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calorimetric procedure used to measure it refer to systems in thermal 
equilibrium. The first law establishes the equivalence between this 
thermostatic definition of heat and energy. This justifies considering 
heat as thermal energy. 

It must be concluded that, strictly speaking, one cannot speak of 
heat (or of thermal energy) as an independent entity separated from the 
system that supplies or absorbs it. In particular, there is no sense in 
speaking of the transformation of heat into non-thermal energy in the 
absence of a system that absorbs the heat to be transformed. To be 
defined and measured, heat must be absorbed or lost by a system. 
Likewise, to be transformed into non-thermal energy, heat must be 
absorbed by a system first. 

As obvious as these statements may seem, they lie at the very core 
of thermodynamics. They justify the following proposition, the validity 
of which is taken for granted without further discussion: 


No amount of heat can be converted into non-thermal energy if it is not 
first absorbed as internal energy by a system. 


In a process in which the variables € are not constant, some work is 
done on the system or supplied by it. Part of this work is generally 
dissipated as heat, which may be absorbed, if only partially, by the 
system, thus reducing the amount of heat that the system needs to 
absorb from the surroundings. 

Now, let dl’ be the change in I in a process from state (€, 7) to 
state (§+d§, 7+dT). From the definition of T', we know that dl equals 
the change in the amount of heat absorbed by the system in a simple 
heating/cooling process (i.e., a process at constant €) from 0 K to the 
final state, as the final state changes from (§, 7) to (§+d€, T+dT). On 
the other hand, in a general process from state (§, T) to state (§+d6, 
T+dT), some work is done on the system or absorbed by it, because of 
the change in &. If the process is irreversible, then some of this work is 
dissipated as heat, which, in turn, is absorbed entirely or partially by 
the system. It follows that the heat dQ that the system absorbs from 
the surroundings in any process from (§, 7) to (§+d&, T+d7T) cannot 
exceed dI: 


dO < dr. (12.4.1) 


The inequality sign in this relation applies when the considered 
process is irreversible. In that case, dissipation provides an extra source 
of heat to the system, thus reducing the amount of heat that the system 


284 | THERMODYNAMIC LIMIT TO EXISTENCE 


must absorb from the surroundings. Of course, no dissipation takes place 
if the process occurs reversibly. In this case, relation (12.4.1) applies 
with the equality sign. 

Alternatively, to justify relation (12.4.1) we can also observe that 
the non-thermal part, U,,, of the internal energy of a system is insensitive 
to the heat absorbed or lost by the system itself. This means that all of 
the heat that the system absorbs must be used to increase the intrinsic 
heat part, I’, of the internal energy. It follows that relation (12.4.1) must 
apply with the equality sign whenever the heat absorbed is the sole 
source of heat available to the system. This occurs when the process is 
reversible. On the contrary, for an irreversible process, the heat that the 
system takes from the surroundings will be only a part of the total heat 
that is supplied to the system, because some of that heat comes to the 
system directly from the dissipated energy. This makes the heat, dQ, 
which the system absorbs from the surroundings, less than dP and 
provides another justification of the validity of relation (12.4.1). 

When a system absorbs heat, its intrinsic heat, I, must increase 
appropriately, because the change in I cannot be less than the heat 
absorbed, as requested by relation (12.4.1). Since [T=I(&, 7), this 
generally requires that both T and € change appropriately. In some 
processes, temperature may remain constant (isothermal heat absorption). 
In such a case, the required change in I’ will be produced by a suitable 
change in § which generally entails a work exchange with the 
surroundings. 

In any case, inequality (12.4.1) sets an upper bound to the amount 
of heat that a system can absorb in any infinitesimal time interval of 
any process. Such a bound represents a general physical requirement 
that is independent of the first law of thermodynamics, because that 
law expresses a balance of energy, quite apart from the kinds of the 
energies involved. The bound in question is defined by I. Since Tis a 
state function, the bound will depend on the initial and the final state of 
the system, but it will not depend on the particular process that joins 
these states. 

Also, since I’ is a constitutive function, each system has its own 
maximum capacity to absorb heat, which depends on the state of the 
system. By dividing both sides of inequality (12.4.1) by dz, the same 
bound can be expressed in terms of the time rates of O and T: 


O<T. (12.4.2) 


Similarly, by integrating both sides of inequality (12.4.1) along a finite 
interval, say, from state A to state B, we have 
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O<AT. (12.4.3) 


Here, AV =I'3—T, represents the maximum amount of heat that the 
system can ever absorb in a process that joins state A to state B. 

No analogous limitation exists on the heat that a system can supply. 
The reason is that there is no limit to the amount of energy that a 
system can dissipate and thus supply as heat (as long as it has enough 
energy to dissipate). 


12.5 Relationship between Entropy and Intrinsic Heat 


In classical thermodynamics, the entropy of a system is the state 
function defined as: 


(12.5.1) 


cf. eq. (1.7.2). The subscript rev reminds us that the integral is to be 
calculated along a reversible process starting from absolute zero 
temperature and ending at state (€, 7). Any reversible process will do, 
since S is a state function. The value assumed by § at 7=0K is 
immaterial, since the so-called third law of thermodynamics ensures 
that the entropy of any system vanishes at the temperature of absolute 
zero, irrespective of the value of § (see Section 1.7). 

To see how S relates to I, recall that the second law of thermody- 
namics can be expressed by the entropy inequality (1.6.7): 


dO <TdS. (12.5.2) 


Like relation (12.4.1), relation (12.5.2) sets an upper bound to the 
amount of heat that the system can absorb in any infinitesimal interval 
of any process. In both relations the equality sign applies if the process 
is reversible. This means that the right-hand sides of these relations 
must be equal. That is: 


dr=Tds. (12.5.3) 


By observing that 


T dS =d(TS)-S4dT, (12.5.4) 
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we can integrate eq. (12.5.3) to obtain 
T 
8,7) =TS(§,7)-[ SET) AT, 
0 


which enables us to calculate I'(&, 7) once S(&, 7) is given. 
Conversely, we can put eq. (12.5.3) in the form: 


a0 a apt ye 
ds = = =d(—)+=5Tar, 


which can be integrated to yield 


s=5§.7)=T82 5 [TED ars const. 


(12.5.5) 


(12.5.6) 


(12.5.7) 


This equation provides a means of calculating S(€, 7) once I'(&, 7) 
is given. Figure 12.5.1 presents a graphic interpretation of eq. (12.5.5), 
thus giving that equation an immediate geometrical meaning. It shows 
that the concepts of intrinsic heat and entropy are intimately related. 


S(§, 7) 


T(g 7) 
T 
=rs-[. S(E,T) aT 


Fig. 12.5.1. Geometrical interpretation of the relationship between S and I, as obtained 
by representing eq. (12.5.5) in the [S, 7]-plane. With reference to a generic curve S(&, 
T), the product T S is the rectangular area between the dashed lines and the coordinate 


axes. The part of this area above curve S(&, 7) represents I'(& 7). 
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In view of eq. (12.2.11), we can express eq. (12.5.7) as: 


d7 + const. 


S=S(E,T) = cE U,0) +{ FED ar [ue ,0) 


(12.5.8) 


By means of eq. (12.3.2), this relation can also be written as 


s=5(§,17)-ZED=Uw (LEDs oer (Ya ir icine 


(12.5.9) 


Equation (12.5.8), or equivalently eq. (12.5.9), uncovers the relationship 
between S and U. 

In the three sections that follow, we apply this result to check the 
consistency of the classical expressions of internal energy and entropy 
that are usually assumed for thermoelastic materials, photon gases, and 
ideal gases, respectively. 


12.6 Linear Thermoelastic Materials 


Linear thermoelastic materials are discussed at length in Chapter 6. In 
the present section, we show how eq. (12.5.8) enables us to obtain the 
entropy function of these materials directly from the expression of their 
internal energy function. 

As usual in continuum mechanics, we refer to the specific values of 
U and S (per unit mass) and denote them as u and s, respectively. In 
addition, we confine our attention to homogeneous systems undergoing 
homogeneous processes. This means that the state of the system is the 
same at every point of the system. Since the state variables of these 
materials do not include spatial gradients, the results that apply to the 
homogeneous case also apply in non-homogeneous conditions, provided 
that they are referred to an infinitesimal element of material rather that 
to the system as a whole. 

The specific internal energy of a thermoelastic material was derived 
in Section 6.3. It is expressed by eq. (6.3.19), which we rewrite as: 


1 
u=u(E,, €>,T) Sat + BE, T+2uE,)+c(T -T,)+u(0, 0, 7), 


(12.6.1) 
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where 8=3aK. The variables €, and €, are defined by eqs (6.3.17) 
and (6.3.18). All the constants that appear in the right-hand side of eq. 
(12.6.1) are defined in Chapter 6. Because they are constitutive 
constants, they depend on the particular thermoelastic material under 
consideration. 

Once the expression of the internal energy is given, the entropy 
function can be calculated from eq. (12.5.8) by substituting u and s for 
U and S, respectively. This is admissible, because we are considering 
homogeneous systems. Since u is given by eq. (12.6.1), we obtain: 


= ae G1 1 
s=s(E,, T)=— (651+ oar Jtete =4T, (12.6.2) 
which shows that in a linear thermoelastic material, s does not depend 


on €,. By calculating the integrals in this equation, we can express the 
specific entropy of a thermoelastic material as 


s=s(§}, T= 68, +(F ete) In7 +const. (12.6.3) 


In practice, one often deals with very small deformations. In this 
case, the variable €, also assumes very small values. The term £€,/p 
can then be neglected with respect to c, and eq. (12.6.3) simplifies to 


s=s(§1, T)=— Bi, clnT +const , (12.6.4) 


which is nothing but eq. (6.4.5) expressed differently. Though in a 
different notation, eq. (12.6.4) also coincides with the expression of the 
entropy of a linear thermoelastic material that is reported in the 
literature (cf., e.g., [28, p. 536]). The standard procedure for obtaining 
it, however, is less straightforward than the one given here. The fact 
that the two procedures lead to the same result supports the validity of 
the results of the previous section. 


12.7. Photon Gas 


According to a well-established model in quantum physics, the 
electromagnetic radiation that fills an otherwise empty cavity consists 
of a multitude of photons of different wavelengths. These photons 
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move at the speed of light in every direction within the cavity and do 
not interact with each other. On a macroscopic scale, this system of 
photons behaves like a gas and thus is endowed with temperature, 
pressure, internal energy, and entropy. For this reason, it is often 
referred to as photon gas or radiation gas. 

According to a classical result of quantum mechanics, when such a 
gas is in thermal equilibrium with the walls of the cavity, its energy 
density per unit volume (referred to as u) is given by 


pets (12.7.1) 
Cc 


where c is the speed of light, o is the well-known Stefan-Boltzman 
constant, and 7 is the temperature of the walls of the cavity (o= 56.697 
nW m~ K *). By introducing the radiation density constant, a, defined 
by 


25 (12.7.2) 
Cc 
(a = 75.646 10 * nJ m? K‘“), eq. (12.7.1) can be written as 


u=aT". (12:73) 


If V denotes the volume of the cavity, the total energy of the photon 
gas within the cavity is 


U=uV=al'V. (12.7.4) 


A standard analysis shows that the pressure that the photon gas exerts 
upon the walls of the cavity is given by: 


p=—u =—aT* (12.7.5) 
3 3 
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(see, e.g., [74, Sect. 13.16] and [17, Sect. 3.13]). Therefore, as the 
volume of the cavity is increased by dV, the work done by the walls on 
the gas is given by 


dW =~p AV =——udV =——aT* dV. (12.7.6) 
From the first law (1.4.8), we then infer that 
dU = dQ-~aT* dV. (12.7.7) 
However, 


dU = 4aT?V dT +aT* dV, (12.7.8) 


as immediately follows from eq. (12.7.4). Therefore, by introducing 
eq. (12.7.8) into eq. (12.7.7) we obtain 


dO= 4aT? V aT +2 aT? av. (12.7.9) 
3 
By applying this equation to a reversible process, it is concluded that 
dS = 4aT?V dT +“aT? av, (12.7.10) 
3 


since dO=TdS for reversible processes. eq. (12.7.10) is a total 
differential equation. It can easily be integrated to give 


S= <aT'V, (12.7.11) 


the integration constant being equal to zero, since S = 0 for T= 0. 
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The same result (12.7.11) follows from eq. (12.5.8) after we 
introduce the expression (12.7.4) for U and identify € with V. This 
provides further support to the validity of the relationship between 
entropy and intrinsic heat presented in Section 12.5. 


12.8 Ideal Gases 


In dealing with gases, it is customary to measure their mass in gram- 
moles (moles). As a consequence, the density, a, per unit mass of any 
extensive physical quantity, A, represents the amount of A per mole of 
the substance to which A refers. This is called molar density of A. That 
is 


: (12.8.1) 


where n is the number of moles of the substance to which the quantity 
A refers. In what follows, the symbols v, u, and s indicate the molar 
densities of volume, internal energy, and entropy, as obtained from eq. 
(12.8.1) by taking A=V, A=U, and ASS, respectively. 

Ideal gases, also called perfect gases, play a major role in classical 
thermodynamics. In homogeneous conditions, their state is described 
by two variables, namely v and T or p and T, where p is the gas pressure. 
We take molar volume, v, and temperature as the state variables of these 
gases. In terms of these variables, p is given by the celebrated equation 
of state of an ideal gas: 


pv=RT, (12.8.2) 


where R is the universal gas constant (R = 8.3143 J/mole K). 
The classical approach assumes that the internal energy of an ideal 
gas does not depend on v. That is, 


u=u(T)=c T, (12.8.3) 


where cy is the molar specific heat of the gas at constant volume. 
Although not excluding that cy =c,(T), the classical treatment usually 
refers to the case where cy is constant. In that case, 
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du =c, d7, (12.8.4) 


and 


Ou du 
= — = —., 12.8.5 
‘Vv Or dT Cae) 


The rationale behind the rather drastic hypothesis (12.8.3) is the 
assumption that the free adiabatic expansion of a gas in a vacuum (the 
so-called Joule-Thomson expansion) does not produce any change in 
the temperature of the gas. This would rule out any dependence of u on 
v, or, equivalently, on p. However, the experimental evidence in support 
of this hypothesis is rather shaky. The best results available actually 
provide evidence to the contrary, even under rarefied gas conditions 
(see, e.g., the discussion contained in [74, Sect. 5.2]). Even so, eq. 
(12.8.3) is currently assumed as the internal energy of an ideal gas. 

When the molar volume of a gas undergoes a change dv, the specific 
work per mole that the gas supplies to the surroundings is: 


dWou =p dv. (12.8.6) 


By using eq. (12.8.2), this also can be written as 


dwWout = as dv. (12.8.7) 
y 


On the other hand, when referred to molar densities, the first law (1.4.8) 
yields: 


du = dg — dwou, (12.8.8) 


where g is the heat absorbed by the system per mole of gas. For 
reversible processes, we have that dO=7dS and thus dg=Tds. 
Therefore, by referring to a reversible process and by introducing eqs 
(12.8.4), (12.8.5); and (12.8.7) into eq. (12.8.8) we obtain, after 
rearranging: 
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_ lou, 
T oT 


dy Paar ay, (12.8.9) 
Vv T Vv 


At this point the classical arguments assume that s is a function of v 
and 7, which implies that 


dee de ay (12.8.10) 


OT Ov 


From this equation and from eq. (12.8.9) it then follows that 


OF Ge (12.8.11) 
or 

and 
cle (12.8.12) 
ov 


If cy is constant, these equations can be integrated easily to give the 
classical expression of the molar entropy of an ideal gas: 


s=s(v, T)=cy ln T+RInv-+ const. (12.8.13) 


Up to this point, the analysis is standard. We may want to 
determine, however, the expression of s that follows from the general 
eq. (12.5.8) established above, once eq. (12.8.3) is assumed to be valid. 
In the present case, § coincides with v. By introducing eq. (12.8.3) into 
eq. (12.5.8) we therefore obtain: 


s=c,lnT+ const, (12.8.14) 


which is clearly different from eq. (12.8.13). 

This result is rather surprising, because eq. (12.5.8) —and hence eq. 
(12.8.14)— is a necessary consequence of general physical principles. 
We may wonder, therefore, to what extent a gas, which is described by 
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the classical constitutive equations (12.8.2), (12.8.3) and (12.8.13), is 
admissible physically. 

To answer this question we observe that a gas with internal energy 
(12.8.3) cannot produce work while operating isothermally in thermal 
equilibrium with the surroundings. This is a direct consequence of the 
first law (12.8.8). The reason is that, according to eq. (12.8.3), du must 
vanish in any isothermal process. Moreover, the gas cannot exchange 
any heat with the surroundings because they are at the same 
temperature as the gas and two bodies at the same temperature do not 
exchange heat. In these conditions, therefore, dg = 0. From eq. (12.8.8) 
it then follows that the considered gas cannot exchange work 
isothermally with the surroundings, if the latter are at the gas tempera- 
ture. It must be concluded that in a gas with internal energy (12.8.3) 
the following equations 


du=0, dg=0 and dwour=0 (12.8.15) 


apply to every isothermal process in thermal equilibrium with the 
surroundings. 

It follows, in particular, that the only process that an ideal gas can 
perform isothermally while remaining at the same temperature as its 
surroundings is a free expansion in a vacuum. At a first sight, this 
conclusion appears at variance with the large body of experimental 
evidence according to which a gas can produce work while expanding 
at a given temperature and absorbing heat from its surroundings at the 
same temperature. This is true even in the range of temperatures and 
pressures in which the gas behaves as an ideal gas and, therefore, eq. 
(12.8.3) applies to it. 

The point here, however, is that the process in which an ideal gas 
produces work and absorbs heat while remaining at the same tempera- 
ture as its surroundings is not a true isothermal processes. This process 
is actually a sequence of small adiabatic steps (producing work and 
temperature changes), each of which is followed by a constant-volume 
(workless) step that restores the gas temperature to the original value 
by exchanging heat with the surroundings. For small enough steps 
performed at a slow enough rate, the gas temperature during the whole 
process can, for many purposes, be considered as a constant to any 
desired degree of accuracy. Such a process may be referred as pseudo- 
isothermal. It should be distinguished from a truly isothermal process, 
because in a pseudo-isothermal process the gas does exchange heat 
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with the surroundings at the gas temperature, while no heat exchange is 
possible in a truly isothermal process in the same conditions. 

From eq. (12.8.7) it follows that the work done by an ideal gas in a 
pseudo-isothermal expansion from 1, to v is given by: 


Vo 


since 7 has the same value at the beginning of each infinitesimal 
adiabatic step making up the process. On the other hand, from eq. 
(12.8.8) we infer that in this process 


dg =dwou (12.8.17) 


because also u is almost constant in the process. This means that in a 
pseudo-isothermal process the gas absorbs as much heat as the work 
that it supplies to the surroundings. This is a very well-known result, 
although it is usually derived by referring to the incorrect entropy 
(12.8.13) and to the incorrect process (i.e., isothermal, rather than 
pseudo isothermal). 

Once the correct entropy expression (12.8.14) is adopted, the 
Helmholtz free energy (u — Ts) of the ideal gas reduces to a constant. 
This is consistent with the fact that, as observed above, a gas cannot 
produce work by expanding in a strict isothermal way, if its internal 
energy depends only on temperature. On the contrary, the work 
produced by the same gas in a pseudo-isothermal process is different 
than zero and can be calculated from eq. (12.8.16). This work equals 
the amount of heat that the gas absorbs in the process and it coincides 
with the isothermal work that is traditionally calculated for ideal gases 
expansion. 


12.8.1 Dependence of c, on volume 


As recalled above, the claim that the adiabatic free expansion of a 
rarefied gas supports assumption (12.8.3) is not firmly confirmed by 
the experiments. However, there also are other arguments based on the 
kinetic theory of gases that are advanced in support of the same 
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assumption. In that theory, an ideal gas is modelled as a multitude of 
microscopic, rigid mass particles that are unable to interact at a 
distance and are in continuous thermal motion in every direction within 
the volume occupied by the gas. The volume itself is mostly empty 
space, since the gas particles have negligible volume. In this model, the 
internal energy of the gas coincides with the sum of the kinetic energy 
of its particles. There is no other way in which these particles can store 
energy, since they are rigid and long-range forces are ruled out. Thus, 
the internal energy of such a gas is independent of volume, since the 
speed of the gas particles is not affected by the volume of the gas. 

However, the kinetic theory ignores the fact that the space between 
the particles is filled by radiation. This is especially true in thermal 
equilibrium conditions, which the classical theory assumes. From the 
analysis of Section 12.7 we know that, though devoid of matter, a 
space filled with radiation has its own internal energy and can absorb 
or lose heat to reach thermal equilibrium with the walls of the 
container and with any matter and material particle within that space. 
At thermal equilibrium, the energy of the radiation is given by eq. 
(12.7.4) and depends both on 7 and V. In particular, at a constant 
volume, any change in temperature will make a radiation-filled space 
absorb or lose heat from its surroundings. 

The same applies to the radiation-filled space between the particles 
of a volume V of an ideal gas. Thus, there will be two different 
contributions to the amount of heat that the gas will absorb at constant 
V as its temperature is increased by d7. The first contribution, dQ,, is 
the heat that is needed to increase the kinetic energy of the gas 
particles. In an ideal gas, this contribution is independent of the gas 
volume. The other contribution, dQ,, is the heat that is needed for the 
thermal radiation in the space between the gas particles to reach the 
new thermal equilibrium. This depends on the volume of the gas and 
can be calculated by applying eq. (12.7.9) to a constant volume 
process: 


dO,= 4aT?V aT. (12.8.34) 


This contribution is ignored both in the classical theory and in the 
kinetic theory of ideal gases. 

Of course, the total heat dO absorbed by the gas is the sum of dQ, 
and dQ,. This makes dQ depend on V since dQ, does. It follows that cy 
also depends on V or v, since it is defined as 
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_ dQ 
ndT ly 


(12.8.35) 


cy 


In this equation, 1 indicates the number of gas moles contained in 
volume V, while subscript V reminds us that dQ and dT refer to a 
constant volume process. From egs (12.8.34) and (12.8.35) it follows 
that the classical assumption that c, is independent of v is not valid, 
even if we refer to the rather idealized kinetic gas model. The reason is 
that it does not take thermal radiation into due account. In nature, every 
material absorbs and emits thermal radiation. Thus, any model that 
ignores radiation is, at the outset, unphysical. The interaction between 
gas particles and thermal radiation was shown in [53] to provide a 
resolution to the so-called Gibbs paradox concerning the entropy 
changes of two mixing gases. 


APPENDIX A 


Processes and Inverse Processes 


A process is an orderly sequence of values for the state variables of the 
system. Time is the natural ordering parameter of the sequence, although 
other ordering parameters can also be used. Unless otherwise stated, 
we assume that during the process the state variables are represented 
by continuous functions of the ordering parameter. If this parameter is 
time, then the process is defined by the following set of functions: 


= 2 (4 x) GS 12 ow): (A.1) 


which give the state variables a as functions of time ¢ at each point X 
of the system. In homogeneous systems the dependence on X does not 
appear in functions (A.1), and the same functions simplify to: 


€= (4) CHAD.) (A.2) 
Any state function, say function 
oa Aare rere a (A.3) 


will generally vary in time during the process. That is, 
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w= USO), EO), «.., 8") = a0), (A.4) 


where u(¢) is an appropriate function of time that depends on the 
process. When time is the ordering parameter, the time rates of the 
state variables are obtained by direct time derivation of eq. (A.1) or 
(A.2): 

d ei) 


e(i) — 
$ dt 


(A.5) 


The corresponding time derivative of the state function can be 
calculated by time derivation of its expression (A.4)»: 


. du 

= —_. A.6 

ay (A.6) 

Equivalently, by applying the derivation chain rule to eq. (A.4), the 

same time derivative can be expressed as 
Ou 


sa, OU; ; 
= (1) (2) (n) 
u= 5 gs + 5 ga Ts aay Po oer (A.7) 


If a given process is referred to as the direct process, the inverse 
process is a process that retraces the same states of the direct process 
but in the inverse sequence. Thus, the inverse process starts from the 
final state of the direct process and ends where the latter started. 
Moreover, it proceeds in such a way that, at any point of the inverse 
process, the time derivatives of the state variables are the opposite of 
those at the same point in the direct process. The same is true for the 
time derivatives of the state functions, as evident from eq. (A.7). 

Let €=€&(7) be the function that represents the values of state 
variable § during the direct process. This function is represented as a 
curve in Fig. Al.1. Let us focus our attention on the part of this process 
that goes from point A to point B of this curve, corresponding to time 
to and time ¢,, respectively. To determine the function that represents € 
in the inverse process, i.e. from f, to %, we substitute —t for ¢ in 
function &(f) to obtain curve &(¢) = &(—t), which represents the mirror 
image of the original curve with respect to the €-axis. In the mirrored 
curve, the image of point B is B’, which represents the value of € at 
time —t,. As ¢ increases from —t, to —fo, the variable € recovers in the 
reverse order the values that it assumed in the direct process. Moreover, 
thanks to the relation 
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d§(r)_d&(-t)_ dd &() (A.8) 


dt dt di” 


the time derivative of §’ is the opposite of the time derivative of § at the 
corresponding state of the direct process. In other words, the process 
§‘(¢) is the particular inverse process of &(¢) that starts at time —t). 

If we want the inverse process to start at time ¢ rather than —t,, we 
must displace curve €(¢) by the amount T=(t + ¢,) in the positive 
direction of the time axis. Analytically, this is achieved by substituting 
tt for ¢ in the same function: 


E(t) = &(t-1) = &(-1+1). (A.9) 


An inverse process, as defined above, can be associated with any 
direct process. However, it may be not admissible from the physical 
standpoint. An effective way to visualize an inverse process is to film 
the real process and then run the filmed sequence backward. Although 
this makes the inverse process visible, such a process is seldom a 
representation of a physically realistic process. For the inverse process 
to be physically admissible, the direct process must be 
thermodynamically reversible. Otherwise, the inverse process cannot 
comply with the requirements of the second law of thermodynamics— 
the only physical law that discriminates between the two opposite 
directions in which a process can link any two neighbouring states of a 
system. 


As 
S(O = &(-2) &(0) 


B’ 


& (0) = &(-1+1) 


direct inverse 
process: | process 


mirror 
image 


at 


Fig. Al.1. Direct process and its inverse starting at time ¢ 


APPENDIX B 


Natural Variables and Gibbs 
Fundamental Equation 


One of the basic tenets of classical thermodynamics is the possibility 
of obtaining all thermodynamically relevant information about a 
system from a single potential function. The function in question is 
internal energy, expressed by taking entropy instead of temperature as 
an independent variable. When such approach is followed, temperature 
is regarded as a dependent variable, defined by an appropriate 
constitutive function of entropy and the other independent variables of 
the system. 

The main steps of that approach are reviewed in the next section. In 
the subsequent section, we discuss why that approach can be applied 
only to ideal systems and how it should be modified when dealing with 
real systems. 
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B.1. Thermodynamics of Ideal Systems 


For any given system, let us consider two equilibrium homogeneous 
states belonging to the same infinitesimal neighbourhood in state 
space. From all of the possible processes that link these states, let us 
choose a reversible process. This is a possibility since the two states are 
equilibrium homogeneous states (cf. Section 1.5). Following common 
usage in classical thermodynamics, we distinguish the work done by 
pressure over the change in the system’s volume (volume work) from 
the other kinds of work done by or on the system. Equation (1.3.1) can 
thus be written as: 


dWin=—p dV + F-d€. (B.1) 


From this and from eq. (1.10.1), it follows that dW,, = F-d§. 
Since the considered process is reversible, eq. (1.9.5) applies. By 
introducing eqs (1.9.5) and (B.1) into the first law (1.4.7), we obtain: 


dU =TdS — pdV + F-d&, (B.2) 


which is often referred to as the fundamental equation of (classical) 
thermodynamics. Equation (B.2) is valid irrespective of whether the 
infinitesimal increments dU, dS, dV, and d& are the differentials of 
appropriate functions. The first law requires that U should be a 
continuous, single-valued function of the state variables of the system. 
However, it does not impose any restriction on the derivability or 
differentiability of that function. 

Though derived by making reference to a reversible process, eq. 
(B.2) also applies if the process that joins the two considered states is 
irreversible. To see why, we observe that the values of the quantities T, 
p, and F that appear in that equation refer to the initial state of the 
process (they only undergo negligible changes during the process, 
because the process is infinitesimal and it joins two equilibrium states 
belonging to the same infinitesimal neighbourhood). On the other 
hand, since the quantities U and S are state functions, the values of dU 
and dS depend on the two states that are joined by the process, but not 
on how the process is performed. The same applies to dV and dé, 
because V and § are state variables or related by appropriate state 
functions to the state variables of the system. Thus, eq. (B.2) depends 
on the initial and final states of equilibrium to which it refers, but is 
independent of whether the process that joins these two states is 
reversible or irreversible. 
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The values of p and F during an irreversible process differ from the 
values of the same quantities in a reversible process, because an 
irreversible process takes place through non-equilibrium states. As a 
consequence, the work done on the system in an irreversible process 
that joins the above two equilibrium states in the same infinitesimal 
neighbourhood is different from the term —pdV+F-d§ that appears in 
eq. (B.2), because that term refers to the values of p and F at 
equilibrium conditions. For this reason eq. (B.2) is fundamentally 
different than the first law (1.4.7). The first law involves the actual 
work that is done on the system in the considered process. It applies 
irrespective of whether the process is reversible or irreversible. By 
contrast, the fundamental equation (B.2) relates the properties of two 
equilibrium states in the same infinitesimal neighbourhood quite apart 
from the process that joins them. 


Natural variables 


Equation (B.2) can be interpreted as expressing dU in terms of the 
infinitesimal increments of the independent variables S, V, and §. In 
this interpretation, S, V, and € are taken as state variables of the system. 
Since U is a state function and eq. (B.2) holds true in general, we can 
conclude that the internal energy of any system can always be expressed 
as a function of S, V, and &. That is, 


U=U(S, V,&). (B.3) 


Thus, because eq. (B.2) follows directly from the basic laws of 
thermodynamics, the variables S, V, and § appears to be the state 
variables that most naturally follow from the laws of thermodynamics. 
For this reason, the same variables are often referred to as the natural 
(or canonical) state variables of the system. 

Of course, other choices of independent variables are possible and, 
in many cases, more convenient. Observe, for instance, that T is not 
included among the natural variables, in spite of the fact that temperature 
is the thermal variable that is directly accessible to the experiment. 
Consequently, choosing the natural variables as state variables for the 
system calls for an appropriate state function that gives T as a function 
of S, V, and §. Equation (B.6), presented below, can, in fact, provide 
such an equation. However, the use of eq. (B.6) is confined to 
theoretical considerations, due to the difficulty of measuring and 
controlling S during a process (cf. Kestin [31, p. 533]). 
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Temperature is a far easier quantity to measure and control than 
entropy. Therefore, in the applications, temperature rather than entropy 
is chosen as state variable. In this case, the system is described by state 
variables that are not the natural variables, and entropy must be 
specified by an appropriate function of 7 and the other independent 
state variables of the system. However, no simple relation such as eq. 
(B.2) exists between dU and the differentials of the state variables, if 
these variables are not the natural variables. 


The theoretical determination of U(S, V, €) 


Even with the above difficulties, assuming S rather than T as an 
independent state variable is of some theoretical value in that it leads to 
the explicit theoretical determination of function (B.3), which reveals 
some interesting relations between T and p and between F and U. 

The theoretical procedure for determining function U(S, V, §) starts 
by differentiating eq. (B.3) to obtain: 


dU = dS + dV + “dg. (B.4) 


In this step, one must assume that U(S, V, §) is both continuous and 
differentiable in its domain of definition. From the physical standpoint, 
this is actually a rather restrictive hypothesis. There is no question that 
the internal energy should be a continuous function of the state variables 
of the system. If not, an infinitesimal change in these variables could 
bring about a finite change in the system’s internal energy, which 
would hardly be compatible with the first law of thermodynamics. 
However, the differentiability of U is a much more questionable issue. 
All real systems change their states of aggregation (phase changes) for 
large enough changes in their state variables. This phenomenon is 
always accompanied by some discontinuity in at least some of the 
partial derivatives of U, which therefore cannot be differentiable at the 
points where the discontinuities appear. Thus, the assumption that U 
should be differentiable in the whole domain of definition of its 
independent variables is not strictly applicable to real systems. 

A system will be referred to as an ideal system if its internal energy 
function is differentiable over the entire range of definition of the state 
variables from which it depends. In particular, as far as temperature is 
concerned, that range goes from absolute zero to infinity. Ideal systems 
are useful both for theoretical purposes and when an axiomatic approach 
to classical thermodynamics is sought. They may also provide good 
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approximations to real systems within a limited range of values of their 
state variables. However, ideal systems are not real, which means that 
the conclusions that apply to them may not apply to real systems. This 
issue is considered in more detail in the next section. 

Equation (B.4) can also be written, slightly more explicitly, as 


apie ag Oona OU ies OE aa at laa (B.5) 


a Vv a, ae, ag, 


where 1, &, ..., &m are the m components of vector €, conjugated with 
the analogous components, F), Fo, ..., Fin, of F. By comparing eq. 
(B.5) with eq. (B.2), we can infer that the choice of S, V, and § as 
independent variables entails the following relations: 


oU 
T =(— , B.6 
as i 8.6) 

oU 
anf 3 B.7 
. is ee) 

and 
pe (=) ae ee (B.8) 
0g; SVE. 


In eq. (B.8) and in what follows, the index §s stands for the sequence 
of (m — 1) variables €1, €2, ..., €i-1, G41, ---. &m. The rather redundant 
notation used in eqs (B.6) through (B.8) is used often in 
thermodynamics. It helps to remind us that the internal energy U must 
be understood as a function of S, V, and &, according to eq. (B.3). Of 
course, the validity of the same equations is confined to equilibrium 
states where function U is differentiable, since this is the condition for 
the validity of eqs (B.2) and (B.5). 

Function U and variables S, and V, are extensive quantities. In the 
chemistry of mixtures and solutions, the variables §; are taken as the 
number of moles of the components of the mixture (see Appemdix C). 
In this case, all the independent variables of the system are extensive. 
For homogeneous systems, this means that any given fraction of the 
system should contribute an equal fraction of the total values of U, S, 
V, and §. For this to be true, function (B.3) should be a homogeneous 
function of degree 1. According to Euler’s theorem on homogeneous 
functions, this requires that U must satisfy the following equation: 
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VS 46 46 Sate aU 


oe; 706) ” Em” 
(B.9) 


oU 


COST boxe J=8 
(S,V 815-5 §m) 75 


where, for brevity, we refrained from using the lengthy notation 
concerning the partial derivatives of U that we used in writing eqs 
(B.6) to (B.8). By inserting eqs (B.6) to (B.8) into eq. (B.9), we obtain: 


U(S,VsEqpnEg)=TS—pV +d RE tC. (B.10) 


i=l 


Of course, the quantities 7, p, and F; that appear in eq. (B.10) stand for 
the functions 7(S, V, §), p(S, V, §), and F(S, V, &), which, in fact, spoils 
much of the apparent simplicity of this equation. 

Constant C that appears in the above equation represents the value 
that U assumes for S = 0, V = 0, and € = 0. This constant should be zero 
for U to be a homogeneous function of its independent variables. We 
must observe, however, that the reference value of U cannot be fixed in 
an absolute way. This justifies the introduction of constant C in the 
above equation. However, if the function U = U(S, V, &) is written as in 
eq. (B.10), one should make reference to the difference [U(S, V, §) — 
C], rather than the function U(S, V, §) itself, if an expression of U in 
the form of a homogeneous function is sought. 

Equation (B.10) provides an explicit expression of the internal 
energy of the system for every possible homogeneous state of 
equilibrium. It is often referred to as the Gibbs fundamental equation. 
However, the same denomination is often reserved instead to the 
differential expression (B.16), listed below. 


Other potential functions 


We consider now the implications of eq. (B.2) on the other classical 
potential functions of thermodynamics, namely the enthalpy, H, the 
Helmholtz free energy, % and the Gibbs free energy, G. These 
potentials are defined in terms of U as follows: 


H=U+pV, (B.11) 
Pa aT Ss. (B.12) 


and 
G=U+pV-TS, (B.13) 
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cf. eqs (1.10.3), (1.11.3), and (1.11.10). First, let us determine the 
infinitesimal increments of these potentials in a reversible process that 
joins any two equilibrium states of a system that belong to the same 
infinitesimal neighbourhood. Let U, p, V, T, and S be the values of 
internal energy, pressure, volume, temperature, and entropy, respectively, 
at the beginning of the process, and let U+ dU, p+ dp, V+ dV, T+ dT, 
and S + dS be the analogous values at the end of the process. By using 
eq. (B.2) and by neglecting all terms that contain the product of 
infinitesimal increments, we obtain, quite generally: 


dH =TdS+Vdp+F, d§,+F, d§,+...4+F,,d§&,,. (B14) 


d¥=-SdT-pdV+F, d&,+ F, d§,+...+F, d§,, (B.15) 
and 


dG =—Sd7+Vdp+F, d§,+ F, d§,+...+F, d&,,  (B.16) 


These equations are valid irrespective of the differentiability of the 
potential functions H, % and G. At variance with eq. (B.2), however, 
eqs (B.14) through (B.16) contain the infinitesimal increments of the 
variables p and/or T, which are not extensive variables, as was the case 
for S, V, and § As a consequence, the explicit expression of the 
functions H = H(S, p, &), Y= ‘AT, V, §), and G = G(T, p, §) cannot be 
obtained by a procedure similar to the one that led to eq. (B.10) above. 

Granted that the function U can be expressed in the form (B.10), an 
explicit expression of the functions H, % and G can nonetheless be 
achieved by inserting eq. (B.10) directly into equations (B.11), (B.12), 
and (B.13), respectively. Thus, we obtain: 


HHT StE Gti os tect Eke Pe, (B.17) 
B=— pV +E 8 + Fy &0 +...+ Fin §m tC, (B.18) 

and 
G=F,6,+%&+..+h,6,+C. (B.19) 


Equation (B.19) is particularly interesting, because it does not 
involve explicitly the pairs of variables (7, S) or (p, V) that appear in 
the equations for H and Y% By omitting the usually unessential 
constant C, eq. (B.19) is often written as 
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G = G(T, p,€) = F, & + Fy &5 +...+ Fy Em- (B.20) 


Of course, the quantities F; are given by appropriate constitutive 
functions of the independent variables. 

Eq. (B.16) can be regarded as the total differential of function G(T, 
P, §). The same differential can also be written as: 


0G 0G 0G 
dG = —dT +—dp 4g OE a +—dé_. B.21 
or dp aE git §. + ae bia ( ) 


By comparing eq. (B.21) with eq. (B.16), we conclude that 


F= Se) (@=1,2,... m) (B.22) 
sa) PF). as 
and 
) 
= ed (B.24) 


Equations (B.21) to (B.24) apply to any equilibrium state of any ideal 
system, as do their analogous eqs (B.5) to (B.8). All these equations 
assume the differentiability of the potential function involved, whereas 
eqs (B.14) to (B.16) as well as eq. (B.2) do not. 

For isothermal processes at constant p, eq. (B.16) gives: 


Comparing this with eq. (B.20) and considering the Euler theorem on 
homogeneous functions leads to the conclusion that G must be a 
homogeneous function of degree 1 in the variable € Of course, this 
result holds true if the arbitrary constant C is ignored or, more precisely, 
if reference is made to the difference [G(T, p, €) — C] rather than to the 
function G(T, p, §) itself. 

When applied to functions H = A(S, p, §) and ¥= ¥(T, V, &) and to 
eqs (B.14) and (B.15), similar arguments to the ones that led to eq. 
(B.22) enable us to obtain the following further expressions for F;;: 
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= (=) (i=1,2,... m) (B.26) 
0g; S,D.§> 
and 
R= (=) GAD ay: (B.27) 
of Vite 


From eqs (B.20) to (B.27) and from eq. (B.8), it can be concluded that 


& ~ (= = (-) = () . (B28) 


S,V,&s i PT, &s S,p,&s V~iT, 8s 


As the adopted notation should make it clear, in each of the above 
derivatives the functions U, G, H and Yare understood to be expressed 
in terms of different sets of independent variables. 


The Gibbs-Duhem equation 
By differentiating eq. (B.19), we obtain: 


dG = Fi\dg, + F,d§, +...+ F,,d€,, + §)dF, + dF, +...+€ dF... (B.29) 


For this value of dG to coincide with that given by eq. (B.16), the 
following equation must be met: 


—SdT +V dp =€,dF, +§,dF, +...+€ dF, - (B.30) 


This is the so-called Gibbs-Duhem equation. It tells us that, in the 
process that joins two homogeneous equilibrium states, the quantities 
F cannot all be increased independently of the changes in T and p. 

To provide an example of application of eq. (B.30), let us refer to a 
system possessing just one single independent generalized 
displacement, say €,. Then, equation (B.30) reduces to 


-SdT+V dp =€,dF. (B.31) 


That is 


dF, = ~pare ae (B.32) 
1 1 
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This means that, in any process that occurs at constant temperature and 
constant pressure, the increment dF; should be equal to zero. In this 
system, therefore, the generalized force F; cannot depend on the 
variable €, that is conjugated to it. That is, F; = F\(p, T). From this 
result and from eq. (B.32), it also follows that, in the considered system, 
the quantities V and S must be linear functions of &. 


B.2. Thermodynamics of Real Systems 


In the previous section, the variables 7, p, and F that appear in eq. 
(B.2) were considered to be functions of the natural state variables, 
namely S, V, and & Accordingly, T= T(S, V, §), p = p(S, V, §), and F = 
F(S, V, §). In doing so, we assumed that eq. (B.2) was integrable over 
the entire interval of definition of the variables S, V, and § However, 
there is no guarantee that eq. (B.2) is integrable when it refers to a real 
system. If it cannot be integrated, it cannot be used to determine the 
function U= U(S, V, §). In that case, T can no longer be related to S by 
eq. (B.6), and the natural variable approach loses much of its use. 

The integrability conditions of a total differential form, such as eq. 
(B.2), are well known. These conditions restrict the coefficients of the 
infinitesimal increments of the independent variables that appear on 
the right side of eq. (B.2) by requiring that the quantities T, p, and F be 
appropriate partial derivative of one single scalar function of the 
variables S, V, and &. In the present case, the scalar function is U = 
U(S, V, §), and the relations that link the coefficients 7, p, and F to it are 
eqs (B.6) to (B.8). In the particular case of two independent variables, 
say, S and V, we have that U = U(S, V). In this case, the integrability 
conditions reduce to the single condition: 


ar a = 
oV os 


as immediately follows from eqs (B.6) and (B.7) and from the fact that 


2 2 
eae = ae ; (B.34) 
asav avas 


In the case of more than two independent variables, additional integra- 
bility conditions analogous to eq. (B.33) must be added. The argument 
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is a well-known topic in the theory of differential equations and needs 
no further explanation here. 

However, there is no compelling physical reason for a real system 
to comply with the integrability conditions above. If anything, the 
opposite is true; i.e., a real system will not generally comply with such 
conditions. As discussed in the previous section, an almost universal 
feature of any real system is that it exhibits changes of phase if the 
state variables are allowed to span large enough intervals of values. A 
phase change invariably means a discontinuity in one or more partial 
derivatives of the internal energy function of the system. This results in 
loss of integrability for eq. (B.2), if the equation is considered in the 
whole range of states that the system can attain. As far as the relations 
presented in the previous sections, the consequence of this is profound. 
Many of the equations lose their validity, and many of the conclusions 
reached must be modified or re-interpreted. 


The internal energy surface of a real system 


To substantiate the above claim, let us refer to a system whose 
internal energy partial derivatives become discontinuous for certain 
values of the system’s state variables. For simplicity, we shall assume 
that the state of the system is defined by S and V. In this case, the 
system’s internal energy, U = U(S, V), represents a surface in the space 
of S, V, and U. Figure B.1 portrays a portion of that surface. It is 
actually made of two sub-surfaces, U; and U2, which intersect along a 
line d that projects as a curve » = o(S, V) on plane [S, V]. The region 
of plane [S, VY] on one side of curve @ is denoted as 2,, while the 
region on the other side of the same curve is denoted as Z>. The internal 
energy function, U = U(S, V), is represented by surface U; in domain 
2, and by surface U; in domain 2>. It is a continuous function over the 
entire domain 2=2,+D, and it possesses continuous partial 
derivatives inside the domains 2, and 2. However, it is not 
differentiable at the common boundary 9 of these domains, because, at 
that boundary, some of the partial derivatives of U become 
discontinuous, for instance, due to a phase change taking place at that 
boundary. 

In Fig. B.1 the discontinuity in the derivatives of U reveals itself as 
an abrupt change in the tangent plane to surface U as the independent 
variables S and V cross curve @. The lack of differentiability at the 
points of » means that function U = U(S, V) cannot be obtained by 
integrating eq. (B.2) over the domain 2, in spite of the fact that eq. 
(B.2) holds true throughout that domain. 
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=9(5,V)7 
p=9(SV) Dy 


Fig. B.1. The internal energy surface U = U(S, V) of a system that exhibits phase 
changes within the domain 2=2,+D . The surface is composed of two sub- 
surfaces, U; and U>, which intersect along a curve d where a phase change occurs. 


To better illustrate this point, let us refer to the difference g(S, V) = 
US, V) — U\(S, V). With the help of function g(S, V), the internal 
energy of the system outside region 2, can be expressed as 
U= US, V) = U(S, V) — g(S, V). This shows that g = g(S, V) accounts 
for the discontinuity in the partial derivatives of U that takes place at 
the points where a phase change takes place. However, eq. (B.2) 
contains no information whatsoever concerning these points, let alone 
the extent of discontinuity that is produced there. This makes the same 
equation incapable of determining the function g(S, V) and therefore 
incapable of determining the internal energy surface over its entire 
domain of definition. 

Though very important from the conceptual standpoint, the above 
issue is rarely considered in the literature. Consider still the example of 
Fig. B.1 from another perspective. As observed, some of the partial 
derivatives of U are not continuous at the intersection of the two sub- 
surfaces, U; and U;. From eqs (B.6) and (B.7), it then follows that the 
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pair of functions T= 7(S, V) and p= p(S, V) are different in the two 
sub-domains 2, and D>. Because it involves the functions 7 and p, eq. 
(B.2) will assume a different form in each sub-domain. Of course, that 
equation can be integrated separately in sub-domain 2, and sub- 
domain 22, provided that it meets the appropriate integrability 
conditions in these sub-domains. The integration, however, will produce 
a different function in each sub-domain. In Fig. B.1, the functions that 
result from the integration of eq. (B.2) in sub-domains 2, and D> are 
represented by surfaces U\(S, V) and U2(S, V), respectively. 

Both U,(S,V) and U,(S,V) are defined within an arbitrary 
integration constant. Thus, to determine U(S, V) we must assign two 
arbitrary constants. We can take care of one of these constants by 
fixing the value of U at an arbitrarily chosen reference point. To 
determine the other constant, we may impose that U; = U; at a point 
where the phase change occurs. However, the locus of all such points 
must belong both to surface U; and to surface U>, because the internal 
energy is a continuous function of the state variables of the system. 
This imposes a rather stringent condition on the intersection of the two 
surfaces, which is extraneous to eq. (B.2). As a consequence, at 
variance with what is true for ideal systems, eq. (B.2) alone cannot 
determine the internal energy, U = U(S, V), of a system that exhibits 
phase changes. 


Application of ideal system formulae to real systems 


The presence of discontinuities in the partial derivatives of U means 
in particular that relations (B.6) and (B.7)—and relation (B.8) in the 
case of more than two independent variables—cannot hold true at the 
points where phase changes occurs. This means that eq. (B.10) cannot 
represent the internal energy function of a real system for all values of 
S, V, and §. Moreover, relations (B.17) to (B.19) cannot be applied to 
real systems, since these relations derive directly from relation (B.10). 

However, relation (B.10) and relations (B.17) to (B.20) can also be 
of use when dealing with real systems, provided that those relations are 
employed to determine the change in U, H, ¥ or G rather than the actual 
values of these quantities. In this case, the following restrictions must 
be met. First, the application of the relations (B.10) and (B.17) to (B.20) 
must be confined to a sub-domain in which eq. (B.2) is integrable. We 
denote 2, as the generic of such sub-domains. The index s introduced 
here ranges from 1 to the number 7 of sub-domains in which 2 is 
integrable. Second, relations (B.10) and (B.17) to (B.20) must refer to 
the particular function U, that results from the integration of eq. (B.2) 
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in domain 25. This means that the functions H, ¥% and G in these sub- 
domains are obtained by inserting Us in their respective definitions 
(B.11)-(B.13). 

Let us refer, for instance, to the Gibbs free energy, G, of a real 
system. Similar arguments apply to the other thermodynamic potentials 
as well. Suppose that we are interested in the changes in G due to a 
process that occurs in a sub-domain 2 in which eq. (B.2) is integrable. 
Let Us = U,(S, V, &) be the function that is obtained by integrating eq. 
(B.2) in the considered sub-domain. By introducing Us into eq. (B.13), 
we define the corresponding potential function Gs. Then, by the same 
arguments that we followed to establish eq. (B.19), it is easy to verify 
that eq. (B.19) applies to Gs. That is, 


CoS T Gls Cy Fe PP Gee Ce (B.35) 


where Cg is an appropriate constant. Of course, Gs is far from being the 
Gibbs free energy function of the system over the entire domain 2. 
The reason is that Us does not coincide with U if eq. (B.2) is not 
integrable in Y, as Fig. B.1 shows. However, in each sub-domain 2s. 
we have 


AG, = AG, (B.36) 


because AU; = AU in that sub-domain. Equation (B.36) means that, in 
Ds, the two functions, G, and G, differ by a constant. Therefore, as far 
as the changes in G are concerned, it makes no difference whether we 
refer to Gs or G. This is true, of course, only for states that fall within 
the sub-domain Js. 

An important consequence of eq. (B.36) follows from the fact that 
the operation of partial derivation commutes with the increment 
operator “A”. Thus, by applying that operator to both sides of eq. 
(B.23), we obtain, with the help of eq. (B.36): 


AS = (22) = a(22s) (B.37) 
or Ds or Ds 
Similarly, the following relations 
av =(28) = (22s) (B.38) 
Op Ir Op |r 


and 
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wf 


OE, = (52s) (k=1,2,...m) (B39) 


pT, 8s 08k pT, 8s 


can be obtained from eqs (B.24) and (B.22), respectively. 

The consequence is that, for a real system, the increments AS, AV, 
and AF\, rather than the values of S, V and F,, are related to the partial 
derivatives of Gs in each sub-domain 2, in which eq. (B.2) is integrable. 
In each of these sub-domains, we therefore have 


0G. 
Ges sf. B.40 
( oT ) 7 
y =(“2s) +y, (B.41) 
Op TE 
and 
A, = (522) +F4, (k=1,2,...m), (B.42) 
0& pT, 


where S“ : y" , and Be are constants. The values of these constants are 
not arbitrary; they depend on the extent of discontinuity suffered by the 
partial derivatives of the system’s free energy due to the phase changes 
that took place outside and at the boundary of the considered sub- 
domain Zs. Equations (B.40) to (B.42) extend to real systems the 
results (B.23), (B.24), and (B.22) that apply to ideal systems. 


The internal energy function of real systems 


Since eq. (B.10) does not apply to real systems, how should the 
internal energy function of such systems be determined? Because eq. 
(B.6) generally does not apply to a real system, we must use T instead 
of S as the independent thermal variable of the system. Suppose then that 
we chose (7, V, §) rather than (S, V, §) as variables of state of the system. 
The system’s entropy becomes a function, S = S(T, V, §), that can be 
determined experimentally (e.g., by the calorimetric method discussed 
in Section 1.7), while the system’s internal energy, U= U(T, V, §), or, 
better, its difference with respect to the reference value, is obtained 
from the first law of thermodynamics, as specified by eq. (1.4.6). 

More precisely, eq. (1.4.6) enables us to calculate the change in 
internal energy when the system goes from equilibrium state A to 
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equilibrium state B. The result is independent of whether the process 
that joins the two states is reversible or not, because U is a state 
function. If the function S' = S(T, V, §) is known, it may be convenient 
to consider the case in which the process from A to B is reversible. In 
this case, the heat absorbed in the process can be calculated as 


B B B 
o- | ras = T—dT+ 7 Sav + Erg re, (B.43) 
A A A 


which immediately follows from eq. (1.6.4). Likewise, if the equilibrium 
values of p and F are known, the work done on the reversible process 
is given by 


22 yee dg; $ (B.44) 
A A 


= 
=} 
ll 
rw 
Q 


The change in internal energy is then obtained from eq. (1.4.6): 


B B 
Ug-U, =[TdS+ [dy 
A A 


(B.45) 


in ? 


where the integrals are given by eqs (B.43) and (B.44), respectively. 
By taking A as the reference state and B as any equilibrium state, 
eq. (B.45) can be written in the following form: 


U =U(T,V,§)=|(TdS+[ dW, +C, (B.46) 


where C = Us is an appropriate constant. The internal energy function of 
a real system is thus determined. 


Isothermal processes 


For isothermal processes at any given temperature 7, eq. (B.46) can 
be simplified by taking the reference state for the internal energy as a 
state at temperature T. In that case, eq. (B.46) can be reduced to 


U =U(V,8:T)=T AS +W,, +C, (B.47) 


where AS is the difference between the entropy of the actual state and 
the entropy of the reference state. In eq. (B.47), as in eqs (B.45) and 
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(B.46), the quantity Wj, is the work done when the process that joins 
the reference state to the actual state of the system is performed 
reversibly. As follows from relation (1.8.2), the quantity TAS that 
appears in formula (B.47) is the reversible heat absorbed by the system 
in the same process. 

Equation (B.47) is often used when dealing with isothermal 
processes of a real system. It should carefully be distinguished from 
the formally similar eq. (B.10), which takes S as the thermal state 
variable, thus making 7, p, and F functions of entropy. This contrasts 
with eq. (B.47) which takes T as a thermal state variable, thus making 
S= S(T, V, §) a dependent quantity. 

Once internal energy and entropy are expressed as functions of the 
variables T, V, and § the potentials H, % and G can be expressed as 
functions of the same variables by applying definitions (B.11), (B.12), 
and (B.13), respectively. The potentials thus obtained have the same 
physical meaning as those considered in the previous section, although 
they are now expressed in terms of a different set of independent 
variables. For this reason, special care must be exercised in using eqs 
(B.26)-(B.28), because these equations, as they stand, are valid only 
for a particular set of independent variables, different for different 
equations and for different potentials. 
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Thermochemical Systems 


For easier reference, we recall here a few basic notions of 
thermochemistry. Much of the material considered in this appendix is 
standard. The reader may refer to any of the many excellent textbooks 
on physical chemistry (e.g., [23] and [2]) for a complete exposition of 
the matter treated here. 


C.1 Partial Molar Gibbs Free Energies 


Thermochemistry deals with mixtures of different chemical substances 
that may or may not react chemically with each other. A homogeneous 
mixture is also referred to as a solution. In the case of solutions, the 
state variables that define the generalized displacement vector § 
introduced in eq. (1.3.1) are the number of moles n; (i = 1, 2, ..., 7) of 
the r substances that make up the solution. Therefore, eq. (B.1) 
becomes: 


dW,, =-pdV + > ws, dn. (eT) 


i=l 
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Here, the quantities “4 are the generalized forces conjugated to the 
variables n;. They are functions of the state variables of the system and 
are also referred to as the chemical potentials of the substances to 
which they are conjugated. This terminology dates back to Gibbs, 
although it is not the only terminology in use today. 

In terms of 4 and nj, the fundamental equation (B.2) can be 
written as 


dU =TdS- pdV +>" ui, dn,. (C.2) 
i=l 


From this equation, through arguments similar to those leading to eqs 
(B.16) and (B.20), it can be concluded that 


dG =-SdT+Vdp+ > 4, dn, (C.3) 


i=l 
and that 


G=G(p,T,m,M,.-N) =m tlm t..t+ in, - (C.4) 


The latter equation holds true to within an additional arbitrary constant. 
It shows that 4 represents the contribution to the total Gibbs free 
energy of the system that comes from | mol of substance i. For this 
reason, the chemical potential “4 is also referred to as the partial 
molar Gibbs free energy of substance i. 

Equation (C.4) applies to systems that behave as ideal systems in 
the sense specified in Appendix B. It shows that, in an ideal system, 
the dependence of G on p and T occurs through functions “;. For 
processes that take place at constant p and T, equation (C.3) yields 


dG = 4 diy + Lp dn +... + Ll, dn, F (C.5) 


This equation is a particular case of eq. (B.25), which refers to 
thermochemical systems in general. From eqs (C.4) and (C.5) it can be 
inferred that G must be a homogeneous function of degree | in the 
variables 7. 

An immediate consequence of eq. (C.3) and of the fact that 
G = G(p,T,n1,N2,...,Mr) 1S 


§= (37), : (C.6) 
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y=(22) (C.7) 
op n,,T 
and 
0G 
w=(<) (C.8) 
nN; p,T,n' 


The last equation is by far the most important to the present discussion. 
The subscript n' stands for all variables ,, with the exception of nj. 

Note that for real system eqs (C.6) through (C.8) should be written 
in a form that is analogous to eqs (B.40) through (B.42). To make this 
point clear, we introduced the notation G, in Section B.2 to refer to the 
function G in each sub-domain 2, where eq. (B.2) is integrable. This 
issue has been ignored in the literature; no distinction is usually made 
between ideal and real systems when dealing with the above equations. 
However, the analysis in Appendix B should make it clear that, for real 
systems, eqs (B.40) to (B.42) provide the correct expressions of the 
functions S, V, and G to be introduced in eqs (C.6) to (C.8). 


C.2. Chemical Reactions 


Up to this point, we have not distinguished between non-reacting 
mixtures and mixtures of chemically-reacting substances. The difference 
between the two kinds of mixtures relates to how the amounts n; can be 
changed. In a non-reacting mixture, any change in n; involves adding 
or subtracting the appropriate component to the mixture. Therefore, 
such a change can only take place in an open system (i.e., a system that 
exchanges matter with its surroundings). The same does not necessarily 
apply to systems that contain chemically-reacting substances. In this 
case, the quantities nj; may change even in a closed system because of 
the chemical reactions that take place within the system. 

A typical chemical reaction is represented by a balanced chemical 
equation such as 


Vi, A+Vp B=VcCt+VpD. (C.9) 


Here, A, B, C, and D stand for a fixed number of molecules of the 
homologous chemical species A, B, C, and D that appear in the 
reaction. The actual number of molecules is immaterial, but it is the 
same for all species. Quite often, this number is expressed in moles. 
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(One mole of a species indicates an Avogadro’s number, N = 6.0221 
10° , of particles of that species). The quantities v4, Vg, Vc, and Vp are 
the so-called stoichiometric coefficients. They are pure numbers that 
specify the relative amounts of reactants (the species on the left side of 
the equation) and products of reaction (the species on the right side of 
the same equation). Thus, if A, B, C, and D represent 1 mol of each 
species, then va moles of A react with vg moles of B to produce ~% 
moles of C and vp moles of D. 

It is sometimes convenient to write a chemical equation such as 
(C.9) in the following form: 


a 
0=>'v,A;, (C.10) 
i=l 
where the each quantity A; (i=1,2,..., r) indicates a fixed number, 


usually one mole, of molecules of the homologous species A; involved 
in the reaction. When a chemical reaction is written in this way, the 
stoichiometric coefficients of reactants are given a negative sign, while 
those of products of reaction are positive. 

We use the term ‘reactants’ to refer to the species on the left side of 
a chemical reaction equation expressed in the form (C.9) and the term 
‘products of reaction’ to refer to the species on the right side of the 
equation. This presumes that the chemical process proceeds from the 
left to the right. However, the reaction may also proceed in the opposite 
direction if it is properly driven (e.g., by electrochemical means) or if 
the initial conditions are appropriate. This poses no problem with the 
adopted definitions of reactants and products of reaction as long as we 
agree that, when the reaction proceeds from the right to the left, the 
‘products’ are in fact the species that react, whereas the ‘reactants’ are 
in fact the products of the reaction. 


C.3 ~Extent of Reaction 


A chemical reaction equation describes the way in which a chemical 
process occurs. Suppose that, at the beginning of the reaction, the 
system contains only the reactants. We assume that the system is closed, 
so that no new material can be added to or extracted from it. The 
reaction process will go on transforming reactants into products of 
reaction in the proportions that are specified by the reaction equation. 
Eventually, a state of chemical equilibrium is attained in which 
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reactants and products have reached definite proportions that remain 
constant over time. 

In certain cases, the final state of the process will contain products 
of reactions only. In that case the process has gone to completion. A 
necessary (but by no means sufficient) condition for this to occur is 
that various reactants that are put together at the beginning of the 
reaction are in stoichiometric proportions (i.e., their relative amounts 
are proportional to their stoichiometric coefficients in the reaction 
equation). In general, however, the process will not go to completion. 
The final state of the system may contain both reactants and products of 
reaction even if the reactants were initially in the correct stoichiometric 
proportions. The amount of each species at this final, equilibrium state 
can be predicted from thermodynamics, and this is a major success of 
thermochemistry. 

During a chemical reaction, the amount of the species changes 
proportionally to the stoichiometric coefficients as specified by the 
relevant chemical equation. Thus, by taking v; negative when 
referred to a reactant, the change in the number of moles of species 
A; at any stage of the reaction can be expressed as: 


n-ne =Vi,g G=1, 2, ...,7), (C.11) 


where n; is the number of moles of A; at the considered stage of the 
process, and n? denotes the amount of the same species at the 
beginning of the process. The variable € introduced above is the extent 
of reaction. It is an extensive, non-negative, scalar variable that has the 
same physical dimensions as ni, since the stoichiometric coefficients 
are dimensionless. Thus, ¢ is usually measured in moles. As eqs (C.11) 
should make it apparent, € can be taken as a state variable of the 
reacting system, since it suffices to determine the quantities n; once the 
constants n? are specified. 

At the beginning of the process the variable €is equal to zero, since 
n,= n,. As & increases, the amount of the reactants decreases, and the 
amount of the products increases. This follows immediately from eq. 
(C.11), since the values of v; are negative for the reactants and positive 
for the products. If the reaction is described by an equation such as 
(C.9), an increase in € will make the process proceed from left to right. 
Starting from any intermediate stage of the process, we can apply 
appropriate actions on the system that make € increase or decrease. If € 
decreases, the reaction will proceed from right to left. 
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The largest value that € can attain depends on the initial amount of 
the reactants. However, it can never exceed the value that makes a 
reactant disappear, since, at that value, the reaction is brought to a halt 
by the depletion of a reactant. The other reactants may or may not be 
used up, depending on their proportions at the beginning of the 
reaction. 

For any given reaction, a chemical transformation is defined as the 
reaction of the smallest number of atoms or molecules that are needed to 
perform the reaction itself. Thus, a reaction is generally made of an 
enormous number of chemical transformations. From eq. (C.10), we 
see that each of these transformations involves just vy; atoms/molecules 
of each component A;. However, from eq. (C.11), we know that v; fis the 
number of moles of A; that are transformed by the reaction as its extent of 
reaction reaches the value é. Therefore, for closed systems, € coincides 
with the number expressed in moles of chemical transformations 
brought about by the reaction as the system’s composition changes 
from n;? to n,. In particular, for a closed, homogeneous system of 
volume JV, the ratio €/V coincides with the number of chemical 
transformations per unit volume that must take place in the system as 
the extent of reaction goes from zero to é. 

If the reaction occurs at constant pressure and temperature, 
chemical equilibrium must correspond to the state at which the Gibbs 
free energy of the system is at its minimum value [cf. eq. (1.11.18) and 
the remarks following it]. As observed, that state will generally contain 
non-vanishing amounts of both reactants and products of reaction. 
Their actual proportions can be calculated from eq. (C.11) once the 
value of the extent of reaction at equilibrium is given. This value, 
denoted by ¢.,, depends on pressure and temperature. 


C.4 Reaction Gibbs Free Energy 


In a chemically-reacting system, the quantities nm; depend on 6, 
according to eq. (C.11). Since G= G(p,T,n1,no,,...,n;), it follows that 
the Gibbs free energy of a closed system undergoing a chemical 
reaction process can be expressed as: 


G=G(p, T, 5) (C.12) 


Here, we assume that just one single chemical reaction is taking place 
in the system. The generalization of the above formula to cover several 
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simultaneous reactions can be made by introducing a different variable 
€ for each reaction. If constant pressure and constant volume 
conditions are considered, then ¢ is the only independent variable that 
changes during the process. In this case, we have 


G=G(f)pr. (C.13) 


The derivative with respect to € of function (C.13) plays a 
fundamental role in the progress of the reaction. To illustrate, let us 
first differentiate both sides of eq. (C.11) to obtain: 


dn; = V; dé F (C.14) 


When this expression is introduced into eq. (C.3), we have: 
dG| =) vyiujdé (C.15) 
i=l 


The summation in this equation can be split into two separate sums, 
one for reactants and one for products. Thus, the equation can be 
rewritten as 


dG|,» = (XY Mr ees —(S Miele) les (C.16) 


reactants 
or 


dG], =A,Gdé, (C.17) 


where 
A.G a (Xm Ly ) 


The quantity A,G defined by this equation is usually called reaction 
Gibbs energy. This terminology is not free of some ambiguity, because 
it does not make it clear that A,G is actually energy per unit extent of 
reaction. In addition, the same terminology may give the false 
impression that A,G assumes a definite value for any definite reaction. 
Clearly, this is not true. A,G is a function of p, 7, and m, mM, ..., Mr 
because so are the quantities “4; (see the next section). Thus, A,G = 
A,G(p, T, 1, M2, ..., Nr). However, in standard conditions, A,G assumes 
a definite value for any given reaction. This value is denoted by A,G° 
and is discussed at the end of this section. 


— (Di Wile Vagal , (C.18) 


products 
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For closed systems, A,G also can be expressed as A,G = A,G(p, T, 
&), because, in this case, eq. (C.11) applies. From eqs (C.3) and (C.14), 
we infer that, for a chemical reaction that occurs in a closed system, 
A,G is the energy that the system liberates (if A,G <0) or absorbs (if 
A,G > 0) per mole of é at any stage é of the reaction. Thus, A,G is an 
intensive quantity that has units of energy per mole. 

Another important interpretation of A,G can be obtained as follows. 
By differentiating eq. (C.13), we get: 


0G 
dG|,>= (<<) dé. C.19 
|p.7 o€ ee g ( ) 
From this and from eq. (C.17), we conclude that 
A.G= (22) . (C.20) 
0g pT 


Because function (C.13) represents a curve on a plane [G, é], eq. 
(C.19) shows that A,G can also be interpreted as a measure of the slope 
of that curve (Fig. C.1). The greater the absolute value of A,G, the 
steeper the curve. 


A,.G = + 00 
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Fig. C.1. Graph of G(é at constant p and T [eq. (C.13)] showing the point of 
chemical equilibrium, ¢.,, and the spontaneous directions of reaction. The plot refers to 
a system containing a non-vanishing amount of products of reaction for ¢= 0, while for 
&= Enax at least one of the reactants vanishes (cf. Section C.7). 
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If function (C.13) is given, the condition A,G = 0 locates the point 
of zero slope of that function. Accordingly, the corresponding value of 
é is the equilibrium value, ¢.,. Under constant temperature conditions, 
the system moves toward that point spontaneously, provided that no 
external forces other than pressure act upon the system. The reason is 
that, under the same conditions, an increase in the system’s Gibbs free 
energy would be incompatible with the second law of thermodynamics 
(see Section 1.11 for more details on this point). Once the value of 2, 
is known, the composition of the system at chemical equilibrium 
follows directly from eq. (C.11). 

The situation is different if there are other forces besides p that do 
work on the system. In this case, the (generalized) forces applied to the 
system can drive it to a value of ¢ far from &, and, if the forces are not 
removed, the system can be kept in that state for any length of time. A 
typical example is when a reaction takes place in an electrochemical 
cell. By controlling the difference in the electric potential of the cell’s 
electrodes, the extent of reaction € can be changed at will, both above 
and below the value &,, and kept at the non-equilibrium value 
indefinitely. As soon as the electric field is removed, the spontaneous 
reaction process starts again. According to eq. (C.20), the value of A,G 
at the starting of the process may be positive or negative, depending on 
the value of the tangent to curve (C.20) when the electric field is 
removed (Fig. C.1). In both cases, the process that follows the electric 
field removal will make G decrease, because the reaction heads toward 
the point of minimum of G, at =, . Accordingly, the extent of 
reaction ¢ increases or decreases depending on whether its initial value 
was less than or greater than 2g. 

An increase in € decreases the amount of reactants and increases the 
amount of products. This immediately follows from eqs (C.11). In this 
case, if the reaction is represented as in eq. (C.9), it will proceed from 
the left to right of that equation. Conversely, if the process makes ¢ 
decrease, the direction of the reaction is reversed; i.e., the ‘products’ 
on the right side of eq. (C.9) will transform into the ‘reactants’ on the 
left side of the same equation. 

The quantity A,G introduced by eq. (C.18) should be carefully 
distinguished from the similar quantity, A,G°, defined by: 


8,6° =[(Zy%s 08) ne Ce) nef C20 


where £; indicates the values that “4, assumes in the standard state, 
assumed to be that of the pure substance at the pressure of | bar and at 


products 
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the considered temperature. Often, A,G° is referred to as the standard 
molar reaction Gibbs energy. It represents the difference between the 
standard Gibbs energy of the products of reaction and that of the 
reactants, when the number of moles of each component is equal to its 
respective stoichiometric coefficient. Thus, A,G° need not coincide 
with any of the values that A,G attains during the reaction. The reason 
is that, in general, there may not be any stage of the reaction in which 
reactants and products are simultaneously at their standard state and at 
the stoichiometric proportions prescribed by the reaction equation. 

The quantity A,G° can be calculated directly from the tabulated 
standard values (usually referred to 25 °C and 1 bar) of the energy of 
formation of the species involved in the reaction. Clearly, in terms of 
these energies, eq. (C.21) can be written as: 


A.G° = (Xa AG; | 


—(¥ Ml AGE Mes , (C.22) 


products 


where AG; is the standard molar energy of formation of species i. 
Remember that AG vanishes for any pure element in its most stable 
state. A negative value of A,G° usually indicates that the reaction tends 
to occur spontaneously, although this may not always be true. 


C.5 Activities and Activity Coefficients 


The chemical potentials 4, introduced in Section C.1 are functions of 
the state variables of the system. It is well known that they can be 
expressed in the form: 


=H + RT Ina,, (C.23) 


ef., e.g., [23], [2], [13], and [21]. The quantities R, a;, and uP introduced 
in this formula have the following meaning. R is the universal gas 
constant (R = 8.3145 JK" mol). The quantity a; is the activity of the 
substance to which yw; refers. It is a dimensionless function of the state 
variables of the system that is different for different systems and for 
different substances within the system. yu? is the so-called standard 
chemical potential. It coincides with the value that 4; assumes at a 
reference state in which pressure and composition assume some 
specified values. This reference state is usually referred to as the 
standard state. 
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It should be noted that the term “standard state” has nothing to do 
with the analogous terms “standard pressure,” “standard temperature,” 
and “standard solution” in use in analytical chemistry. The standard 
state to which yw? refers can vary for different mixtures and for different 
components in the same mixture or solution. Moreover, it does not 
refer to any fixed values of temperature and pressure. Consequently, 
there are different standard states, and different values of u“?, 
depending on the considered values of T and p; i.e., “? =u? (T, p).In 
some important cases, such as liquid solutions, the dependence of “? 
on p is negligible. In these cases, uw? =°?(T). Quite often, the 
standard state is taken as the state of the pure substance at the standard 
pressure p° and at the considered temperature. The latter need not 
coincide with the standard temperature, although it frequently does. 

Being a reference state, the standard state can, in principle, be fixed 
arbitrarily. Because 4° depends on that state, eq. (C.23) does not suffice 
to define a; uniquely. Therefore, to specify the activity of a substance 
in a mixture or in a solution, the conditions that define the standard 
state of that substance must be assigned. For ideal mixtures and 
solutions, these conditions are obtained directly from theory, as we 
shall see in a moment. However, for non-ideal mixtures or solutions, 
the additional conditions required to fully define the activity of a 
component or a solute are conventional. 


Ideal gas mixtures and ideal liquid solutions 

For ideal gas mixtures and ideal liquid solutions, the expression of 
the chemical potentials “4; is obtained on theoretical grounds. These 
potentials have the form (C.23), which fact actually motivated the use 
of a similar form for the non-ideal case. For each species in an ideal 
mixture or solution, the expression of the activity a; and the definition 
of the standard state are obtained by comparing the theoretically- 
derived expression of “4, with eq. (C.23). 

More specifically, in the case of mixtures of ideal gases, the 
theoretical expression of the chemical potential of gas component A; 
has the well-known form: 


y= ye + RT In, (C.24) 
P 
Here, p; is the partial pressure of the considered gas component, p° 


indicates the pressure of the mixture as a whole, and yw? denotes the 
value of 4; for pj =p° at the considered temperature T (the particular 
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case in which p° = 1 bar is considered quite frequently). By comparing 
eq. (C.23) with eq. (C.24), it follows that, for ideal gas mixtures: 


a,= Fi. (C.25) 


As for the standard state, we observe that eqs (C.23) through (C.25) 
indicate that 4? coincides with the value w; when a; = 1, since In 1= 0. 
According to eq. (C.25), the value a;= 1 is attained at the particular 
state at which the partial pressure p; coincides with pressure p®. This 
occurs when gas j is the only component of the mixture. Thus, for ideal 
gas mixtures, the standard state to be considered in expression (C.23) 
is that of the pure gas i at the considered values of T and p°. 

The case of ideal liquid solutions is treated similarly. In this case, 
we know that the theoretical expression of 4; is: 


w=ue +RT In, (C.26) 


1 


where pj is the vapour pressure of the liquid component Aj, and p; is 
the equilibrium vapour pressure of pure liquid A; at the considered 
temperature. By comparing eq. (C.26) with eq. (C.23), we conclude 
that, for ideal solutions: 


a= Ft. (C.27) 
Pj 
The value a; = 1 is attained when the concentrations of all other species 
vanish, and the solution reduces to pure liquid A;, because then p; 
coincides with p;. If a;=1, then “4 = 4°, as follows from comparing 
eq. (C.26) with eq. (C.23). It follows that the standard state of a liquid 
component of an ideal solution is the pure liquid state of that component 
at the considered values of temperature and pressure. In practice, the 
standard state of the pure liquid is usually referred to 1 atm pressure 
and considered as independent of pressure. Unless large pressures 
above | atm are considered, this makes little difference because the 
chemical potential of a pure liquid is practically independent of pressure. 
More details on this point are given at the end of this section. 
Alternatively, the activities of the components of a mixture of ideal 
gases or a liquid solution can be expressed in terms of the mole 
fraction of that component. The mole fraction of species A; in a 
mixture or a solution is denoted by x; and is defined by: 
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Nn: 
———— C.28 
ee (C.28) 


The summation in eq. (C.28) is supposed to be extended to all 
components of the mixture or solution. In the case of liquid solutions, 
the moles of solvent, noi, are often distinguished from the moles of 
solute. Accordingly, the above formula is written as 


xj 


x,=——_i__., (C.29) 
Agowy + ye nj 


where the summation is now understood to be restricted to the solutes. 

From Dalton’s law, we know that the partial pressure p; of gas Aj in 
an ideal gas mixture is related to the total pressure p of the mixture by 
the formula: 


Pi=% P- (C.30) 


This applies, in particular, when p=p°, in which case the above 
formula reads: 


pax, p’. (C.31) 


An analogous relation applies to the vapour pressures of the 
components of an ideal solution at a given temperature 7. That relation 
is the Rault’s law: 


Di=%; Pi» (C.32) 


where p; 1s the partial vapour pressure of component A; of the solution, 
and p* is the vapour pressure of the same component in the pure state 
at the considered temperature. 

By introducing eqs (C.31) and (C.32) into eqs (C.24) and (C.26), 
respectively, we can condense formulae (C.24) and (C.26) into one 
single equation: 


In this form, eq. (C.23) applies to both ideal gas mixtures and ideal 


liquid solutions. In either case, the activities of the species involved 
can be expressed as: 


(C.34) 
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However, the two cases differ in the definition of the standard state, 
which is the state of pure gas at temperature T and pressure p° in the 
case of an ideal gas component and the state of pure liquid at 
temperature T for a liquid component of an ideal solution. 

If the values of p° and T are chosen to be the standard pressure and 
standard temperature, the corresponding molar Gibbs free energy, 4? , 
of the considered component can be read directly from the 
thermodynamic tables. From this value, the value of sz? at any pressure 
and temperature can be extrapolated through routine calculations of 
chemical thermodynamics. 


Non-ideal solutions 


In non-ideal solutions, it is convenient to express the activities, aj, 
in the following form: 


a= Vi X;- (C.35) 


The quantity y; introduced here is known as the activity coefficient of 
the considered species Aj. It is a function of the state variables of the 
solution, like a;. By introducing eq. (C.35) into eq. (C.23), we obtain: 


In the case of ideal solutions, all activity coefficients are equal to 
unity, as can be verified by comparing eqs (C.34) and (C.35). In the 
non-ideal case, the same coefficients differ from unity. Their actual 
expression, Y; =Y;(p.7,1,N,.-.,0,), depends on a number of factors 
and is best determined experimentally. In certain cases, especially for 
dilute solutions, a theoretical determination of the activity coefficients 
is possible. Semi-empirical formulae, which are valid for electrolyte 
solutions in a wide range of concentrations, are also available for the 
same purpose (see Section 7.4). 

The functions y; introduced above suffer from the same indeter- 
minacy that affects the activities aj, since their values depend on the 
choice of the standard state and since eq. (C.36) cannot determine both 
i and y;. Consequently, appropriate conventions are needed to deter- 
mine these quantities. Convenience dictates which convention should 
be used and when. Different conventions can be used for different 
solutions and for different components in the same solution. 
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In order to better understand the various conventions in use, we 
decompose “; into the sum of two components according to the 
relation 


= Me + ue. (C.37) 


The first component, namely ian denotes the value that “4; would 
assume if the solution behaved ideally. Accordingly, this part must 
have the form of (C.33): 


wie = we + RTInx,. (C.38) 


For x; = 1, the solution reduces to pure species Aj. For this value of x;, 
therefore, 4; and ae coincide. From eqs (C.36) and (C.38) it then 
follows that: 


He" = wo + RT In(Y;) ya (C.39) 


_The other component of /;, 1e., uf , represents the excess over 
ps due to the non-ideal behaviour of the solution. Accordingly, it is 
referred to as the excess chemical potential of component A;. From eqs 
(C.36), (C.37) and (C.38) we have that 


Hf =e — ue +RTIny;. (C.40) 
For ideal solutions, y,=1. This makes 7 =0, because wi? =u°" in 
this case. For non-ideal solutions, the value of Ue can be either 
positive or negative. We have then positive or negative deviations from 
ideality. 


The conventions most frequently used to fix the standard state and 
activity coefficients of non-ideal solutions are described below. 


Convention I 

This convention is appropriate for liquid solutions of species that, in 
pure form, are liquid at the considered pressure and temperature. In 
this case, it is not unusual for a species A; of a non-ideal solution to 
exhibit ideal-solution behaviour as the concentrations of all other 
species approaches zero. This means that eq. (C.33) applies to species 
Aj in the limit as x1. Therefore, in the same limit, the quantity uF 
must tend to zero. A way to make eq. (C.36) consistent with this is to 
stipulate that the function y; should comply with the condition that 
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¥;71 as x1, and, at the same time, to choose the standard state of 
species Aj; as the state of the pure liquid A; at the considered 
temperature. Because both wi? and yu? dare independent of x;, these 
choices make su? = sl? id as immediately follows from eq. (C.39). 
Under these conditions, the excess potential jie will tend to zero as 
xi— 1, as is apparent from eq. (C.40). 

Of course, the condition that die should tend to zero as x; 1 could 
also be fulfilled by different choices of the standard state and different 
restrictions in the function y;. However, the above convention is the 
most natural one for liquid species that, when in solution, behave in the 
ideal way as their mole ratio tends to unity (that is, as the solution 
tends to coincide with the pure liquid species under consideration). 


Convention IT 

To decide if we can apply Convention I to solute A;, we must verify 
that the solute tends to the ideal behaviour as x; 1, i.e., as the solution 
tends to coincide with pure liquid A;. Obviously, this cannot the case if 
A; is solid or gaseous when pure, if A; is not soluble at high 
concentrations, or if Aj does not exist in the pure form. The latter case 
applies to ionic species in particular. In all of these cases, we must 
resort to considering, instead, the behaviour of the solute at low 
concentration (i.e., as x0). 

Because any solute tends to exhibit ideal behaviour as its 
concentration decreases, the quantity ie should go to zero as x0. A 
way to make eq. (C.40) consistent with this fact is to prescribe that 
Yi-l as x0, and take the standard state of the solute so that 
Le = Le id The catch is, however, that the state that the solute reaches 
as x; 0 cannot be taken as its standard state, because there is no solute 
in solution at zero concentration. 

To circumvent this difficulty, we consider a hypothetical ideal 
liquid component whose behaviour in the solution approximates the 
behaviour of the non-ideal component Aj in the limit as x;—0. As 
recalled above, both w° and yu?" are independent of x. This means 
that, to define the standard state of solute Aj, we may refer instead to 
the standard state of the above hypothetical liquid component that 
approximates the behaviour of non-ideal solute A; as x;—0. Because 
that hypothetical component is ideal, its standard state is the pure 
liquid state and, therefore, corresponds to x;= 1. The same state is 
taken as the standard state of non-ideal component A; of the solution. 
In this way, we meet the condition that yj—>1 as x0 and that 
Le =u" for x; = 1. 
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Here, we have an instance of a standard state that is not a real state 
for solute Aj in question. This does not pose any problem, since the 
value of yu; thus obtained is uniquely determined. This value 
coincides with yl? id which is also equal to the standard state chemical 
potential of the ideal liquid that approximates the real liquid as x0. It 
can be calculated from the thermochemical properties of the non-ideal 
component Aj, or it can be determined from experiments on real 
solutions at small values of xi. 

In practice, one first defines the hypothetical ideal liquid in question 
by calculating its Henry’s law constant, K". This can be done once the 
vapour-pressure/concentration curve of solute A; is known, for 
instance, because it is determined experimentally. The slope of the 
tangent line to that curve at x;=0 coincides with K". Once K" is 
determined, the value of yz can be shown to be given by 
Wo =u; +RTIn(K"/p;), where gu; and p; are the chemical 
potential and the vapour pressure of pure A; at the considered values of 
temperature and pressure [2, p.184]. Because it is based on Henry’s 
law, the standard state of the present convention is often referred to as 
the Henry’s law standard state. 


Convention III 

This convention uses Convention I for the solvent and Convention 
II for the solutes. Moreover, it takes concentration in mole fraction for 
the solvent, and molality for the solutes. This is a sensible thing to do, 
because the concentrations of solvents and solutes are usually measured 
this way in the laboratory and because the modern thermodynamic 
tables refer to molality as a measure of concentration. 


Independently of the adopted convention, the standard state and the 
activity of a substance depend on the measure of concentration that is 
used. This issue is discussed briefly below. 


Molality vs. mole fraction 

Mole fraction, x;, as defined by eq. (C.28) or eq. (C.29), is often the 
most convenient definition of concentration to use when dealing with 
theoretical arguments. However, in both theoretical and practical 
chemistry, many other alternative ways are in use to define the 
concentration of a substance. 

For instance, when dealing with solutions, the concentration of a 
solute is most conveniently defined by its molal concentration or 
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molality. This is usually denoted as bj, and it is defined as the moles of 
solute per unit mass of solvent. That is: 


b=—L, (C.41) 


Mgoly 


where n; are the moles of the considered solute, and moi, is the mass of 
the solvent in which they are dissolved. Unlike x; molality is not 
dimensionless. In the SI system of units, it is measured in mol/kg. If 
the molar mass of the solvent is indicated by Myo, then, in consistent 
units: 


Moly = Mgotv Ngoly » (C.42) 
where Ngoly 1S the number of moles of the solvent. The relation between 


b; and x; follows directly from eqs (C.29), (C.41), and (C.42): 


b,=——1—. C.43 
af (C.43) 


solv “solv 


Here, Xgo1y 1s the mole fraction of the solvent: 


nN 
i = (C.44) 
Nsoly ot a nk 


For very dilute solutions, xo), tends to 1, which makes 6; = x;/Mgow. 


Activities and activity coefficients relevant to different 
measures of concentration 


The activity a; of a component of a mixture or solution is usually 
regarded as the effective concentration of that component. However, if 
this standpoint is adopted, which is quite a sensible thing to do, we 
have to accept that the definition of activity depends on how we 
measure concentration. In particular, if concentrations are measured in 
molalities rather than mole fractions, the definition of activity given by 
eq. (C.35) should be replaced by 


a=, —~. (C.45) 


The quantity b? introduced in this formula is the molality of the 
considered component at some fixed reference state. The latter may not 
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coincide with the standard state to which sv? refers, although it usually 
does. The values of the activity coefficient, y;, depend on the reference 
state adopted. 

Analogous considerations apply when the concentration is 
measured in molarities, i.c., moles of solute per unit volume of 
solution. The reader should refer to any textbook of classical chemistry 
for the formula that expresses the relation between molarity and 
molality (see, e.g., [3] pp. 328-330). For aqueous solutions at room 
temperature, the measures of concentration in molality and in molarity 
nearly coincide. In this case, an r molal solution of solute A; is 
essentially the same as an r molar solution of the same solute, although 
molality and molarity have different physical dimensions. In any case, 
it is important to emphasize that the activity coefficients that appear in 
definitions (C.35) and (C.45) are different and are expressed by 
different functions of the variables that are taken to describe the state 
of the solution. However, the current literature denotes them with the 
same symbol. 

When concentration is measured in molalities, Convention II is 
more conveniently applied by taking the standard state of the solutes as 
the state of unit molality rather than the state of unit molar fraction. In 
this case, we have that b° = 1 molal and eq. (C.23) is usually written 
as: 


M,= M+ RT In(y,5)), (C.46) 


where division by | molal is understood in the argument of the 
logarithm. Eq. (C.46) is formally identical to eq. (C.36), but 4z° and ¥; 
refer to two different measures of concentration. 


Biological standard state 


As an application of the above observations, let us consider the 
definition of a biological standard state, which is used extensively in 
biochemistry to deal with aqueous solutions at room temperature. When 
Convention II] is used, the concentration at the standard state of an ionic 
species in a solution—like that of any other solute—should be 1 molal 
in the considered ions. For hydrogen ions (H’), this concentration 
means pH=0, because for aqueous solutions at room temperature 
1 molal concentration is about the same as | mole per litre concentra- 
tion. (Remember that the pH index is defined as the negative of the 
common logarithm of the number that measures the concentration of H” 
ions in moles per litre. At room temperature, therefore, a 1 molal 
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aqueous solution of H” has a concentration of about 1 mole/litre, which 
makes its pH vanish, since log 1 = 0.) 

A solution with a pH = 0, however, is very acidic. It is completely 
different from the nearly neutral solutions (pH = 7, i.e., 10°’ mole/litre 
of H’) in which biological reactions usually occur. In biochemistry 
therefore, when dealing with an aqueous solution that contains H’ ions, 
a special standard state is taken for these ions. This is the so-called 
biological standard state. It only applies to hydrogen ions and 
corresponds to a concentration of 10°’ mole/litre, rather than the 1 
mole/litre prescribed by Convention III. A solution is said to be in the 
biological standard state if the concentration of its H” ions corresponds 
to pH = 7, while all other solutes are at unity molality. 

Let ae denote the molality of H” in the biological standard state of 
an 1 aqueots solution at 25 °C. This means that b°, = 10°’ molal. If 
eae denotes the molar Gibbs energy of the ivdroven’ ions at that state, 
it is easy to show that tea is related to the 1-molal-standard-state lia 
of Convention III as follows: 


Th =p). —7RTIn10. (C.47) 


Accordingly, at 298.1 K, the biological standard state of the solution 
has a molar Gibbs energy that is 7 RT In 10 = 39.96 KJ mol” less than 
that of the standard state of Convention III. 

In agreement with what we observed when writing eq. (C.23), when 
reference is made to the biological standard state, the molar Gibbs 
energy of the hydrogen ions can be expressed as: 


= The +RT Ina... (C.48) 


However, the activity, a,,,, of the hydrogen ions that appears in eq. 
(C.48) must be understood to be given by 


=. @ ® 
AA ek ji ben; (C.49) 


where a is the appropriate activity coefficient for eq. (C.48) to hold 
true. For this reason, when the biological standard state is used, the 
activity of the hydrogen ions refers to the relative concentration with 
respect to the biological standard state, rather than to the absolute 
concentration of the same ions in the solution. 
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Activities of solid phases and pure liquid phases 


The contribution to G from solid phases and pure liquid 
(immiscible) phases should finally be considered. The expression of G 
given by eq. (C.4) may include these contributions. The partial molar 
Gibbs free energies, “4;, of these phases are almost independent of 
pressure. Thus, they practically coincide with their respective standard 
values “z°. A formal proof can be obtained by observing that, under 
the usual hypotheses of continuity and derivability, the order of 
derivation of function G=G(p,T,n,,m,...,1,) with respect to its 
independent variables can be interchanged. Thus: 


2 2 
ce = ae : (C.50) 
on,Op odpon, 
From eqs (C.7) and (C.8), this means that: 
(#1) = (=) (C.51) 
op Tin; On; p.T,n' 


The right side of this equation is the partial molar volume of compo- 
nent i. It coincides with the molar volume of the component if the latter 
is a solid or a pure liquid. The molar volumes of solids and liquids 
have comparatively small values, which makes the corresponding 
value of i; almost independent of pressure, according to eq. (C.51). 
Therefore, their chemical potentials can be considered constant and 
equal to w over the usual range of pressure. Accordingly, the 
activities of pure liquids and solids can be considered as unity, since 
this is what is needed to make eq. (C.23) consistent with the fact that 
L; = for these components. 


C.6 Reaction Quotient 


By introducing eq. (C.23) into eq. (C.18) and by recalling eq. (C.21), 
we can express A,G as follows: 


A,G=A,G°+RT [(x, ina" 


-(YIna,"*") | (C.52) 


products reactants 


or 
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(Ia,"*) 

MGZAG ERT he. (C.53) 

po ae (Te,"') 
k 


reactants 


since the sum of the logarithms equals the logarithm of the product of 
their arguments. The symbol IT introduced here indicates the product 
of a sequence. That is: 


n 


Ili =¥1Yo°-" Yn (C.54) 
i=l 


Equation (C.53) is usually expressed in the form: 
A,G=A,G°+RT Inq, (C.55) 


where Q is the so-called reaction quotient, given by: 


ins) 
ee SL (C.56) 
(Ma.') 

k 


reactants 


As an example of application of eq. (C.56), let us calculate the 
reaction quotient relevant to reaction (C.9). By assuming that the 
activities can be expressed as in eq. (C.34), from eq. (C.56) we obtain: 


Yo y Yd 
Xo "Xp 


Q= (C.57) 


Va y Vp 
X, ° XB 


We already observed that A,G = 0 at equilibrium. From eq. (C.55), 
we then infer that the following relation must hold true once chemical 
equilibrium is reached: 


A,G°=-RT InK. (C.58) 


The quantity K that appears here is the value that Q attains in chemical 
equilibrium conditions at temperature 7. K is commonly referred to as 
the equilibrium constant of the considered reaction at the considered 
temperature. Its value can be calculated from the standard molar 
energies of formation of the substances involved in the reaction, once 
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eq. (C.22) is inserted into eq. (C.58) and the latter is solved for K. 
Since K = Q at equilibrium and the activities are directly related to the 
concentrations of the species involved in the reaction, we can calculate 
the equilibrium concentration of one of the species in solution from the 
value of K if the concentrations of the other species are given. 

Also, if the equilibrium concentrations (i.e., the value of K) before 
and after the temperature change are known, then equation (C.28) can 
be used to determine how a change in temperature will affect A,G. 


C.7 Gibbs Free Energy as a Function of the Extent of 
Reaction 


As shown by eq. (C.13), the Gibbs free energy of a system that is 
undergoing a chemical process at isothermal and isobaric conditions 
can be expressed as a function of the variable €. In this section, when 
referring to such a function, we shall for brevity omit the indices p and T 
that appear in eq. (C.13) and simply write the Gibbs free energy as 
G = G(é). Moreover, we shall focus our attention on mixtures of ideal 
gases or ideal liquid solutions, since their chemical potentials, z;, have 
comparatively simple forms (C.33). Once the expressions of the activity 
coefficients, y;, are given as functions of p, 7, and nj, eq. (C.35) makes 
it possible to treat the case of non-ideal systems in a similar way. 

In order to obtain the explicit expression of G = G(é), the quantities 
x; that appear in eq. (C.33) must first be expressed in terms of & This is 
done by introducing eqs (C.11) into eq. (C.29). The resulting expressions 
x;=x(€) are then introduced into eqs (C.33) to give the function 
HM; =U; (¢). The latter function, together with eqs (C.11), are substituted 
into eq. (C.4) to yield G=G(é). The procedure involves routine 
algebraic manipulations and does not present conceptual difficulties. 
The resulting free energy function will depend on the reaction and on 
the values of the constants n?. An example of these calculations for an 
electrolytic system involving the reaction, Zn + CuSO, = Cu + SnSOu,, 
is presented in Chapter 7. 

The values that € can attain range from ¢= 0 at the beginning of the 
reaction, to the value €= yx. The latter value is reached as one or 
more reactants are exhausted. No further increase in € is possible 
beyond Gnax, Simply because of the lack reactants. From eq. (C.11), it 
can be inferred that Gnax is equal to the smallest of the nk / M1. ratios 
of the reactants. That is: 
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Gad =min| Mk (C.59) 


reactants 


An important feature of the function G = G(é) concerns the value of 
its tangent, dG/dé, at the ends of the reaction interval [0, Gnax]. From 
eqs (C.18) and (C.20), we have: 


a 7 (Xan Mn Ne esk ‘ (SIM Hk Reet : (C.60) 


For €= Gnax, there will be at least one reactant, 7, that disappears from 
the system. Thus, it follows that the molar fraction of this reactant will 
vanish for this value of & 


ip =0. (C.61) 


From eq. (C.33), it follows that the chemical potential will diverge 
negatively at that stage of the reaction: 


sO (C.62) 


From the fact that 7 refers to a reactant and from eq. (C.60), we can 
conclude that 


ae = co, (C.63) 
We Nene an 
That is, the tangent to the curve G = G(é) must be vertical at the right 
end of the reaction interval [0, Enax|- 
An analogous situation occurs at the beginning of the process, 
provided that, for €=0, at least one of the products of the reaction, r, 
vanishes. In that case, we have 


Xag=0: (C.64) 


which, in view of eq. (C.33), implies that 
Hrleo =o, (C.65) 


From eq. (C.60), we then infer that 
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GG) canes, (C.66) 
dé|z_y 


Under the considered conditions, therefore, curve G = G(é) will exhibit 
a vertical tangent at = 0. 

The assumption that at least one product of the reaction is missing 
from the system for €=0 is not really restrictive. Starting from any 
initial composition, we can always drive (or imagine that we can drive) 
the reaction backwards and force the products to react and transform 
themselves into the reactants (cf. the dashed part of curve G = G(€) in 
Fig. C.1). Of course, such an inverse reaction cannot proceed beyond the 
point at which one or more products of the reaction are exhausted. If 
we take the state of the system at that point as a new initial state, the 
old initial state becomes an intermediate state of a new, extended range. 
Then, the new initial point of the latter range corresponds to a 
composition of the system in which at least one of the products of 
reaction is missing. Eq. (C.66) must then apply at that point. 

By referring to the reaction interval [0, énax], as defined above, Fig. 
C.2 represents two typical shapes for curve G=G(é). Since the 
derivatives of this curve assume opposite values at the ends of the 
considered range, the curve itself must possess at least one minimum 
point within that interval. (We assume that the derivative of G(€) is 
continuous, which usually is true in practice.) The minimum point of 
this curve is the point of chemical equilibrium. The system 
spontaneously tends to it when set free from external actions. 


> 


0 & max es 0 Seq Snax S 


Fig. C.2. Typical curves of G = G(é. The left curve refers to a reaction that 
proceeds almost to the complete exhaustion of a reactant. The horizontal, dashed lines 
indicate the points at which the tangent to the curve is vertical. 
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The derivative of the Gibbs free energy is often interpreted as the 
driving force of a chemical reaction. The greater the absolute value of 
this derivative, the stronger the tendency of the system to head 
spontaneously in the direction of decreasing G. This derivative tends to 
infinity at both ends of the reaction interval [0, énax], meaning that the 
driving force for the reaction becomes greater and greater as these ends 
are approached. This is consistent with the well-known experimental 
fact that it becomes increasingly difficult to remove a reacting 
component from a solution as the concentration of that component 
becomes increasingly smaller. 


APPENDIX D 


Effect of Pressure on Free Energy 
of Liquid Solutions 


Constant pressure processes are commonplace. However, there are 
some practical situations in which even small pressure differences play 
a dominant role in the system’s response. Pressure changes are 
important, in particular, when two liquid solutions of different 
concentrations are separated by a semi-permeable membrane. In this 
case, the selective migration (osmosis) of solvent or solute molecules 
through the membrane depends on the difference in the concentrations 
of the two solutions and on the difference in their pressures. In similar 
situations the dependence of the solution's Gibbs free energy on 
pressure cannot be ignored. The argument is especially important in 
the case of living systems, due to the central role of semi-permeable 
membranes in keeping these systems alive. 
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D.1 ~=~Partial Molar Volumes 


The volume, V, of a liquid solution is a function of pressure, temperature, 
and composition. The solution’s composition is measured by the number 
of moles, ;, of each species i in the solution, including the solvent. 
Thus, we have: 


V =V(p,T,n,ny,....N, )- (D.1) 


The partial derivative of V with respect to n; (i = 1, 2, ..., r) is the 
partial molar volume of component i of the solution. This derivative is 
denoted by J; : 


V=V,(p,T nj sn.) =—. (D.2) 


Geometrically speaking, V, represents the slope of the tangent to the 
curve V= V(p, T, m1, no, ..., Nr)|p,r’, Which is obtained from eq. (D.1) 
by keeping constant all independent variables except n;. (According to 
the notation introduced in Appendix C, the subscript n’ stands for all 
variables n,, with the exception of 7;.) 

By differentiating function (D.1) at constant p and T and by using 


definition (D.2), we obtain: 


dV] 7 =V, dn, +V, dn, +...+V,dn,. (D.3) 


Since the volume of a solution is an extensive property, the following 
equation must be valid for every positive scalar a 


V (pT, an, Any,...,€n,)=AV(p,T,m,Ny,....N;, )- (D.4) 


This means that V is a homogeneous function of degree | in the 
variables n;. From the well-known Euler’s theorem on homogeneous 
functions, it then follows that function (D.1) can be expressed in the 
following form: 


V=nV, +n Vo +...+0,V,. (D.5) 


This shows that the partial molar volumes, V; , can also be regarded as 
the contribution to V from a unit amount of component i; this justifies 
their name. In eq. (D.5), the solvent is considered to be one of the r 


components of the solution. Of course, V; is different for different 
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solutions, even if it refers to the same component. In other words, the 
partial molar volumes are a property of the solution and not of the 
component per se. 

By taking the partial derivative of both sides of eq. (C.7) with 
respect to n; and by making use of definition (D.2), we obtain: 


2 
ees V,. (D.6) 
On, Op 


On the other hand, by taking the derivative of eq. (C.8) with respect to 
p, we obtain: 


OG _ Op, 
Opon, op 


(D.7) 


Since the order of derivation is immaterial, from the last two equations 
we conclude that 
= On 
7=-Ai (D8) 
dp 


When compared to eq. (C.7), this equation shows that the partial molar 
volume of each component relates to the partial molar free energy, 4; , 
of the same component as the total volume V of the solution relates to 
the solution’s free energy G. 


D.2 Pressure Dependence of Gibbs Energy 


In determining the explicit relationship between G and p for liquid 
solutions, we first refer to ideal solutions. The relationship between G 
and p for real solutions is then obtained from that of ideal solutions by 
introducing appropriate activity coefficients. 


Ideal solutions 


According to eq. (C.33), the molar free energy of any solute, i, in an 
ideal solution can be expressed as 


Le = LE DsT sMooysM oN q0-5Ns) = LE (p,T)+ RT Inx,. — (D.9) 


In this equation the variable n,,,, singles out the moles of solvent from 
the moles of the solutes. This means that the quantities n; (i= 1, 2, ..., s) 
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refer to solutes, as do their mole fractions x;. An equation similar to eq. 
(D.9) applies to the solvent: 


Hsolv =Lsoty (Ps T's Mgoty 1 5M5---9Ms )=Leow (P»T) + RT In Xso1y > (D.10) 


where, according to eq. (C.29), the quantity x,o1, is expressed as 


(_o—— (D.11) 


Ss 
Asoly + oS nj 
jel 


The quantities wand “wy, that appear in eqs (D.9) and (D.10) 
represent the molar Gibbs free energy of the pure solutes and of the 
pure solvent, respectively, at the considered values of pressure and 
temperature. Often, these values are the standard pressure, p°, and 
standard temperature, 298 K. However, there is no compelling need to 
do so; the quantities w? and yY), can be defined for any value of p 
and T. 

In the following, the symbol, 7,;, denotes the total number of moles 
of all the species of solutes contained in the solution. That is: 


Nos = 2, Nj - (D.12) 


Moreover, every ionic species in the solution is considered distinct 
from the substance from which it dissociated. Thus, a partially-soluble 
salt in a solution will generally result in different solutes, namely, the 
various ionic species that arise from the dissociation of the salt and the 
undissociated salt itself. In other words, the quantity n,, introduced 
above represents the total number of dissolved particles. This number 
controls the so-called colligative properties of the solution, particularly 
its osmotic pressure, that do not depend on the nature of the dissolved 
particles. As in the case of 7,5, the index “os” is appended to the 
symbol of a quantity to stress the pre-eminent role of that quantity in 
the osmotic phenomenon. 

Similarly, the mole fraction of all particles dissolved in the solution 
is indicated as xs. Therefore, in view of eqs (C.29) and (D.12), we 
have: 
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X= = OS (D.13) 


From eqs (D.11) and (D.12), it can then be verified that 


Xsoly + Xog = 1. (D.14) 


Consequently, eq. (D.10) also can be written as 


Hsoty = Heolv (D> T) + RT In — Xp, ). (D.15) 


From eqs (D.9), (D.10), and (D.15), we see that, for an ideal 
solution at constant composition, the dependence of Gibbs free energy 
on pressure comes through the functions “? and /W%,. This means 
that if we take the partial derivative with respect to p of both sides of 
eq. (D.9), we obtain 


ee eRe ete TY (D.16) 


By integrating this equation along a process in which pressure varies 
from p° to p°+Ap while all other variables are kept constant, we quite 
generally obtain 


po+Ap 
(0) oO oO oO OL? 
Li, (p + Ap, T)= Li (p, T)+ my 
pee (D.17) 


po+ dp _ 
= 1 (p°,T) +f «Fee. 
P 


The last of these equations follows from eq. (D.8). 

In solids and liquids, the dependence of V and V; on pressure can 
usually be neglected. The quantity V, can then be considered constant, 
and eq. (D.17) yields: 


Li (p° + Ap,T)= ue (p°,T)+V; Ap. (D.18) 
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In this case, the dependence of “4; on pressure can be made explicit by 
inserting eq. (D.18) into eq. (D.9) to obtain: 


U;(p° + Ap,T)= U2 (p°,T) +7, Ap+RTInx;, —— (D.19) 


Of course, a similar equation also applies to the solvent, since the 
solvent is one of the components of the solution. When referred to the 
solvent, the above equation becomes: 


Haste + Ap,T)= Low (p°.T)+ Voor Ap+RT In(1— x95), (D.20) 


thanks to eq. (D.14). 

In liquids or in liquid solutions, the contribution of pressure 
changes to the molar Gibbs energy is usually modest, unless the 
change is very large. For liquid water a standard pressure and 
temperature, for instance, V0 = = 1810°m*mol'. For a pressure 
change, Ap, of 1 atm = 10° N m~ we have that Vu, o Ap is 1.8 J mol, 
which is rather small compared to Ln, Gon ests 13 kJ mo! “Though 
small in comparison to “? and wWeo,,, the term V,,,, Ap has an essential 
role in the osmotic pressure phenomenon, as shown in the next section. 

By introducing eqs (D.19) and (D.20) into eq. (C.4), the Gibbs free 
energy of the solution can be expressed as 


8 
G=G(p,T yMeoty 911 5M75-5Ng=Noty Heo (P°>T) +>, 1) H3(p°,T) 
r (D.21) 


solv 


+vAap+RT|n In(l—x,,)+ >) nj Ins] +c 


jel 


where V is a function of the state variables of the solution, according to 
eq. (D.1). In writing eq. (D.21), we added the arbitrary constant C, 
which depends on the reference value used for internal energy. We also 
used eq. (D.5) in the form: 


s 
Asoty Veoly + > nj Ki =) (D.22) 
jal 


Eq. (D.21) is the relation we were seeking. It expresses the 
dependence of G on Ap or, equivalently, of G on p = p° + Ap. For 
diluted solutions, we have x,, <1, and hence In(1— x,,)=—x,,. In 
that case, eq. (D.21) simplifies to: 
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G=Noo Holy +>, 2; Hy +V Ap + RT| ert 4; inx;}+ C. (D.23) 


jel jel 


For more concentrated solutions, a better approximation can be 
obtained from eq. (D.21) by replacing the term In(1—x,s) with its so- 
called virial expansion: 


In(l — X55) = —Xos 5 3 6 (D.24) 


Non-ideal solutions 


One way to apply the above formulae to non-ideal solutions, such 
as high concentration solutions or ionic solutions, is to replace the 
concentrations xo; and Xso1y With the corresponding effective concentra- 
tions (or activities). Thus, eq. (D.21) assumes the following form: 


Ss 
G= Reciy toy +>, nj HL (p°,T) 
ars (D.25) 
S 
#894 RT| hays +S n; Ing, |+C, 
jel 


where the quantities a; are the solute activities, while dyo1y is the solvent 
activity. The latter replaces the solvent molar concentration, x 
which, according to eq. (D.14), equals (1— x,,). 

The definition of activity is recalled in Appendix C.5. As observed 
there, the activity depends on the measure of concentration that is used. 
In the laboratory, we often measure solute concentrations in molalities 
(moles of solute per unit mass of solvent). These are denoted by the 
symbol b in this book. Thus, the symbol 5; indicates the molality of 
component i of the solution. In particular, when concentrations are 
measured in molalities, the reference state of a solute is assumed to be 
the state (whether ideal or hypothetical) of unit molality in that solute, 
ie., b° = 1 molkg™'. Then, the activity of the same solute at any 


1 
concentration can be expressed by: 


solv? 


a= Vi b (D.26) 


1? 
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where y; is an appropriate activity coefficient, cf. eq. (C.45). In eq. 
(D.26), we followed the common practice of leaving the division by 1 
mol kg! understood in the right side of the same equation. Generally 
speaking, the activity coefficients introduced above are functions of p, 
T, nj, and Now. They must be determined experimentally or from 
appropriate semi-empirical formulae. 

Since molality is a measure of concentration relative to the amount 
of solvent, it does not make sense to measure the concentration of the 
solvent in molalities. For this reason, another measure of concentration 
must be used to specify the concentration of the solvent. If we measure 
the concentration of the solvent in mole fraction, the solvent activity 
will be related to its concentration by eq. (C.35). That is: 


Asoly = Ysolv *solv > (D.27) 


where Xsoly 18 the mole fraction of the solvent. If the concentrations of 
the solutes are measured in molalities and the concentration of the 
solvent is measured in mole fractions, we can express eq. (D.25) in the 
following form: 


G=Neory Meow P°»T) + Y nj Hj (p°.T) +V Ap 
I (D.28) 


S 
+ RT| In Ygo1y Xsoly + > nj Iny; b+ C, 
jal 


thanks to eqs (C.41), (D.26), and (D.27). By means of eqs (D.11), 
(C.41), and (C.42), we can express eq. (D.28) more explicitly as: 


s 
G = Neowy Moow(P°sT) + >) 0; L} (p°,T) +V Ap 
jel 
. o- (D.29) 
+R} Ngo In "90 Yn nL | +, 


- m 
j=l solv 
Ngoly Bs Ss nj 
jel 
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Remember that, in formulae (D.28) and (D.29), the argument of the 
logarithms that refer to the solutes are understood to be divided by 1 
mol kg". 


D.3. Osmotic Pressure 


Suppose now that the solution is enclosed in a container that has semi- 
permeable walls. More specifically, the walls are assumed to be 
permeable to the solvent but impervious to the solutes. Moreover, the 
container is immersed in another solution of the same solvent with a 
different concentration of solutes. We append the index “in” to a 
quantity that refers to the solution inside the container and append the 
index “out” to a quantity that refers to the solution outside the container. 
No index is appended to quantities that assume the same value in both 
solutions or when no distinction must be made between the solutions. 
Isothermal conditions are assumed throughout. 

Initially, the two solutions are at the same pressure, but they have 
different concentrations. That is: 


Healt X (D.30) 


os le os be 7 


Since the container is permeable to the solvent but not to the solutes, a 
net flow of solvent will ensue from the more diluted to the more 
concentrated solution. For ideal solutions, this is a colligative effect; 
i.e., it depends on the relative number of particles of solute and solvent, 
not on their nature. Since the two solutions have different 
concentrations, their solvents posses different partial molar free 
energies. As a consequence, a flow of solvent will take place through 
the semi-permeable walls of the container from the solution at higher 
free energy to the solution at lower free energy. This is a spontaneous 
process, because it reduces the total free energy of the two-solution 
system. The process ends when the equilibrium condition 


Hsoly es = Usoly a (D.3 1) 


is reached. 

If the walls of the container are fixed and no other fluid enters or 
leaves the container, the flow of solvent through the walls of the 
container also produces a change in the pressure of the solution inside 
the container. Let Ap be the pressure difference that is reached at 
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equilibrium between the inside and outside solutions as the flow of 
solvent comes to an end. That is: 


Ap = Plin — Plot : (D.32) 


This quantity can be positive or negative, and it represents the extra 
pressure that must be applied to the internal solution to stop the flow of 
solvent through the semi-permeable partition. If p° is the pressure of 
the outside solution and p°+Ap that of the solution in the semi- 
permeable container, the values of Pig le. and Pastis can be 
calculated from eq. (D.20) as: 

= My + RT ind -x, (D.33) 


Hsolv lee os io) 


and 


icicle a Picts + Trot cit Ap ae a In(1 — Xos lin ? (D.34) 
respectively. The extra pressure, Ap, that must be applied to the 
internal solution to stop the flow of solvent through the semi- 
permeable partition is obtained by inserting eqs (D.33) and (D.34) into 


eq. (D.31). Thus, we obtain: 


Mp == “RT [In Xeql,4,)— In %esl,,)]- (35) 


solv 


in 


In the case where the outside solution is pure solvent, we have 
Xoslout = 0. Denoting as /7 the value of Ap relevant to this case, we 
deduce from eq. (D.35) that 


1 


=-— 


solv 


RT In(l—Xo.|,,)- (D.36) 


in 


Pressure /7 is known as the osmotic pressure of the solution. It 

represents the maximum value that Ap can ever attain in the considered 

setup. This follows directly from eq. (D.35) once it is observed that x9, 

cannot be greater than 1. The osmotic pressure is thus a property of the 

solution to which it refers, because it is entirely defined in terms of it. 
For dilute solutions (x,, <1), eq. (D.35) approximates to: 
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Ap =——— RT Ax,, , (D.37) 


where 


Ax... =X, 


Os 


(D.38) 


Lesielh, 
eels 9S lout 


For more concentrated solutions, better approximations can be 
obtained by evaluating the term in brackets in eq. (D.35) by the 
following expansion: 


In(1 — Xo5| 4.) — Wn — Xo |...) = —AXos s__.  (D.39) 


Similarly, for solutions that are sufficiently dilute, eq. (D.36) 
approximates to: 


(D.40) 


In this case, the quantities n; are negligible with respect to No, and 
from eq. (D.22) we obtain: 
Voow =V - (D.41) 


Agoly 


From this and from eq. (D.13), we can also express eq. (D.40) in the 
following form: 


II =—RT Nos » (D.42) 


which is the well-known van’t Hoff approximate formula for the 
osmotic pressure of a solution. 

For non-ideal solutions, eq. (D.35) and the above formulae of the 
osmotic pressure must be multiplied by an appropriate osmotic 
coefficient, $= 0(p,T,n,,N,....N, ), which characterizes the deviation 
from ideal behaviour. In particular, when applied to a non-ideal 
solvent, eq. (C.30) can be written as: 


pet 


solv 


RT [ 111 = X55] 4) In(1 xps|;,) . (D.43) 


in 


358 | THERMODYNAMIC LIMIT TO EXISTENCE 


In view of eqs (D.11), (D.13), and (D.14), eq. (D.43) can also be 
written in the following form: 


Ap = Ap(D, Ty Nsoty »M M25-+-5Ms ) 
y 


S 
= ——R T In(Ago1y + > n;) a In Ngoly + ING gis leie) 5 
solv j=l 


(D.44) 


where all quantities except Xsolv out refer to the solution inside the 
semi-permeable container. 

For both ideal and non-ideal solutions, osmotic pressure can be 
quite large even for low to moderate values of x,.;. According to eq. 
(D.42), for instance, 1 mole of an ideal solute dissolved in 1 Kg of 
water at room temperature (298 K) produces an osmotic pressure of 
24.5 atm. For human blood, considered as a solution of 0.295 mol of 
dissolved particles per litre of water (average normal value), eq. (D.42) 
gives an osmotic pressure of 7.5 atm at 310 K (body temperature). 


D.4 The Helmholtz Free Energy of a Solution 


For systems undergoing isothermal processes at constant pressure and 
volume, the change in the Gibbs free energy, G, coincides with the 
change in the Helmholtz free energy, % cf. eqs (1.11.3) and (1.11.4). 
Under these conditions, there is no need to distinguish between the two 
kinds of free energies when calculating the change in the free energy of 
the system. 

There are situations, however, in which one should distinguish 
between the two kinds of free energies of a solution. This happens, in 
particular, when studying the admissible range of a living cell. As for 
any other system, the admissible range of a cell is the set of all states 
that the cell can reach isothermally while abiding by its constitutive 
equations for internal energy and entropy and hence for ¥% In the case 
of living cells, however, changes in pressure and volume are the rule 
rather than the exception. Pressure changes are brought about by 
osmotic effects and are fundamental to any living system, while 
volume changes are the immediate consequence of the fact that the 
living cell is an open system that exchanges matter with its 
surroundings. In these conditions, the change in the free energy of the 
cell is different if we refer to G or to ¥% and the two free energies must 
be distinguished from each other. 


APPENDIXD 359 


The relation between G and Y is given by definition (1.11.10), 
which we rewrite here as: 


WY=G-pV. (D.45) 
Since 

p=p°+Ap, (D.46) 
from eq. (D.45) it follows that 

Y= G—p° V—VAp. (D.47) 
From this and from eq. (D.29), we obtain: 
S 
be Nsoty Msoiy(P» »T ) + > nj Bp 2) ap: V 
jel 


(D.48) 
+RT\n 


solv 


s 
n Vj2j 
In Ysolv ‘on +> n; In JJ xg 


: m 
jel solv 
Asoly + De nj 
jl 


This is the general expression for the Helmholtz free energy of any 
liquid solution. 

When using the above expression, it should be noted that V is a 
function of the state variables of the solution, as specified by eq. (D.5). 
If needed, the change in volume relative to the initial volume can be 
calculated as 


AV=V-Vo, (D.49) 


where V, is the initial volume. From eqs (D.49) and (D.5), we can also 
express AV as 


AV =>) Vi An. (D.50) 

The molar volumes, V; , that appear in this equation are defined by eq. 
(D.2), while the quantities An; are given by 

An, =n, —ne, (D.51) 


with ne being the initial value of 7;. 
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D.5 Gas Solutes in Liquid Solutions 


Quite often in practice, liquid solutions are in contact with a gaseous 
atmosphere. The latter may actually be a liquid medium containing 
dissolved gases. In either case, the gas molecules from the surrounding 
medium will diffuse into the solution. Likewise, any gas contained in the 
solution will spread out of it into the surrounding medium. A dynamic 
equilibrium is reached when the partial pressure of each gaseous 
species in the solution is the same as the partial pressure of the same 
species in the surrounding medium. 

This equilibrium condition applies whether or not the gas reacts 
with other species in the solution. The gas may even originate from 
components of the solution that are undergoing chemical reactions. 
Consider the case of a gaseous solute, A, that resulted from the chemical 
reaction of other species in the solution. Assume that the surrounding 
atmosphere initially did not contain any A and that it was large enough 
for the partial pressure of A to remain equal to zero as the gas from the 
solution diffuses into it. Under these conditions, all of the gas that is 
produced will leave the solution, because, at equilibrium, its partial 
pressure in the solution must be zero since its partial pressure in the 
surrounding medium is zero. 

As is true for any solute, the molar Gibbs energy of a gas in solution 
can be expressed in the form (C.33) or (C.36), depending on whether 
the gas behaves as an ideal gas. The activity coefficient, y;, of a gas is 
usually referred to as the fugacity coefficient. Its marked dependence 
on pressure distinguishes it from the activity coefficients of non- 
gaseous species. 

In the following, we confine our attention to the case of gases in 
solution that exhibit ideal gas behaviour. In this case, if the mole ratio 
of the gas is taken as a measure of its concentration, the fugacity 
coefficient of the gas will be equal to unity, because the activity of an 
ideal gas coincides with its mole ratio [cf. Appendix C, eqs (C.27) and 
(C.3.2)]. The following analysis, however, can be almost immediately 
extended to include the non-ideal gas case, once the fugacity 
coefficients of the involved gases are specified. We shall not pursue 
this generalization, because, at room temperature, ideal gas behaviour 
provides a fair approximation of the behaviour of a majority of real 
gases, up to pressures of several tens of bar—which is quite enough for 
the purposes of this book. 

In the case of gas solutes, the dependence of yu? on pressure must 
be calculated directly from formula (D.17), because the partial molar 
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volume of a gas solute is strongly dependent on pressure. We can 
relate V, to the gas pressure by remembering that the ideal gas 
equation, pV =n RT, also applies to mixtures of ideal gases. Therefore, 
for an ideal gas mixture, we have: 


where p denotes the total pressure of the mixture, and n,,; indicates the 
total number of moles of gases in the mixture. That is: 
Nong — Ny TM Pct Ny, (D. 53) 


where nq, Np, ..., Ng are the number of moles of each gas in the mixture. 
From eqs (D.52) and (D.2), it then follows that the relation 


ee (D. 54) 


i 
P 


applies to every gas component. This shows that the partial molar 
volume of every gas in an ideal gas mixture is the same and depends 
only on p and T (cf. e.g., [63], Sect 1.10). 

When referring to an ideal gas in solution, we can insert eq. (D.54) 
into the integral that appears in eq. (D.17) to obtain, upon integration: 


oO 
A 
Uo (p? + Ap,T)= ue (p?,T)+ RTIn2—Y (55) 
P 
Once introduced into eq. (D.9), this result enables us to conclude that: 
10) 

Ui, =u (p°,T) + RT Inx, +RT m2 +4? | (D.56) 

P 


which applies instead of (D.19) to gas solutes. Therefore, for every 
solute included in eq. (C.4), the quantities “; are either expressed by 
eq. (D.56) or by eq. (D.9), depending on whether the solute is a gas or 
a liquid. From the same equations, we thus obtain: 
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G=G(P,T Ngo >My >N75-+5Ms ) 


s 
= Neoty Heoty(P°.T)+ >, Nn; et) V Ap (D.57) 
jel 
s Oi 
RT| ay I=) 3) n, In; + ysln 2% Jc. 
jal P 


This is the expression of the Gibbs energy of an ideal solution that 
contains both non-gaseous and gaseous solutes, the total number of 
moles of gaseous solutes is /ga,, according to eq. (D.53). 

For non-ideal solutions, the activities a; should be substituted for x; 
in the above equation: 


s 
G = Neoy Hsow(P°sT)+ >, nj LU; (p°,T)+V Ap 
jel 


(D.58) 
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+ >, n; Ina; + Ngag In 
jel 
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In applying this equation, the activity a; relevant to a gas solute should 
simply be set equal to the gas mole fraction, x;, because we are 
assuming that the gas in solution behaves as if it were an ideal gas. 

More explicitly, let the indices “1, 2, ..., g” refer to the gas solutes 
and the remaining indices, “g+1l, g+2, ..., s” to non-gaseous solutes. 
By calculations similar to the ones leading to eq. (D.29), we obtain: 
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8 
G = Noy Moow(P?sT) + >) 0; 2 (p°,T) + VAp 
jel 
+ Rr In —teotv "so 4° py In, (D.59) 
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which generalizes eq. (D.29) to the case in which some of the solutes 
are gases. The Helmholtz free energy relevant to this case can be 
obtained from eqs (D.47) and (D.58): 


s 
Wen Haig Dh), ni (pT )=p'V 
jel 
+ RT| n In—teotv "5044 5° In, (D.60) 
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D.6 Solvent of Variable Composition 


To some extent, the distinction between solutes and solvent is 
arbitrary. It is commonly used to indicate that the solvent is the largest 
component of a solution or to signify that we are considering a particular 
component of the solution as the medium in which the other 
components (1.e., the solutes) are dissolved. In some applications, 
however, it may be appropriate to think of the solvent as a mixture of 
some of the components of the solution. The components of the solvent 
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mixture are then referred to as co-solvents. In that case, the 
composition of the solvent may change independently of the other 
components of the solution. 

In the formulae of the previous sections, we considered the solvent 
as consisting of a single component. Here, we consider how the same 
formulae change when the solvent itself is a mixture of variable 
composition. We focus on the formulae that concern the Helmholtz 
free energy of the solution. For simplicity, we consider the case of two 
co-solvents, which can be extended easily to include any number of co- 
solvents. 

Let A and B be the two co-solvents that compose the solvent and n, 
and ng be their respective mole numbers. The total number of moles of 
co-solvents that at any time make up the solvent is: 

Heel: =n, +Np. (D.61) 
We refer to this quantity as the overall mole number of solvent. By 
applying eq. (D.48) to the present case, we obtain: 


Ss 
Y =ny Ux(p?,T) + ng Lp (p?.T)+ > 0; Me (p®,T)— poV 
j=l 


Ya NA YB "B 
+R7| ny In——A—A___ + ng In ——2-8____ (D.62) 


ny tngt >) 1, Ny +ngt >) 1, 
j=l jel 


s 
+)" n; In |e; 
jel Moly 


where the summations are understood to run over the components of 
the solution other than the co-solvents. The total mass of solvent, mou, 
entering the last summation in eq. (D.62) can be expressed as: 


Mey =M, +My =NyMy +NpMp . (D.63) 


solv 
Here, m, and mg are actual the masses of A and B, while M, and Mg, 
are their respective molar masses. 

In order to calculate the free energy of the solution per overall mole 
number of solvent, it is convenient to introduce the following densities 
(per overall mole number of solvent): 
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iy =— A, (D.64) 
solv | ix 

fiz =— B—, (D.65) 
solv | ix 
nN: 

eo (D.66) 
solv | 

and 

Va (D.67) 

Nsolv|. i 


In terms of these densities, the free energy of the solution can be 
expressed in the following form: 


Y=n VDT. Tg Tig Ths.) +C, (D.68) 


solv ei 


where the function Y is the free energy per overall mole number of 
solvent, obtained by dividing ¥ by Asotv| mix « After some simple 
mathematics, from eqs (D.61) to (D.68), we finally obtain: 


P=, UR(p’.T) +g Mg(p°.T)+ >, 7 ue (p?.T)- pp? V 
jel 


+R| 7, nA "A+ 7, In 7B "B (D.69) 


which is the Helmholtz free energy of the solution per unit overall 
mole number of solvent. 
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Body vs. system, 1 
A Bulk modulus. See Elastic materials, 
bulk modulus 


Accessibility hypotheses, 47, 51 


Activity, 144, 330, 331, 334, 338 C 
pure liquids, 341 
solid phases, 341 Calorie, 4 
Activity coefficient, 145, 334, 338 Chemical equilibrium, 325, 326, 329, 
ions, 147 342, 345 
Activity range, 42, 50 Chemical potential, 66, 144, 322, 330 
Admissible actions, 40 excess, 335 
Admissible process. See Process, of gas components, 331 
admissible pure liquids, 332 
Admissible range, 39-44, 47, 48, 52- standard, 330 
55, 62, 69, 70 Chemical transformation, 326 
change durung formation, 91, 97, Circular Couette flow. See Taylor- 
101-103 Couette flow 
energy cost, 86, 88 Concentration cells, 132, 165, 166, 
graphical interpretation, 72, 74 see also Electrochemical cells. 
independence of internal energy admissible range, 173 
reference, 75, 76 constant concentration half-cell, 
Affinity, chemical, 29 175, 176 
Anhydrobiosis, 220-223, 226 electrochemical reaction, 167 
trehalose, 223, 225, 226 electromotive force, 173 
Annealing, 82 free energy, 173, 177 
Avogadro's number, 324 solution admissible range, 171 
solution free energy, 169, 170, 180 
B Constitutive constants, 35 
Constitutive equations. See State 
Baushinger effect. See Strain functions 


hardening 
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Constitutive functions. See State 
functions 
Co-solvents. See Liquid solutions, 
multicomponent solvent 
Couette flow. See Simple shearing 
motion 
Cycle. See Process, cyclic 
Cytosol, 184 
admissible range, 187, 189, 191- 
197, 200 
free energy, 185, 245 
Gibbs, 185-188, 213 
Helmholtz. See Helmholtz free 
energy, cytosol 
limit surface, 187, 192, 193, 200, 
201 
macromolecular crowding, 186 


D 


Dalton's law, 333 
Daniell cell, 137 
admissible range, 160 
electrolitic mode, 139 
emf, 161 
free energy, 149, 151 
galvanic mode, 138 
Desiccation. See Living cells, 
dehydration 
Deviatoric strain. See Strain, deviator 
Deviatoric stress. See Stress, deviator 
Dilatation, 110 
Dissipation, 22, 24, 87, 249, 283 
Duhamel-Neumann stress-strain 
relation. See Elastic materials, 
linear thermoelastic 


E 


Effective concentration. See Activity 
Elastic domain. See Elastic range 
Elastic energy. See Elastic materials, 
strain energy 
Elastic limit, 105, 121, 125-129, 273 
for deviatoric strain, 120 
for deviatoric stress, 126 
for hydrostatic stress, 123 
for volumetric strain, 120 
Elastic materials, 105 
admissible range. See Elastic range 
bulk modulus, 111 
elastic modulus, 255 


entropy, 116, 117, 288 
free energy, 117 
heat absorbed isothermally, 114 
internal energy, 112, 115, 116, 287 
linear elastic, 107, 108, 111, 258 
linear thermoelastic, 106, 108, 287 
Poisson's ratio, 107, 255 
shear modulus, 108, 255, 258 
strain energy, 113, 260, 264 
stress-free state, 105 
stress-strain relation, 107, 108, 258 
Young modulus, 107 
Elastic modulus. See Elastic materials, 
Young modulus 
Elastic range, 60, 105, 121, 126, 127, 
128 
for deviatoric strain, 119 
for deviatoric stress, 124 
for hydrostatic stress, 122 
for volumetric strain, 120 
of a metal bar, 80 
Electrochemical cells, 131, 132, 135, 
165, see also Concentration cells, 
Daniell cell, Transformation cells 
admissible range 
cell, 153, 154, 158 
solution, 153, 154 
electrolytic cell, 131 
electromotive force (emf), 136, 
141, 143, 149, 153, 154, 157 
relation to Gibbs free energy of 
reaction, 141, 143 
standard, 137, 143 
free energy, 144, 149 
galvanic cell, 131 
half-cell, 133, 134 
standard hydrogen half-cell, 134 
Emf. See Electrochemical cells, 
electromotive force 
Energy, 5, 7 
balance equation. See Laws of 
thermodynamics, first law 
conservation principle. See Laws 
of thermodynamics, first law 
dissipated. See Dissipation 
external, 10 
internal. See Internal energy 
kinetic, 10 
non-thermal exchange, 5, 6, 9, 13, 
24 
of heat. See Heat, energetic 
definition 


potential, 10 
purely mechanical part. See 
Internal energy, non-thermal 
part 
thermal. See Heat, energetic 
definition 
Energy of reaction. See Gibbs free 
energy, of reaction 
Enthalpy, 25, 308, 309 
change 
at constant pressure, 25 
at constant volume, 26 
at zero pressure, 26 
free. See Gibbs free energy 
Entropy, 14, 16 
absolute, 18 
calorimetric measurement, 18 
macroscopic meaning, 20, 277 
of linear thermoelastic materials. 
See Elastic materials, entropy 
relation to internal energy, 277, 
278, 287 
relation to intrinsic heat, 285 
Entropy inequality, 15, 53, 59, 285, 
see also Laws of thermodynamics, 
second law 
Equilibrium constant, 342 
Evolution equations, 92 
Exhaustion state, 45-48, 51, 55, 73, 77 
Extent of reaction, 137, 324, 325, 326, 
329, 343 


F 


Formation processes, 79, 85, 89 
autonomous, 93, 94, 95 
adiabatic, 96 
diathermic, 98 
death-inducing, 92 
life-producing. See Living systems 
formation 
non-autonomous, 93, 95, 101 
primary, 87, 89 
with matter exchange, 103 
Free energy 
electrochemical cells, 144, 149, 
169, 170, 173, 177 
Gibbs. See Gibbs free energy 
Helmholtz. See Helmholtz free 
energy 
living cells. See Living cells, free 
energy 
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of reaction. See Gibbs free energy, 
of reaction 
partial molar. See Chemical 
potential 
Fundamental equation of 
electrochemistry, 143 
Fundamental equation of 
thermodynamics, 304, 305, 322 


G 


Gap AY max 
in a formation process, 77, 96, 98, 
102, 103 
in general. See Gap between U and 
TS 
Gap between U and TS, 77, 86, 89, 93, 
94, 95, 96, 97, 98, 99, 101, 102, 
103, 227, 234 
maximum value, 77 
physical meaning, 77, 85 
Generalized displacement, 5, 6, 311, 
321 
Generalized force, 5, 6, 40, 312, 322 
Generalized work. See Work, 
generalized 
Gibbs energy. See Gibbs free energy 
Gibbs free energy, 28, 308-310, 343- 
346 
of reaction, 28, 29, 135, 141, 142, 
326, 327 
partial molar. See Chemical 
potential 
solutions, 144, 145 
pressure dependence, 347, 349- 
354, 362 
standard molar reaction. See 
Standard molar reaction Gibbs 
energy 
Gibbs fundamental equation, 303, 308 
Gibbs-Duhem equation, 311 


H 


Hagen-Poiseuille flow, 271 

limit Reynolds number, 273, 274, 
275 

Halobacterium halobium, 184 

Heat, 3 
calorimetric definition, 4 
calorimetric measure. See Calorie 
classical thermodynamics, 5 
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energetic definition, 4 
flowing heat, 4, 12 
intrinsic. See Intrinsic heat 
limit to heat input rate, 19, 20, 21 
maximum absorbable, 282 
mechanical equivalent, 4 
of combustion, 241 
of formation, 235, 237, 240 
specific heat, 60, 102, 103, 112, 
114 
Heat capacity (specific). See Specific 
heat 
Helmholtz free energy, 27, 50, 308, 
309 
cytosol, 188, 189, 193, 200, 202, 
204, 210, 212, 213, 219 
solutions, 358, 359, 362-365 
Henry's law standard state. See 
Standard state, Convention II 
Hooke's law. See Elastic materials, 
linear elastic 
Hydrostatic axis, 124, 127 


Ideal gases, 290 
entropy, 293 
free adiabatic expansion, 294 
Gibbs paradox, 297 
internal energy, 291 
mixtures, 331, 361 
molar specific heat, 291, 297 
Ideal solutions. See Liquid solutions, 
ideal 
Incidental restraint, 41, 42 
Internal energy, 9, 10 
non-thermal part, 282 
real systems, 313, 317-319 
Intrinsic heat, 277, 280-286 
graphical interpretation, 286 
relation to entropy, 285 
Ionic strenght, 147 


K 


Kelvin's formula, 114 


L 


Lamé's constants, 108 


Laminar flow, 249, 250, 256, 258, 
262, 266, 267, 271 
in pipes. See Hagen-Poiseuille 
flow 
limit. See Laminar to turbulent 
transition 
Laminar to turbulent transition, 256, 
260, 263-270, 273, 274, 275 
Laws of thermodynamics 
first law, 7, 10, 11, 13, 22, 31, 36, 
58, 283, 284, 304 
second law, 12, 13 
Clausius formulation, 13 
Kelvin-Plank formulation, 13 
third law, 16, 19, 73, 285 
zeroth law, 2 
Limit surface, 40, 45, 46, 51, 53-56, 
91 
equipotential properties, 49, 50 
evolution, 90, see also Formation 
processes 
graphical interpretation, 73, 74 
independence of internal energy 
reference, 75, 76 
Linearly viscous fluids, 250, 252, 253, 
256, 258, 259 
free energy, 261 
free energy limit. See Laminar to 
turbulent transition 
incompressible, 260 
maximum storable energy, 261, 
262 
stress constitutive equation, 259 
Liquid junction potential, 136 
Liquid solutions 
dissolved gases, 359, 360, 361 
Gibbs free energy. See Gibbs free 
energy, of solutions 
Helmholtz free energy. See 
Helmholtz free energy, 
solutions 
ideal, 331, 332, 349 
multicomponent solvent, 363-365 
pressure effects, 347 
real, 334 
Living cells, 183-185 
admissible range, 202, 203, 205, 
208, 222, 225 
dehydration, 207, 220, 222, 223, 
224, 225, 226 
desication survival, 208, see also 
Anydrobiosis 


dissolved gases, 219 
free energy, 184, 185, see also 
Cytosol, free energy. 
at the points of the limit 
surface, 208 
limit surface, 187, 202-208, 219, 
222 
maximum power, 213, 215 
reaction energy dependence, 
216, 217 
reaction rate dependence, 215, 
216 
maximum storable free energy, 
208, 209, 212 
role in cell’s life, 210 
minimum free energy, 206 
pressure effect, 220 
rehydration, 207, 208, 220, 222- 
224 
volume regulation, 187 
Living systems formation, 92, 228, 
229, 231 
autonomous character, 227, 232, 
233 
enthalpy change, 241 
entropy change, 233, 241, 243, 244 
free energy cost, 234 
heat of formation, 235, 237 
heat power curves, 236-239 
internal energy change, 239, 240 
routine of formation, 233, 234 
volume changes, 240 
Loading process, 44 


M 


Maximum absorbable heat, 285 
Molal concentration. See Molaity 
Molality, 144, 338 

Mole fraction, 332, 337 

Mole number. See Number of moles 
Muscle cell power, 217-219 


N 


Natural variables. See State variables, 
natural 

Nernst equation, 143 

Neutral process, 44 

Newtonian fluids. See Linearly 
viscous fluids 

Number of moles, 321 
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of solute per mole of solvent, 189 


O 


Orthogonal state variables. See State 
variables, thermodynamically 
orthogonal 

Osmolarity, 185 

Osmosis, 185, 207, 347 

Osmotic coefficient, 357 

Osmotic pressure, 355-358 

Overal mole number (of a multi- 
component solvent), 363 

Oxidation, 133 


P 


Partial molar Gibbs free energy. See 
Chemical potential 
Permanent elastic strain, 81 
Perpetual motion machine 
of the first kind, 7 
of the second kind, 13, 20 
Photon gas, 288 
energy per unit volume, 289 
entropy, 290 
pressure, 289 
work, 289 
Plasma membrane, 184 
Poisson's ratio. See Elastic materials, 
Poisson's ratio 
Pressure 
standard. See Standard pressure 
Primary state variables. See State 
variables, primary 
Process, 7, 299 
admissible, 40, 49, 51 
autonomous. See Formation 
processes, autonomous 
constant pressure, 25, 28, 66, 310, 
358 
constant volume, 26, 28, 297, 358 
cyclic, 7, 8, 10, 14 
direct, 11, 300, 301 
dissipative. See irreversible 
equilibrium. See quasi-static 
heating/cooling, 17, 112, 116, 278, 
280, 283 
homogeneous, 1, 12, 107, 287 
inverse, 11, 300, 301 
irreversible, 15, 22, 24, 48 
isothermal, 27, 28, 40 
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non-autonomous. See Formation 
processes, non-autonomous 

non-homogeneous, 107 

non-thermodynamic, 67 

pseudo-isothermal, 294, 295 

quasi-static, 11, 12 

reversible, 11-15, 21, 22, 309, 318, 
319 

subsistence. See Subsistence 
processes 

system-forming. See Formation 
processes 

zero pressure, 26 

Products of reaction, 324 


Q 


Quenching, 82 


R 


R. See Universal gas constant 

Rault's law, 333 

Reactants, 324 

Reaction energy. See Gibbs free 
energy, of reaction 

Reaction Gibbs energy. See Gibbs 
free energy, of reaction 

Reaction quotient, 342 

Redox processes, 135, 183 

Reduction, 133, 134, 137, 167 

Reservoir of nutrients, 185 


S 


Salt bridge, 136 

Saturation state, 46, 49, 52 

Shearing flow. See Simple shearing 
motion 

Simple fluid, 252 

Simple heating/cooling processes. See 
Process, heating/cooling 

Simple shearing motion, 252, 254, 
256, 258 
limit Reynolds number, 263 

Solutions. See Liquid solutions 

Solvent of variable composition. See 
liquid solutions, multicomponent 
solvent 

Specific heat, 17 
constant pressure, 17, 18 


constant volume, 17 
Standard molar reaction Gibbs energy, 
330 
Standard pressure, 132, 152, 331, 350 
Standard state, 68, 330-334 
biological, 339, 340 
Convention I, 335 
Convention II, 336 
Convention III, 337 
of a solute, 145 
Standard temperature, 132, 152, 331, 
350 
State, 7, 34 
admissible, 43 
equilibrium, 11, 12, 29, 141, 160, 
305, 307, 310 
exhaustion. See Exhaustion state 
saturation. See Saturation state 
standard. See Standard state 
State functions, 35, 40 
State variables, 7, 34, 35 
canonical. See natural 
free, 41 
natural, 305 
physical, 37, 38 
primary, 38, 39, 52 
subjective. See Subjective 
variables 
thermodynamically coupled, 59 
thermodynamically orthogonal, 57, 
58, 59 
Stefan-Boltzman constant, 289 
Stoichiometric coefficients, 146, 168, 
214, 324, 325 
Strain 
deviator, 110 
elastic, 106, 113, 258 
spherical part. See volumetric 
thermal, 106, 107 
total, 106 
volumetric, 110 
Strain hardening, 82 
Stress, 110 
deviator, 110 
hydrostatic, 110, 111, 122, 127 
Stress-free state. See Elastic material, 
stress free state 
Subjective variables, 37, 38 
Subsistence processes, 228, 229 
System, 33 
closed, 8, 104, 323, 326, 328 


homogeneous, 1, 12, 30, 35, 56, 
80, 141, 214, 227, 287, 299, 
307, 326 

ideal, 303, 304, 306, 310, 322 

in formation, 35 

non-homogeneous, 31, 56, 227, 
232 

non-thermodynamic, 61 

non-thermodynamic component, 
62, 67, 69 

non-uniform. See non- 
homogeneous 

open, 65, 104, 188, 323, 358 

pure thermo-entropic component, 
63, 65, 67, 69 

real, 306, 312-317 

uniform. See homogeneous 

System constants. See Constitutive 
constants 


T 


Taylor-Couette flow, 267 
limit Reynolds number, 270 
Temperature, 2 
absolute, 3 
absolute zero, 3 
empirical, 3 
non-uniform, 12, 31 
scale, 2 
standard. See Standard temperature 
Thermal energy. See Heat, energetic 
definition 
Thermal expansion coefficient, 108 
Thermodynamically orthogonal 
variables. See State variables, 
thermodynamically orthogonal 
Transformation cells, 131, 132, see 
also Electrochemical cells. 
Daniell. See Daniell cells 
electromotive force (emf), 141-143 
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Trehalose. See Anhydrobiosis, 
trehalose 

Turbulence threshold. See Laminar to 
turbulent transition 

Turbulent flow, 249, 250, 262 


U 


Universal gas constant, 144, 291 
Unloading process, 44 


Vv 


Vapour pressure, 332, 333, 337 
Viscosity coefficient, 253, 257, 264 
Viscous fluid. See Linearly viscous 
fluid 
Viscous forces, 251, 258, 260, 262 
Viscous stress, 254, 259 
Volume 
molar, 341 
partial molar, 341, 348 
Volume per mole of solvent, 190 
Volume work. See Work, volume 
von Mises limit surface, 126, 127,129 


Ww 


Waste material, 67, 232 
Wave speed 
pressure waves, 255 
transverse waves, 255 
Work 
external, 5 
generalized, 6 
volume, 24, 304 


Y 


Young modulus. See Elastic materials, 
Young modulus 
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